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PREFACE. 

I  HAVE  here  attempted  to  do  for  Determinants  what  has 
been  already  often  enough  done  for  various  other  branches 
of  Mathematics,  viz.  to  produce  a  text-book  containing 
a  full  exposition  of  the  theory  in  a  form  suitable  for 
students,  and  having  at  intervals  graduated  collections  of 
exercises  to  test  the  reader's  progress  and  to  prepare  him 
for  the  succeeding  stage  of  the  subject. 

The  First  Chapter  refers  to  determinants  of  the  second, 
third,  and  fourth  orders,  but  only  by  way  of  introduction 
to  what  follows,  and  is  written  in  the  simplest  possible 
style.  The  reader  who  has  already  some  acquaintance 
with  general  algebraical  reasoning  may  pass  it  over. 

The  Second  Chapter  treats  of  determinants  in  general 
•and  gives  in  one  form  or  another  all  their  important 
properties.  At  first,  in  the  demonstrations  recurrence  is 
made  to  the  definition  oftener  than  is  necessary  for  the 
purpose  of  mere  proof,  in  order  that  thereby  the  reader 
may  become  thoroughly  familiarized  with  the  definition 
itself,  which  of  course  really  contains  the  whole  matter. 
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For  a  similar  reason  the  properties  given  towards  the 
commencement  are  somewhat  spread  oat  and  dwelt  upon. 
Afterwards,  the  style  becomes  gradually  more  condensed 
to  suit  the  advancing  stage  of  the  reader's  knowledge. 

The  Third  Chapter  deals  with  those  special  forms  of 
determinants  which  most  commonly  occur  in  Analysis — 
Continuants,  Alternants,  the  various  forms  of  Symmetric 
Determinants,  Skew  Determinants  and  Pfaffians,  Com- 
pound Determinants,  and  the  different  kinds  of  Deter- 
minants whose  elements  are  Differential  Coefficients  of  a 
set  of  ^Functions. 

The  Fourth  Chapter  contains  a  summary  of  the  History 
of  the  subject,  together  with  a  short  list  of  previously 
published  writings  likely  to  be  of  use  to  the  student. 

I  have  only  further  to  say  that  the  book  was  begun 
to  be  printed  in  the  spring  of  1879,  but  was  delayed  in 
order  that  a  list  of  all  published  writings  on  determin- 
ants might  be  appended.  This  list  when  completed  was 
found  to  be  much  too  lengthy  to  appear  in  such  a  con- 
nection, and  has  already  been  published  elsewhere. 

T.  M. 


Beechcroft,  Bishopton,  N.B. 
24th  Dec.  1881. 
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THEORY   OF   DETERMINANTS. 
CHAPTER  I. 

INTRODUCTION. 

§  1.  If  a  particular  form  of  algebraical  expression  be 
lengthy  and  of  frequent  occurrence,  it  becomes  desirable 
to  introduce  a  suggestive  name  and  symbol  for  it;  and  if 
the  form  be  one  of  a  family,  it  is  also  desirable  that  the 
names  and  symbols  of  all  of  them  should  indicate  this 
relationship.  Such  a  nomenclature  and  notation  are  ad- 
vantageous, not  merely  from  the  convenience  thereby 
afforded  in  speaking  and  writing,  but  as  helps  to  the 
actual  discovery  of  the  properties  of  the  forms  in  ques- 
tion. 

The  following — with  which  the  learner  is  probably  already  familiar — may  be 
taken  as  an  instance  of  this.  Early  in  the  history  of  the  science,  it  being  a 
common  requirement  to  make  use  of  the  product  resulting  from  the  multipli- 
cation of  a  number  by  itself,  this  product  was  named  the  power  of  the  number, 
and  was  symbolized  in  various  ways ;  also  the  product  resulting  from  the  multi- 
plication of  the  '  power '  (as  thus  understood)  of  a  number  by  the  number  itself, 
was  called  the  cube  of  the  number,  and  was  variously  expressed  by  means  of  a 
symbol;  and  similarly  with  other  such  products.  Then,  in  the  latter  half  of  the 
sixteenth  century,  the  fact  that  these  products  were  members  of  a  family  was 
recognized  in  the  nomenclature  by  calling  them  all  POWERS,  and  distinguishing 
them  as  second  power,  third  power,  &c;  and  in  the  next  century  there  came 
into  use  a  like  improvement  in  notation,  the  second  power  of  a,  third  power  o;  a, 
A 
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&c,  being  denoted  by  or,  a3,  .  .  .  Thence  arose  the  subsidiary  terms  exponent 
and  base,  and  thus  the  known  truths  regarding  powers  became  easily  expressible 
either  in  words  or  symbols,  and  the  way  was  opened  to  the  generalization  of 
these  truths,  and  to  the  suggestion  and  discovery  of  others. 

§  2.  The  expression 

aek  +  dhc  +  gbf  -  gee  -  dbk  -  ahf 

is  an  instance  of  a  form  which  often  occurs,  and  it  is  one  of 
those  with  which  the  present  text-book  is  especially  con- 
cerned. It  is  seen  to  consist  of  six  terms,  and  it  involves, 
or  is  a  function  of,  nine  quantities — 

a,  b,  c,  d,  e,  f,  g,  h,  k, 

these  letters  being  taken  in  threes,  in  accordance  with  some 
law,  to  form  the  terms.     The  expression 

w3  +  *Wi  +  <w.  -  xzVA  -  x*y&  -  xiV& 

is  another  of  the  same  kind.  It  is  formed  from  the  quan- 
tities 

XV     Uv     ZV     X2>     V-2>     ^3»     X3>     2/3'     ^3 

exactly  as  the  other  is  formed  from  a,  b,  c,  .  .  .  ,  x1  occurring 
in  it  wherever  a  occurs  in  the  other,  and  so  of  yv  zv  .  .  .  . ; 
in  other  words,  the  second  expression  is  the  same  function 
of  xv  yv  zv  .  .  .  as  the  first  expression  is  of  a,  b,  c, ,  .  .  . 

§  3.  Now  it  has  been  agreed  to  employ  for  expressions  of 
this  kind  a  special  notation.  In  accordance  with  this  the 
first  of  the  expressions  above  is  denoted  by 

a      b      c 

1  d      e      f 
g      h     h   , 


SEC.  4. 


INTRODUCTION. 


and  consequently  the  second  by 


xl 

Vi 

zi 

x2 

y-2 

Z-z 

Xz 

y. 

z 

3 

the  nine  letters  being  written  in  a  certain  order  in  three 
rows  of  three  letters  each,  and  bounded  on  the  left  by  an 
upright  line  and  on  the  right  by  another.  Also  it  has  been 
agreed  that  each  expression  when  written  in  this  form  shall 
be  called  a  determinant. 

The  comparative  shortness  of  this  notation  is  at  once 
evident;  the  appropriateness  of  it  and  its  advantages  will 
afterwards  appear.  The  origin  of  the  name  will  also  be 
given  in  its  proper  place. 

§  4.  Comparing  the  form 


a       b 

c 

with  the  form 

d       e 
g       h 

/ 
X 

aek  +  dhc 

+  gbf  - 

gee 

-  dbk  -  ahfj 

we  see  that  the  first  term  aek  is  got  by  taking  the  letters 
which  occupy  the  line  from  the  left-hand  top  corner  of  the 
square  to  the  right-hand  bottom  corner ;  that  the  letters  of 
the  second  term  dhc  are  those  in  a  lower  line  parallel  to  this 
diagonal,  supplemented  by  the  letter  at  the  right-hand  top 
corner ;  that  the  letters  of  the  third  term  gbf  are  those  in  a 
higher  line  parallel  to  the  same  diagonal,  supplemented  by 
the  letter  at  the  left-hand  bottom  corner ;  and  that  the  next 
three  terms,  which  are  negative,  are  formed  in  a  perfectly 
similar  way,  beginning  with  the  other  diagonal  of  the  square. 
If  a  line  be  drawn  through  each  triad  of  letters  forming'  a 
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term,  we  have  the  following  diagrams,  which  may  assist  the 
learner's  memory,  viz.,  for  the  positive  terms  : — 


1st  term, 


2nd  term, 


3rd  term, 


x 

v. 


'I 


and  for  the  negative  terms- 


3rd  term, 


A 


2nd  term,  *~     9}T       J*      fa 


1st  term, 


Exercises.    Set  I. 


Write  the  following  algebraical  expressions  in  the  usual  notation  : — 


1. 


10. 


c 

d 

e 

f 

9 

h 

k 

I 

m 

a 

b 

-c 

d 

-e 

f 

9 

h 

-k 

X 

0 

y 

0 

X 

y 

-x 

-v 

0 

single  ni 

ami 

1 

2 

3 

2 

3 

4 

3 

4 

5 

2. 


8. 


11. 


X 

y 

Z 

V 

10 

u 

t 

r 

s 

a 

-2a 

b 

3b 

-  c 

Ad 

2c 

3d 

-46 

X 

-22 

-2/2 

-y 

-2x 

z1 

-z 

2y 

-x2. 

h  the 

foUo 

wing 

1 

2 

i 

3 

i 

2 

1 
3 

i 

1 
3 

i 

1 
5" 

9. 


a, 

a? 

&i 

h 

Ci 

c2 

a 

b 

0 

e 

-9 

0 

-a 

-b 

-b 

-c 

c      -a 


c 

f 
h 

-  c 
-a 
-b 


Find  the  single  numbers  to  which  the  following  determinants  are  equivalent : — 


12. 


4  5  2 
12-3 
6-4      5 
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1  -1 

1 

14. 

4   -1 

_2 

15. 

-1 

-1 

1 

4  -3 

0 

0      3 

0 

-3 

1 

-4 

3      2 

-5 

3  -7 

4 

2 

-3 

5 

13. 


"Write  the  following  expressions  in  determinant  form : — 

16.  bfj  +  eid  +  hcg  -  hfd  -  ecj  -  big. 

17.  rnxiitf'z  -  m-insr2  +  iiun-^  -  ■wi2w1r3  +  mzn-jr.2  ~  ^Wi- 
Find  the  values  of  x  in  the  following  equations : — 

18. 


X 

-4 

1 

-6 

3 

-2 

X 

2 

1 
20. 

19. 

1 

1      1 

a 

X       c 

6 

b      x 

a 

a 

b      b 

X 

x 

a 

+ 

b      x 

b 

=  0. 

a 

X 

x      b 

b 

=  0. 


=  0. 

x 
a 
a 

21.  Find  the  expression  in  the  ordinary  notation  which  is  the  equivalent  of 

2c  a  +  b  +  c        a  +  b  +  c  \ 

a  +  b  +  c  2ct  a  +  b  +  c 

a  +  b  +  c       a  +  b  +  c  26 

§  5.  The  expression 

aeh  +  dhc  +  gbf  -  gee  -  dbk  -  ahf 

is  an  instance  of  only  one  of  a  family  of  forms  to  all  of 
which  the  name  determinant  is  applied,  and  for  all  of  which 
the  mode  of  notation  which  has  been  given  above  is 
employed.  A  simpler  form  is  that  in  which  the  terms  are 
products  of  two  factors,  e.g., 


ad  -  be, 

which  are  denoted  by 

a      b 
e       d 


*!&  -  x3v 


x. 


Vi 


The  more  complicated  forms  are  those  in  which  the  terms 
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are  products  of  four  factors,  products  of  five  factors,  and  so 
on.  The  characteristics  which  the  various  forms  possess  in 
common  will  soon  be  fully  referred  to. 

§  6.  The  quantities  which  in  the  determinant  notation 
stand  unconnected  in  lines,  and  which  are  taken  as  factors 
to  form  the  terms  of  the  determinant,  are  called  the 
elements  of  the  determinant:  thus  the  elements  of  the 
determinant 

2a +  36     6         4 

0  1-3 

-8  5     a -b 

are  2a  +  3b,  6,  4,  0,  1,  -  3,  -  8,  5,  a  -  b.  The  elements 
standing  in  any  line  from  left  to  right  constitute  a  ROW  of 
the  determinant;  those  standing  in  any  line  from  top  to 
bottom  constitute  a  COLUMN  of  the  determinant.  The  rows 
are  numbered  first,  second,  etc.,  beginning  at  the  top,  and 
similarly  with  the  columns  beginning  on  the  left.  Thus, 
in  the  determinant  just  given,  the  second  row  has  the 
elements  0,  1,-3,  and  the  third  column  has  the  elements 
4,-3,  a  -  b.  In  like  manner  the  elements  of  a  row  are 
numbered  first,  second,  etc.,  beginning  on  the  left,  and 
similarly  with  the  elements  of  a  column  beginning  at  the 
top.  From  the  appearance  which  a  determinant  presents, 
we  are  also  led  to  speak  of  it  as  having  two  diagonals, 
which  are  called  principal  and  secondary,  the  elements 
standing  in  a  line  from  the  left-hand  top  corner  to  the 
right-hand  bottom  corner  constituting  the  principal  dia- 
gonal. 

When  the  determinant  has  four,  that  is  2x2,  elements, 
it  is  said  to  be  of  the  second  order  or  degree;  when  it  has 
nine,  that  is  3x3,  it  is  said  to  be  of  the  third  order  or 
degree,  and  so  on. 
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§  7.  In  order  to  be  able  to  derive  the  full  benefit  obtain- 
able from  the  introduction  of  the  notation  of  determinants, 
it  is  necessary  first  of  all  to  become  acquainted  with  their 
properties,  and  to  learn  how  to  perform  with  them,  when 
possible,  the  various  operations  that  fall  to  be  performed 
with  algebraical  expressions  of  every  kind. 

§  8.  As  an  example  of  the  properties  of  determinants,  we 
may  for  the  present  take  the  following,  and  establish  its 
truth  for  determinants  of  the  second  and  third  orders. 

If  each  element  of  a  row  of  a  determinant  be  multiplied 
by  the  same  number,  the  determinant  is  thereby  so  mul- 
tiplied. 

Takinor  the  determinant 

a     I 


c     d 


and  the  determinant 


ma     mb 
c        d 

we  know  that  the  former  equals 

ad  -  be, 


mad  -  mbc, 


ma 

mb 

=  m 

a 

b 

c 

d 

c 

d 

and  the  latter 
so  that 


Now,  taking  the  determinant 


a„ 
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and  the  determinant 

maj      ma2     ma, 
\         \  h 

Cl  C2  CS 

got  from  the  former  by  multiplying  each  element  of  the  first 
row  by  m,  we  know  that  the  first  determinant  equals 

aAC3    +     hC2ai    +    C1C(2^3     ~     CAtt3     ~     ^ia2C3     ~     CllCPv 

and  the  second 

maf>.2cz  +  b1cima3  +  cxma2bz  -  cfijnia^  -  bxma2cz  -  maxcj).v 
i.e.,     m  (ajb9ct  +  bxc2a3  +  cxapz  -  cj)2as  -  b^c^  -  a^J)^, 
so  that 


ma1      ma2     ma3 


b. 


m 


a1     a2     a3 
bi     \     \ 


Cl  °2  C3 


1  2  3 

And  what  has  thus  been  shown  to  be  true  in  the  case  of 
the  multiplication  of  the  elements  of  the  first  row  can  in  the 
same  way  be  shown  to  hold  in  the  other  cases. 

Another  law  which  we  may  examine  in  like  fashion  is 
the  following : — 

If  a  determinant  be  formed  ivhose  columns  are  in  order 
the  roivs  of  another  determinant,  the  huo  determinants  will 
be  equal. 

This  is  at  once  evident  for  determinants  of  the  second 
order. 

For  the  case  of  the  third  order,  consider  the  determinant 

a  b  c 
d  e  f 
g      h     k 
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which  we  know  equals 

aek  +  clhc  +  gbf  -  gee  -  dbk  -  ahf. 

When  the  rows  are  changed  in  order  into  columns,  we  have 

a  d  g 
b  e  h 
c  -  /    h  | , 

and  this  in  the  ordinary  notation  is 

aek  +  bfg  +  cdh  -  ceg  -  bdk  -  afh, 
whence  evidently 


a     b     c 

a     d    g 

d     e    f     - 

b     e     h 

g     h     k 

o     f     k 

Exercises.    Set  II. 

1.  Find  what  relation  exists  between  the  two  algebraical  expressions 


a 

b 

c 

a 

b 

c 

d       e 

f 

g      h      k 

g      h 

k 

,         d      e      f 

• 

2.  Find  how  the  expressions 

a      b      c 

d      e      f 

d       e       f 

d      e      f 

a       b      c 

g       h       k 

g      h      k 

> 

g       h     k 

5 

a       b       c 

are  related  to  each  other. 

3.  State  the  probable  theorem 
Ex.  1  and  2  point. 

regarding  determinants,  to  wL 

4.  Show  that 

a       b      c 

a       b      c 

=  0. 

d 

e 

f 

10 
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o.  Without  changing  from  the  determinant  notation,  show  that 

a       b      c  \ 
d      e      /    =  0, 
a      b      c  \ 
by  using  what  has  already  been  proved. 

6.  Enunciate  the  probable  theorem  of  which  the  identities  of  Ex.  4  and  5  are 
particular  cases. 

7.  Show  that 
xx     yt     zx 

X2       y2       Z2 
x3        lh        z3 


8.  Supply  the  elements  in  the  following  blank  determinant-forms  of  the  second 
order : — . 


2/2 

2» 

1     «2 

2o 

CCo 

2/2 

=  xA 

"    2/1 

+    Zl 

1  v* 

Z3 

1     XS 

z3 

x3 

2/3 

2/2 

zi 

1  ft 

zl 

1    2/1 

2l 

=  «i 

-  x2\ 

+  a3 

2/3 

zs 

1  2/3 

zi 

2/2 

~2 

A 

2/i 

2i 

Z-2        2/2 

Z2 

=       2l 

—     2^2 

+ 

83 

«3        2/3 

zs 

=  -X2 

+    lh 

- 

z2 

9.  Show  that 

«i      61 

«l 

2/1 

. 

Oj 

6l 

a2 

h 

+ 

<h 

&1 

XX 

2/i 

<h      h 

#2 

2/2 

xx 

2/l 

x2 

2/2 

x.2 

2/2 

a2 

h 

xx 

6l 

ax 

2/i 

+ 

2/i 

&1 

*^1 

ax 

a 

'2 

&2 

a2 

2/2 

2/2 

i 

^2 

x2 

a2 

10.  Show  that 

a  +  a; 

b 

d  +  y 

e 

g  +  z 

h 

11.  Show  that 

a  +  mc      b 

d  +  mf     e 

9  H 

■  mk     h 

a  -  mb 
d  -  me 
g  -  mh 


c 

f 
k 

b 

e 


c 

f 
h     k 


12.  "Without  changing  the  first  determinant  into  the  ordinary  notation,  show 

that 

aA  +  6B 

cA  +  dB 


aC  +  6D 

a 

b 

A 

B 

cC  +  dD 

c 

d 

C 

D 

SEC.  9. 


INTRODUCTION. 


11 


13.  "Without  passing  from  the  determinant  notation,  show  that 

1      a      b  +  c 
1      b      c  +  a    =  0. 
,  1      c      a  +  b 
"Write  the  following  expressions  in  determinant  form  : — 

14.  ayp  -  myc  +  xnc  -  anz  +  mbz  -  bxp. 

15.  x&2  -  x&i  +  £22/3  -  #33/2  +  *dh  -  xiyz. 

16.  3a  be  -  a3  -  ¥  -  c3. 

17.  acf  +  2bed  -  cd2  -  bj  -  ae2. 

Find  single  determinants  of  the  third  order  equivalent  to  the  expressions 


18. 


19. 


20. 


x  c 

C  X 

0  a.z    a4 

bx  0      bi 

d  c,     0 


a      b 
c      x 


+  a, 


0      64 


a      b 
x      c 

+       bo 


0      a4 
Ci     0 


+    c4 


0      a,2 
bx     0 


+  a^boCi, 


I 


1  a 

b 

e 

f 

d 

e 

b 

c 

1  d 

e 

y 

z 

X 

y 

e 

f 

§  9.  As  an  instance  of  how  determinants  come  into  use- in 
Algebra,  there  may  be  taken  the  case  of  the  solution  of  a 
set  of  simultaneous  equations  of  the  first  degree. 


If 

and 
then  we  have 


axx  +  \y  =  cx 
a2x  +  b2y  =  c2 


axb2x  +  bf>2y  =    bfx 
-  a2bxx  -  \b.2y  =  -  bxc2  \ 

Hence,  by  addition, 


(afo  -  aa6J  x  =  \cx  -  \c2i 
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X   = 


<(, 


a. 


and,  similarly, 
Again,  if 


7/   = 


y 


al 

ci 

a2 

C2 

ai 

K 

a2 

\ 

then,  using 


as  multipliers,  we  have 


axx  +  \y  +  CjZ  =  dx 
a2x  +  b2y  +  c2z  =  d2 
asx  +  \y  +  c^z  =  d3 


h 

c2 

\ 

cl 

&, 

ci 

h 

cj, 

\ 

C3 

) 

K 

c2 

a 


U 


X  +  h 


cn 


a 


</. 


I> 


y!  7 

\X    -    0, 


X    +    \b„ 


!/  +  cx 


y  -  c2 


2/  +  ^a 


?2     c2 

>3         C? 
>l         C3 


Z    = 


A 


=  -  cl 


=     d 


Hence,  by  addition,  we  have  (Exercises,  Set  II.  7) 


«2    &a    c., 

«3       ^3       ^3 


x  + 


6i    *\    ci 

h  K  c2 

^3        ^3       C3 


2/  + 


C2       &s       ^2 
C3        fy>       C3 


£      = 


(1) 

(2) 
(3) 
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Now,  the  second  and  third  determinants  in  this  equation 
are  each  equal  to  0  (Exercises,  Set  II.  6)  ; 


x  = 


* 

\    «. 

ai 

hi    ci 

K 

h  c-2 

~ 

a2 

\    ^ 

d3 

K  cz 

as 

h     C3 

In  a  similar  way,  or,  more  shortly,  by  using  the  result  just 
obtained,  we  may  show  that 


V  = 


ax    dx   cx 

al  \  cl 

ai       d2      C2 

-r 

Cl2       K       C2 

«3       d3      C3 

tl3       b2       C3 

and 


(I 


z  =    a„ 


(L 


\      d2 


a. 


t     a„ 


a0 


The  learner  should  compare  the  values  of  x,  y}  z  just 
found  with  those  of  x,  y  in  the  case  of  the  preceding  set  of 
equations,  noting  that  the  denominator  is  always  the  deter- 
minant whose  elements  are  in  order  the  coefficients  of  the 
unknown  quantities  in  the  given  equations,  and  that  the 
numerator  of  the  value  of  any  of  the  unknown  quantities 
differs  from  the  denominator  simply  in  having  the  right- 
hand  members  of  the  equations  occupying  in  order  the 
places  of  the  coefficients  of  the  unknown  quantity  in 
question. 

§  10.  One  advantage  of  these  solutions  lies  in  the  fact 
that  the  results  obtained  are  such  as  can  be  exceeding!  v 
easily  remembered,  so  that  we  are  thus  enabled  to  derive 
the  benefit  usually  attached  to  remembered  results,  viz., 
of  being  able  to  utilize  them  in  the  solution  of  similar 
problems.     Thus,  if  the  given  set  of  equations  be 
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Sx  +  2y  -  4&  =  -  5 

2x  -  Sy  +    z  =  -  1 

4#  +     y  -  2z  =      0 

and  it  be  required  to  find  the  value  of  y,  we  have  at  once 


!! 


3      -5 

-4 

3 

2 

2      -1 

1 

-f 

2 

-3 

4         0 

-  2 

4 

1 

6    +  0  - 

20  - 

16  -  20 

-  0 

18  -  8  + 

8    - 

48+8 

-  3 

-50 

-25 

•2 

-4 

1 
_  •> 


Exercises.    Set  HI. 

Tell  immediately  the  values  of  x  and  y  which  satisfy  the  following  pairs  of 
equations : — 


1.       Ax  +  Sy  =  24  ) 
5x  +  2y  =  23  i 

'.'>.      6x  -  Ay  =    6 
7x  -  Sy  =  12 

5.  -  ax  +  by  = 
6a;  -  ay  = 


62J 


2.      3z  +    5y  -  17  ) 

2x  +    3y  =  11  j 
4.       4.1?  -    oy  =  15 
-  3.c  +  17^  =    2 
6.  -  4*  +    7#  - 

7x  -    A>i 


-  10  =  0  | 
+    1  =  0) 


Find,  by  means  of  determinants,  the  values  of  x,  y,   and  z  which  satisfy  the 
following  sets  of  equations : — 


7.  ox  -  Ay  +  2z  =  1 
2x  +  Sy  -  32  =-  1 
5.r  -  5y  +  Az  =      7 

'.).  Ax  -  7y  +  z  =  16 
3x  +  y  -  2z  -  10 
5oj      I).'/  -  3jc  -    10 


8.  3x  +    4#  -  02  =-   2 


Ax  +    5?/  -  32  =     11    : 

I 
hx  +    3y  -  Az  =      3  / 

10.   Gx  +    8#  +  32  =      0  \ 

5*  +    &y  -  9z  =      1 

7x  -  10w  -  32  =      0  ) 
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11.             5x  -  4z  =    42  \ 
3z  +  5y  =      1    > 
Ay  -  3x  =  - 10  J 

12. 

6 

X 

2 

-    + 

X 

5 

X 

2 

y 

5 

y 
l 

y 

-,1 

z 

_  2 

3.  Having  given 

axx  +  &!?/  + 

Ci  = 

0 

•  • 

■  (1) 

) 

a»x  +  b.vy  + 

Co  = 

0 

•  (2) 

[ 

asx  +  bgj  + 

c3  = 

0 

.  . 

•  (3). 

) 

1  > 


6| 


show,  by  solving  for  x  and   y  in  (2)  and  (3)  and  substituting  the  results  in  (1), 
that 

<h      &i      ci 

a2      b.2      c2     =  0. 
«3      b3      c3 

§11.  Knowing  that  b}^  definition 
6 


d 


=  acZ  -  6c, 


and  that 


a 
d 

0 


e 
h 


f  J  =  aek  +  dhc  +  gbf  -  gee  -  dbk  -  ahf, 
k 


we  are  now  naturally  led  to  inquire  what  the  general  defi- 
nition of  a  determinant  is,  and  what,  in  accordance  with 
this  definition,  is  the  expression  of  the  fourth  degree  de- 
noted by 


a 

b 

c 

d 

e 

f 

0 

h 

i 

i 

k 

I 

m 

n 

0 

V 

It  is  evident  that  the  definition  must  inform  us  on  two 
points,  viz.,  first,  how  the  terms  are  ^ot  from  the  elements  of 
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the  determinant ;  and,  second,  how  the  signs  of  the  terms 
are  fixed. 

§  12.  The  law  of  the  composition  of  the  terms  of  a  deter- 
minant is  that  in  ever}7  term  there  shall  be  present  as  a 
factor  one,  and  only  one,  element  from  each  row  of  the 
determinant,  these  being  so  chosen  that  there  shall  also  be 
only  one  from  each  column ;  and  every  product  composed  of 
elements  in  accordance  with  this  law  is  a  term  of  the  deter- 
minant. Thus,  in  the  case  of  the  above  determinant  of  the 
fourth  order, 

bipg 

must  be  a  term,  for  there  is  in  it  from  the  first  column  i, 
from  the  second  b,  from  the  third  g,  from  the  fourth  p;  and 
from  the  first  row  b,  from  the  second  g,  from  the  third  i, 
from  the  fourth  p ;  that  is,  one  and  only  one  from  each  row 
and  column.  Also,  we  have  clearly  an  example  in  the 
elements  of  the  principal  diagonal,  which  constitute  a  term 
known  as  the  principal  diagonal  term. 

§  13.  Having  got  one  term  of  a  given  determinant,  it  is 
easy,  as  will  now  be  seen,  to  find  others  by  means  of  it,  and 
in  this  way  ultimately  to  arrive  at  them  all.  Let  us  con- 
sider the  determinant  of  the  fourth  degree 


a 

b 

c 

d 

e 

f 

9 

h 

i 

J 

k 

I 

m 

n 

0 

P 

and  begin  with  the  diagonal  term 

afkp.  (I) 
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Taking  af  to  be  part  of  another  term,  and  seeking  to  find 
other  two  elements  to  complete  it,  we  at  once  see  that  we 
cannot  get  them  from  the  first  or  second  row,  nor  from  the 
first  or  second  column  ;  that  is  to  say,  our  choice  is  restricted 
as  shown  by  the  deletions  in  the  diagram 

■4-—f—  j— a 

i   J,    k    i 

i        i 

V>     o     p 


m 


Now,  having  already  taken  hp  along  with  af,  it  is  clear 
that  there  only  remains  61  to  be  taken ;  thus  we  have 
the  term 


afol, 


(2) 


and  know  likewise  that  there  can  be  no  other  term  with  the 
elements  a,  f  occurring  in  it.  Proceeding  in  the  same  way, 
we  now  take  ao  to  be  part  of  another  term  which  we  wish 
to  complete,  and,  looking  back  to  the  determinant,  we  see 
that  a  being  in  the  first  row  and  first  column,  and  o  in 
the  fourth  row  and  third  column,  these  rows  and  columns 
must  be  left  out  of  our  choice.  Deleting  as  before,  we 
therefore  have 

■& — h- — 4 — <&- 
k      f     k     h 

i    o    i   i 

-m — -n- — b — jp~ 

whence  it  is  evident  that,  besides  the  term  afol,  only  one 
other  can  contain  the  elements  a,  o,  viz., 


ajoh . 


(S) 
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Again,  retaining   a,  j,   two  of  the  elements  of  the  term  last 
found,  our  determinant,  with  deletions,  is 

-a h- ■€ — d 

k     jf     9     h 

4 §r--h-—l- 

tn     \i     o     p 

and,  as  before,  it  is  clear  that,  besides  the  term   ajoh,   there 
is  only  one  other  containing  the  elements  a,  j,  viz.,  the  term 


ajgp. 


(4) 


Similarly,   retaining   the   elements    a,  g   of  this  term,    we 
obtain  another  term, 

angl,  (5) 

and,  retaining  the  part   an   of  this,  we  arrive  at  the  other 
term  containing  this  part,  viz., 


ankh. 


(6) 


If  now,  in  continuing  our  process,  we  still  select  a  as  one 
of  the  elements  to  be  retained,  we  shall  find  that  no  new 
term  is  to  be  got  from  any  of  the  above  six,  and  that  indeed 
no  other  term  of  the  determinant  contains  a.  But,  retaining 
two  elements  other  than  a,  say  n,  k,  we  find  the  new  term 

enhd, 

and  proceeding  as  before,  we  readily  obtain  all  the  other 
terms  containing  e.  Then  we  should  pass  to  the  terms 
containing  i,  and  from  these  to  the  terms  containing  m; 
and  this  would  complete  the  work,  for  by  the  definition 
every  term  must  contain  one  of  the  four  a,  e,  i,  m. 
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Exercises.    Set  IV. 

In  the  above  determinant  of  the  fourth  degree,  mbkh  is  a  term ;  find — 

1.  the  other  terms  involving  m ; 

2.  the  other  terms  involving  b ; 

3.  the  other  terms  involving  k; 

4.  the  other  terms  involving  h. 

5.  From  the  term    mbkh    derive  any  term  involving    n,  and  thence  all  the 
other  terms  involving  n. 

6.  Similarly  find  all  the  terms  involving  o. 

7.  Similarly  find  all  the  terms  involving  p. 
In  the  determinant 


xl 

l'l 

~1 

Vl 

wl 

X-2 

y-i 

~2 

V-2 

W.2 

Xs 

y-i 

Z3 

v3 

W3 

Xi 

Vi 

Zi 

Vi 

Wi 

Xo 

Vo 

~5 

»s 

W-o 

find- 

8.  the  terms  containing  x5u\ ; 

9.  the  terms  containing  y^io-i', 
10.  the  terms  containing  as^j,. 

§  14.  We  come  now  to  consider  the  fixing  of  the  signs  of 
the  terms.     Taking  as  an  example  the  case  of  the  term 

bipg, 

mentioned  in  §  12,  we  proceed  as  follows.  Finding  the 
numbers  of  the  rows  from  which  the  elements  b,  i,  p,  g  are 
taken,  and  also  the  numbers  of  the  columns,  we  note  them 
down  in  separate  lines  in  the  order  in  which  the  elements 
occur,  the  result  being 

1,  3,  4,  2, ) 

2,  1,  4,  3.  J 

Now,  looking  at  the  first  of  these  lines,  and  contrasting  the 
order  in  which  the  numbers  come  with  the  natural  order 
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1,  2,  3,  4,  we  observe  that  3  precedes  2  instead  of  following 
it,  and  that  there  is  only  one  other  such  inversion  (as  it  is 
called)  in  the  line,  viz.,  that  in  which  the  4  and  2  are  con- 
cerned. Noting  this,  we  proceed  to  the  other  set  of  numbers, 
and  find  that  the  number  of  inversions  of  order  in  it  is  also 
two.  The  total  number  of  inversions  in  the  two  sets  is 
therefore  four,  and  it  is  this  number  which  fixes  whether 
the  term  bipg  is  positive  or  negative,  the  sign-factor  being 
(-1)4.  Had  the  number  of  inversions  of  order  been  jive,  the 
sign-factor  would  have  been  (-1)5,  and  so  on  ;  in  other  words, 
the  sign  is  +  or  -  according  as  the  number  of  inversions  of 
order  is  even  or  odd. 

The  process  necessary  for  fixing  the  sign  of  a  term  is  thus 
seen  to  consist  in  writing  down  in  order  the  numbers  speci- 
fying the  rows  from  which  the  elements  in  the  term  are 
taken,  and  in  another  line  the  numbers  specifying  the 
columns,  and  counting  how  many  instances  there  are  in 
each  line  of  a  number  preceding  another  which  it  would 
follow  if  the  numbers  were  in  their  natural  order,  the  sign- 
factor  of  the  term  being  (-l)n  if  n  be  the  total  number  of 
such  instances. 

This  process  may  be  shortened  if  we  first  arrange  the 
elements  of  the  term  so  that  the  element  which  comes  from 
the  first  row  is  placed  first,  the  element  from  the  second  row 
placed  second,  and  so  on ;  because  then  the  number  of  inver- 
sions of  order  in  the  first  of  the  two  series  will  be  0,  and  we 
shall  have  only  to  count  the  number  of  inversions  in  the 
second  series.     Thus,  writing  the  term  above  considered  in 

the  form 

bgip, 

the  numbers  indicating  the  rows  and  columns  are 
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so  that  the  number  of  inversions  of  order  is 

0  +  2, 
and  we  have  the  sign  +  as  before. 

§  15.  If  we  now  take  the  terms  of  the  above  determinant 
of  the  fourth  degree  in  the  order  in  which  they  are  found 
in  §  13,  we  see  at  once  that  afkp  is  positive — indeed  it  is 
evident  that  the  sign  of  the  principal  diagonal  term  must  in 
every  case  be  positive — that  the  next  term  afol  is  negative, 
the  next  ajoh  positive,  the  next  ajgp  negative,  and  so  on. 
[it  would  thus  appear  that,  beginning  with  the  principal 
diagonal  term,  we  may  with  ease  deduce  from  it  all  the 
other  terms,  each  of  them  with  its  proper  sign.  The  prin- 
cipal diagonal  term  is  on  this  account  also  called  the  leading 
term  of  the  determinant. 

Example. — Find  the  number  of  inversions  of  order  in  the  series 

7,  8,  4,  1,  3,  2,  9,  6,  5. 

Taking  7  along  with  each  of  the  numbers  which  follow  it,  we  have  the  couplets 
(7,  8),  (7,  4),  (7,  1),  (7,  3),  (7,  2),  (7,  9),  (7,  6),  (7,  5), 
and  of  these  it  is  evident  that  six  are  instances  of  inversion  of  order ;  taking  8 
along  with  each  of  the  numbers  which  follow  it,  we  obtain  other  six  inversions; 
and  proceeding  in  like  manner  with  4  and  the  other  numbers  of  the  series,  we 
find  that  the  total  number  of  inversions 

=  6  +  6  +  3  +  0  +  1  +  0+2  +  1, 
=  19. 

Exercises.     Set  V. 

1.  Count  the  number  of  inversions  of  order  in 

3,  6,  4,  1,  5,  2; 

7,  1,  6,  5,  3,  4,  2; 

3,  2,  9,  4,  1,  6,  7; 

4,  8,  6,  7,  2,  5,  3; 

7,  8,  3,  2,  1,  4,  6,  5; 
3,  1,  9,  8,  2,  6,  5,  7,  4. 
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2.  Tell  the  signs  of  the  terms 

ingd,  Igbm,  gdjm,  nkah 
of  the  determinant 


a 

e 

% 

m 

b 

f 

j 

n 

c 

9 

k 

0 

d 

h 

I 

P 

3.  Find  the  fall  expression  for  the  preceding  determinant  in  the  ordinary 
notation. 


4.  Tell  the  signs  of  the  terms 

a^c^fii,   a3e2c4cZ1&5)    &2«ie3c4tf5,   63c2a1^5e4 

of  the  determinant 

Oj      a2     a3     cii     «5 

&j      b2      b3      hi      &s 

C\       C2       C3       Ci       c~, 

dx     d.2     d3     di      db 

«1        <k       €3       €i        e5 

- 

5.  Show  that  the  determinant  of  Ex.  2  and  3  above 

/     j     n 

b     j     n 

b     f     ii 

b      f     J 

=  a 

g     k      o 

-  e 

c     k      o 

+  i 

ego 

-  m 

c     g     k 

h      I     p 

d     I     p 

d     h    p 

d     h     I 

f     j     n 

e     i     in 

e     %     m 

e     i     in 

=  a 

g     k     o 

-  b 

g     k     o 

+  c 

f     J     n 

-d 

f     3     n 

h     /     p 

hip 

h      I     p 

g     k    o 

6.  Show  from  the  preceding  that 

xa     e     i      m 

a      e      i 

m 

xb     f     j      n 
xc      g     k      o 

=  X 

b      f     j 
c      g     k 

n 

0 

xd     h     I      p 

d     h     I 

P 

• 

7.  Prove  that 

a  +  x      e      i     m 

a      e      i     m 

x      e      i     m 

b  +  y     f     j     n 

b       f      j      11 

-j- 

y     f    J     n 

c  +  z       g     k     o 

c      g     k     o 

z      g     k     o 

d  +  iv 

h 

I     1 

0 

( 

I 

h 

I      p 

10 

h 

I     p 

SEC.  15. 

8.  Prove  that 


9.  Prove  that 


10.  Prove  that 


INTRODUCTION. 


a  e  i  m 

b  f  j  n 

c  g  k  o 

d  h  I  p 


a  e  %  m 

b  f  j  n 

c  g  k  o 

d  h  I  p 


a  b  c  d 

e  f  g  h 

i  j  k  I 

rib  n  o  p 


a  e  i  % 

b  f  j  j 

c  g  k  k 

d  h  I  I 


=  0. 


a      e     m  i 

b     f     n  j 

ego  k 

g      h     p  I 
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CHAPTER   II. 

DETERMINANTS  IN   GENERAL. 

§  16.  J.  determinant  consists  of  such  a  number  of  quan- 
tities so  situated  that  they  may  be  viewed  as  arranged  either 
in  successive  lines  (called  rows)  running  from  left  to  right 
and  each  containing  as  many  quantities  as  there  are  lines, 
or  in  successive  lines  (called  columns)  running  perpen- 
dicular to  the  former;  and  it  is  used,  to  denote  the  expression 
which  consists  of  all  the  terms  that  can  be  formed  by  taking 
the  product  of  as  many  quantities  as  there  are  rows — one 
quantity  from  each  row  and  thereby  one  from  each  column, 
the  sign  preceding  any  term  being  determined  by  writing 
in  succession  the  numbers  of  the  rows  from  which  the  quan- 
tities composing  it  have  come,  and  in  a  separate  series  the 
numbers  of  the  columns,  and  taking  +  or  —  according  as 
the  total  number  of  inversions  of  order  in  these  two  series  is 
even  or  odd. 

The  terms  referred  to  are  spoken  of  as  the  terms  of  the 
determinant,  and  the  expression  which  consists  of  all  the 
terms  is  called  the  expansion  or  ordinary  expansion  of  the 
determinant. 

The  rest  of  the  subsidiary  nomenclature  has  been  already  fully  explained  in  §  6. 

§  17.  If  all  the  elements-  of  a  row  or  column  of  a  deter- 
minant be  zero,  so  also  is  the  determinant  itself 
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§  18.  The  full  number  of  terms  of  a  determinant  of  the 
nih  order  is  1.2.3. . . .  n. 

If  in  forming  any  term  we  be  careful  to  take  the  elements 
which  are  to  compose  it  from  the  rows  in  order,  viz.,  the 
first  element  of  the  term  from  the  first  row,  the  second 
element  from  the  second  row,  and  so  on,  then  the  first 
element  may  be  taken  from  any  of  the  n  columns,  the 
second  element  from  any  of  the  n  columns  except  the 
column  from  which  the  first  element  has  been  taken,  the 
third  element  from  any  of  the  n  columns  except  the  columns 
which  have  already  been  drawn  upon,  and  so  on.  Hence 
the  numbers  of  the  columns  from  which  the  elements 
necessary  to  form  a  term  are  taken  constitute  a  permutation 
of  the  numbers 

1,  2,  3,  4,    ....    ,  n, 

and  every  such  permutation  gives  rise  to  a  term.  Therefore 
the  number  of  terms  is  the  same  as  the  number  of  permuta- 
tions of  the  first  n  integers,  i.e.,  1.2.3. . . .  n. 

§  19.  When  the  elements  of  a  determinant  are  suffixed 
letters,  only  one  letter  being  used  in  each  row,  and  the  set  of 
suffix  numbers  for  all  the  rows  being  the  same  and  in  order 
of  magnitude,  the  finding  of  the  expansion  of  the  deter- 
minant is  more  readily  accomplished,  both  as  to  the  forma- 
tion of  the  terms  and  as  to  the  fixing  of  the  signs,  than  in 
cases  where  suffixed  letters  are  not  employed.  For  in  the 
symbol  denoting  an  element  the  letter  will  indicate  the  row 
to  which  the  element  belongs,  and  the  suffix  will  indicate 
the  column,  so  that  to  form  a  term  we  have  only  to  write 
all  the  letters  in  succession  and  attach  one  of  the  suffixes  to 
each,  and  to  fix  the  sign  of  the  term  we  have  only  to  count 
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the  number  of  inversions  of  order  in  the  suffixes  as  there 
written.     Thus,  in  the  case  of  the  determinant 


a, 


a2 

aB 

b2 

h 

C2 

C3 

we  write  all  the  permutations  of  the  suffixes,  viz., 

12  3 

13  2 
3  12 
3  2  1 
2  3  1 
2        13, 


and  taking  each  permutation  along  with  the  letters  a,  b,  c, 
w'e^have  at  once  the  expansion 

aAC3    ~~    aAC2    +     °AC2    +    a3^2Cl    ~~    a2^3Cl    ~"    afilC3' 


§  20.  It  is  also  possible  in  the  case  of  such  determinants 
to  use  an  abridged  notation.  One  form  of  this  consists  in 
writing  one  of  the  terms,  viz.,  the  leading  term,  as  a  type  of 
them  all,  prefixing  to  it  the  symbol  ±  to  indicate  the  varia- 
bility of  the  signs,  enclosing  this  in  brackets,  and  before  all 
placing  the  symbol  of  summation  2.     Thus  the  determinant 


ax 

a2 

a3 

\ 

h 

h 

ci 

C-2 

C3 

is  denoted  by 


2(±aAft). 
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Equally  efficient  notations  are 

which  do  not,  like  the  other,  aim  at  a  partial  definition,  but 
are  meant  merely  as  suggestive  contractions  for  the  longer 
form,  or  for  the  determinant  of  which  the  first  row  consists 
of  a's,  the  second  row  of  b's,  the  third  row  of  c's,  and  of 
tvhich  the  elements  in  the  first  column  have  the  suffix  1, 
those  in  the  second  column  the  suffix  2,  and  those  in  the 
third  column  the  suffix  3.  A  fourth  but  less  distinctive 
form  than  these  is  also  in  use  when  no  ambiguity  is  likely 
to  result,  viz.,  for  the  case  of  the  same  determinant 

The  learner  should  accustom  himself  to  the  use  of  these 
shorter  forms,  and  especially  to  pass  mentally  from  them 
with  ease  to  the  standard  notation.  Thus,  to  take  another 
instance, 

T>(x0y^iv6),   2(±x#&w},   or   \xy&w%\ 

should  readily  suggest 


/y*  rp  rp  rp 

^0        ^2         ^4         ^6 


Vo  y%  v*  Ve 


\     Z2     z, 


iv0   tv2    iv4   iv6 


§  21.  Lemma  on  inversions  of  order. — If  in  a  series 
of  integers  which  are  all  different  any  adjacent  pair  be 
transposed,  the  number  of  inversions  of  order  is  thereby 
increased  or  diminished  by  one. 
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Let  the  series  of  integers  be 

m,  p,  ....  r,  ft,  0,  t,  ...  .  n,  s, 
and  let  ft  and  96  be  transposed,  so  that  we  have 

m,  p,  ....  r,  0,  /3,  t,  .  .  .  .  ?i,  s. 

In  counting  the  number  of  inversions  in  the  first  series,  we 
take  m  along  with  each  of  the  integers  following  m,  and 
note  how  many  of  the  couplets  thus  got  are  instances  of 
inversion  of  order,  then  we  take  p  along  with  the  integers 
following  p,  and  so  on.  Now  it  is  clear  that  the  couplets 
beginning  with  m  are  the  same  for  both  series,  and  that 
indeed  no  difference  can  occur  until  we  have  finished  the 
couplets  beginning  with  r.  Similarly  it  is  clear  that  the 
couplets  beginning  with  t  are  the  same  for  both  series,  and 
that  so  also  are  the  couplets  beginning  with  any  of  the 
integers  after  t.  Any  difference  that  may  exist  is  thus 
shown  to  be  confined  to  the  couplets  beginning  with  ft  and 
with  (p.  Examining  these  we  finally  see  that  the  couplets 
for  both  series  are  exactly  the  same,  except  that  for  (ft,  <j>) 
in  the  first  we  have  (<p,  ft)  in  the  second.  Now  if  (/3,  <p)  be 
an  inversion  of  order,  (<p,  ft)  is  not,  and  vice  versa;  hence  the 
first  series  has  either  one  inversion  more  or  one  less  than 
the  second. 

§  22.  In  a  determinant  of  the  nth  degree  hvo  and  not 
more  than  two  terms  can  have  n  —  2  elements  in  common, 
and  of  such  a  pair  of  terms  the  one  is  positive  and  the  other 
negative. 

Suppose  that  in  the  process  of  forming  a  term  we  have 
taken  n -2  elements  out  of  n-2  rows  and  n-2  columns, 
and  that  the  rows  which  have  not  been  drawn  upon  are  the 
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bth  and  ^>th,  and  the  columns  the  dth  and  tth.  To  complete 
the  term  we  have  only  four  elements  to  choose  from,  viz., 

the  element  of  the  6th  row  and  dth  column, 

the  element  of  the  bih  row  and    tth  column, 

the  element  of  the  pth  row  and  clth  column, 

and  the  element  of  the  _pth  row  and    tth  column. 

[b  is  therefore  clear  that  we  can  have  one  complete  term  by 
baking 

the  element  of  the  bth  row  and  dth  column, ) 
and  the  element  of  the  _pth  row  and  tth  column ;  ) 

ind  another  by  taking 

the  element  of  the  6th  row  and   tth  column,  ) 
and  the  element  of  the  pth  row  and  dth  column ;  ) 

and  that  no  other  selection  is  possible. 

The  sign  of  the  former  term  is  fixed  by  the  number  of 
inversions  of  order  in  the  series 

b,P>) 

d,  t;) 

the  sign  of  the  latter  is  similarly  dependent  on  the  series 

b,  P, ) 

t,  d;) 

the  portions  indicated  by  the  dots  being  the  same  for  both 
terms.  This  shows  that  there  is  one  more  inversion  in  the 
one  case  than  in  the  other,  and  consequently  the  sign  of  the 
one  term  is  +  and  of  the  other  — . 
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§  23.  Of  the  full  number  of  terms  of  a  determinant, 
exactly  as  many  are  positive  a,s  are  negative. 

Suppose  the  positive  terms  of  the  determinant  are  taken 
and  placed  in  a  column,  the  elements  in  each  term  being 
arranged  in  the  order  of  the  rows  from  which  thev  come, 
and  that  a  line  is  drawn  cutting  off  the  last  two  elements  in 
each  term,  thus  : — 


bef. 
cgh., 


.ah 
.tin 


Im 
pq 


Then  we  know  that  the  portions  to  the  left  of  the  line  are 
all  different,  because  if  two  terms  were  alike  in  this  portion, 
the  one  would  be  positive  and  the  other  negative  (§  22), 
which  is  not  the  case.  Further,  corresponding  to  each  term 
in  the  column  a  negative  term  may  be  found  differing  from 
the  positive  term  in  the  last  two  elements  (§  22),  and  all 
these  negative  terms  would  be  different,  for,  as  we  have 
seen,  they  would  all  be  different  even  if  we  looked  only  at 
the  elements  preceding  the  last  two  in  each.  There  are 
thus  at  least  as  many  negative  terms  as  positive.  In  the 
same  way  we  can  show  that  there  are  as  many  positive 
terms  as  negative ;  and  thus  the  theorem  is  established. 

Exercises.     Set  VI. 


Find  directly  from  the  definition  the  expansion  of  the  determinants- 


0 

0 

0 

<h 

2. 

<h 

h 

<h 

0 

3. 

h 

h 

h 

h 

0 

0 

h 

a.2 

a-2 

b. 

C-2 

0 

0 

c3 

0 

0 

0 

<h 

62 

a3 

0 

0 

0 

d2 

0 

d3 

d, 

d5 

di 

c2 

h 

«4 

g 

0 

0 

0 

dz 

0 

es 

0 

?D 
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X 

0 

0 

0 

y 

5. 

at 

0 

Co 

0 

X 

y 

X 

0 

0 

0 

az 

0 

<h 

X 

di 

0 

y 

X 

0 

0 

a.2 

0 

X 

0 

0 

0 

0 

y 

X 

0 

<h 

X 

bl 

&a 

h 

0 

0 

0 

y 

X 

• 

X 

0 

0 

0 

0 

6.  "Write  the  terms  of  |  x02/i-2w3 1  which  contain  y»wz. 

7.  "What  other  term  of  | b<fiid.2e3fi !',  besides  the  secondary  diagonal  term, 
mtains  the  elements  /o^x? 

8.  Find  the  number  of  inversions  of  order  in 

n,    n-1,    n-2,   .  .  .  .  ,   3,   2,   1. 

9.  What  other  term  of  \ambncpdqer\  besides  anbpcmdreq  contains  the  elements 

iCmCq  • 

10.  What  is  the  sign-factor  of  the  secondary  diagonal  term  in  a  determinant 
'  the  nih  order  ? 

11.  "Write  the  terms  of  I  a163c5c?6 [  -which  contain  the  element  b5. 

12.  If  the  integral  numbers 

d,   e,  f,   g,   h,    i,  j,   k 
i  'cyclically'  transposed  so  as  to  become 

k,   d,   e,  f,   g,   h,   i,  j, 
dw  many  more  or  fewer  inversions  of  order  will  there  be  ? 

13.  Find  how  many  terms  of  a  determinant  of  the  nth  order  contain  any 
articular  element. 

14.  If  in  a  series  of  integers  which  are  all  different  any  pair  be  transposed, 
le  number  of  inversions  of  order  is  thereby  increased  or  diminished  by  an  odd 
umber. 

15.  If  the  sign  of  a  term  be  determined  from  one  arrangement  of  the  elements 
imposing  it,  show  that  the  same  sign  would  be  got  from  a  different  arrangement. 


§  24.  Two  determinants,  which  differ  only  in  that  the  rows 
f  the  one  are  in  order  the  columns  of  the  other,  are  equal. 

Every  term  of  the  first  determinant  must  contain  one  and 
nly  one  element  from  each  row  and  each  column  of  that 
.eterminant ;  therefore  it  must  contain  one  and  only  one 
lenient  from  each  column  and  each  row  of  the  second 
eterminant,  and  therefore  it  must  be  a  term  of  that  deter- 
minant also.  Similarly  we  can  show  that  every  term  of 
he  second  determinant  is  a  term  of  the  first ;  therefore  the 
erms  of  the  two  determinants  are  alike  in  magnitude. 
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Now  suppose  that  the  first  element  in  any  term  of  th 
first  determinant  is  from  the  ath  row  and  ath  column,  th 
second  element  from  the  bth  row  and  /3th  column,  and  so  on 
then  the  sign  of  the  term  is  fixed  by  the  number  of  invei 
sions  in  the  two  series 

a,   b,   c,   .  .  .  ,) 
a,  /3,  y,    .  .  .  .  ) 

But  the  element  which  is  in  the  aih  row  and  ath  column  i: 
the  first  determinant  is  in  the  ath  row  and  ath  column  i: 
the  second  determinant,  and  so  of  the  other  elements.  Henc 
the  sign  of  the  term  in  question  in  the  second  determinan 
is  fixed  by  the  number  of  inversions  in  the  two  series 


And  the  number  of  inversions  here  being  the  same  as  before 
the  sign  of  the  term  is  the  same  in  both  determinants. 

Thus  the  two  determinants  being  shown  to  be  alike  botl 
in  magnitude  and  sign,  the  theorem  is  established. ' 


§  25.  From  this  it  is  evident  that  any  theorem,  in  th< 
statement  of  which  the  word  row  or  the  words  row  anc 
column  occur  would  also  be  true  if  the  word  column  or  th< 
words  column  and  row  respectively  were  substituted.  Fo: 
in  proving  the  former  theorem  in  regard  to  the  determinant 


a± 

a2 

«,    • 

■    a, 

K 

b.2 

h  ■ 

■     b, 

»j 

«2 

C3       • 

■     c. 

h 

k 

h       ■ 

■     I, 
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we  are  proving  the  latter  theorem  in  regard  to  the  deter- 
minant 


«, 

"x 

«i    •  • 

«, 

a„ 

h. 

c2     .   . 

h 

«S 

h 

c3     .   . 

k 

«„ 

K 

c„    .  . 

l„ 

§  26.  If  all  the  elements  of  a  row  of  a  determinant  be 
multiplied  by  the  same  quantity,  the  resulting  determinant 
equals  the  product  of  the  original  determinant  and  the  said 
quantity. 

Let  m  be  the  multiplier  referred  to.  Then,  if  we  form 
any  term  of  the  original  determinant,  and  form  at  the  same 
time  the  corresponding  term  of  the  new  determinant,  no 
difference  can  possibly  occur  unless  at  the  row  mentioned, 
where  the  element  taken  from  the  new  determinant  is  m 
multiplied  by  the  element  taken  from  the  original  deter- 
minant. Now  since  one  element  and  only  one  must  be 
taken  from  this  row  or  column  for  the  formation  of  every 
term  of  the  determinants,  it  follows  that  each  term  of  the 
new  determinant  is  m  multiplied  by  the  corresponding  term 
of  the  other.  Hence  the  new  determinant  equals  the  original 
determinant  multiplied  by  on. 


Examples  :— 


in 


a 

b 

c 

d 

e 

f 

9 

h 

k 

ma 

nib 

d 

e 

9 

h 

a 

mb 

md 

mre 

<j       mh 


mc 

f 
k 

c 

mf 
k 


a 

mb 

c 

d 

me 

f 

9 

mh 

k 

a 

mb 

c 

d 

m 

e 

t 

m 

9 

mh 

k 
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1       7 

3  21 

4  -28 


1      1 

-1 

1 

1 

-1 

=  7 

3      3      0 

=  7x2 

3 

3 

0 

4    -4    -6 

2 

-2 

-3 

11-1 

=7x2x3 

110 

2    - 

2    -3 

» 

=  7x2x3x  (-3  +  2  +  2  +  3), 
=  168. 


§  27.  If  tivo  rows  of  a  determinant  be  identical,  the  deter- 
minant is  equal  to  zero. 

Let  the  determinant  be 


ax 

a2  . 

.  ah . 

.  ar  . 

•    ^n 

ax 

a2  . 

.  .  aA . 

.  ar  . 

•  a>n 

the  two  rows  which  are  identical  being  the  6th  and  pth; 
and,  thinking  of  any  term  whatever  of  the  determinant, 
suppose  that  the  element  taken  from  the  bth  row  to  form  it 
is  ah  and  the  element  from  the  pth  row  ar ,  so  that  the  term 
may  be  represented  by 

A  standing  for  the  product  of  all  the  elements  of  the  term 
except  ah  and  ar.  Then  proceeding  as  in  §  22  to  find  the 
other  term  which  contains  A  we  obtain 

Aarah, 

which  equals  the  former  term,  but  must  (§  22)  be  of  opposite 
sign.  Thus  the  positive  and  negative  terms  of  the  determi- 
nant are  equal  in  magnitude:  hence  the  truth  of  the  theorem. 
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§  28.  If  each  of  the  elements  of  a  row  of  a  determinant 
consist  of  two  terms,  the  determinant  may  be  expressed  as 
the  sum  of  two  determinants,  the  first  of  ivhich  is  got  from 
the  original  determinant  by  excluding  one  term  of  each  of 
the  elements  in  question,  and  the  second  by  replacing  these 
and  excluding  the  other  terms. 

If  A  +  B  be  one  of  the  binomial  elements  referred  to, 
then  it  is  clear  that  if  we  fix  on  any  term  containing  A  +  B 
in  the  original  determinant,  we  shall  find  the  corresponding 
term  of  one  of  the  pair  of  determinants  to  differ  from  this 
term  only  in  having  A  for  A+B,  and  the  corresponding 
term  of  the  other  determinant  to  differ  from  it  only  in 
having  B  for  A+B.  That  is  to  sajr,  any  term  of  the 
original  determinant  being 

{A+B)efk...., 

the  corresponding  terms  of  the  pair  of  determinants  are 

A efk ....    and   Befh .... 

Hence  the  first  determinant  equals  the  sum  of  the  two  other 
determinants. 


Examples  : 


and 


a 
b 
c 

a 
d 


A  +  B 
C+D 
E-F 

b 
e 


a 

A 

h 

a 

B 

h 

= 

b 

C 

k 

+ 

b 

D 

k 

c 

E 

I 

c 

-F 

I 

g  +  h    k 


c 

a 

b 

c  1 

a 

b 

c 

f 

= 

d 

e 

/     + 

d 

e 

/ 

l  +  m 

9 

k 

/ 

h 

0 

m 

§  29.  More  generally,  if  each  of  the  elements  of  a  row 
consist  of  n  terms,  it  is  evident  that  the  given  determinant 
can  be  partitioned  in  similar  fashion  into  n  determinants. 
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Further,  if  the  elements  of  one  row  be  ^-termed  and  the 
elements  of  another  row  be  m-termed,  the  determinant  can 
be  partitioned  into  n  determinants,  each  of  which  will 
have  a  row  consisting  of  m-termed  elements  and  each  of 
which  can  therefore  be  partitioned  into  m  determinants,  so 
that  finally  the  original  determinant  can  be  expressed  as 
the  sum  of  m  x  n  determinants. 

More  generally  still,  if  the  elements  of  the  first  row 
consist  each  of  ra2  terms,  the  elements  of  the  second  row  of 
m2  terms,  and  so  on,  the  determinant  can  be  partitioned 
into  m^m^fYb^....  determinants. 


Example:— 

a2  +  b2  +  c2    d2    e2-f2 
a3  +  b3  +  c3    ds    e3-f3 


«i     <-h    61-/1 

a2     d2    c2  -f2 

«3     d3     <?s  ~fs 


h     <h     <?i  -A 
b2     d2     e2  -f2 

h     d3     H  ~h 


c  1  di  €i  -/i 
c2  d2  e2  -f2 
C3    ds    £3  ~fz 


«!  d1  Ci 

a2  do  e2 

«3  d3  e3 

&i  di  /1 

b2  d2  f2 

h  d3  f3 


«i  ^1  /1 

a2  d2  f2 

a3  d3  f3 

Ci  di  ex 

c2  d2  c2 

c3  d3  e3 


bx  dx  ex  I 

b2  d2  c2  j 

b3  d3  e3  i 

Ci  di  fx 

C2  d2  f2 

C3  d3  J3 


§  30.  The  identity  established  in  §  28  may  be  otherwise 
viewed  as  a  theorem  for  the  addition  of  two  or  more  deter- 
minants which  are  related  to  each  other  in  a  particular 
way ;  that  is  to  say,  beginning  with  the  second  member  of 
the  identity,  the  theorem  is : — The  sum  of  any  number  of 
determinants  which  are  alike  except  as  regards  a  particular 
row,  the  rth  say,  is  equal  to  a  determinant  which  is  like  each 
of  the  given  determinants  except  that  any  element  of  its 
Yth  T0W  <is  fjie  mm  0j  flie  corresponding  elements  of  all  the 
given  determinants. 
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Examples  : — 


4 

O 

4 

4 

3 

4 

5 

-12 

3 

4 

3 

4 

7 

-1 

3     + 

5 

1 

-3 

+ 

3 

0 

8    = 

12 

0 

0 

+ 

2 

8 

6 

2 

8 

6 

4 

0 

6 

2 

8 

6 

9 

3 

4 

= 

0 

0 

0 

5 

8 

6 

i 

=  0. 


5      3     4 

-12     0     0 

3      8     6 


?n\a1h.?c3di\    +  ?i  |  (Zx  62  c3  e4  ]  =  \a1b.1czmdi+nei\  . 


§  31.  If  the  first  element  of  a  row  of  a  determinant  be 
increased  by  any  multiple  of  the  first  element  of  any  other 
row,  the  second  element  of  the  former  row  be  increased  by 
the  same  multiple  of  the  second  element  of  the  latter,  and  so 
on  ivith  all  the  other  elements  of  the  two  rows,  the  neiv  deter- 
minant thus  obtained  is  equal  to  the  original  one. 

Let  the  given  determinant  be 


a 


x   y   z 


or     A, 


and  let  the  common  multiplier  be  on,  so  that  the  new  deter- 
minant is 


or     A', 


x 


y 
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On  account  of  the  row  of  binomial  elements  in  A'  we  have 
(§  28)- 


A'  = 


a 

b 

c    .    .    .    . 

X 

V 

z    .    .    .    . 

a 

b 

c   .    .    .    . 

X 

y 

z  .    .    .    . 

+ 


mx    my   m* 

x        y       z 


+  7)1 


A  +  Til  x  0, 

A. 


(§  26), 


(§  27), 


§  32.   If  another  row  of  the  determinants  A,  A'  in  the 
preceding  be 

p,    q,   r,    .    .   .    . 
it  follows  that 


a  +  mx  +  np     b  +  my  +  nq     c  +  mz  +  nr 


x 


y 


=  A', 


and  therefore  also  =  A  ; 

so  that  from  a  continued  application  of  the  theorem  of  §  31 
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we  have  a  more  general  result,  viz.:  If  the  elements  of  any 
row  of  a  determinant  be  increased  by  any  equimidtiples  of 
the  corresponding  elements  of  a  second  row  and  by  any 
equimultiples  of  the  corresponding  elements  of  a  third  row, 
and  so  on,  the  resulting  determinant  is  equal  to  the 
original  one. 

§  33.  This  theorem  may  he  advantageously  employed  in 
the  simplification  of  determinants,  more  especially  of  those 
whose  elements  are  expressed  in  figures. 

For  example,  consider  the  determinant 


14 

15 

11 

21 

22 

16 

23 

29 

1/ 

Subtracting  each  element  of  the  third  column  from  the 
corresponding  element  of  the  first  and  second  columns  we 
have  the  equivalent  determinant 


3 

4 

11 

5 

6 

16 

6 

12 

17 

and  this  we  know  (§  26)  is  equal  to 


3 

2 

11 

5 

3 

16 

6 

6 

17 

Now  subtracting  each  element  of  the  second  column  from 
the  corresponding  element  of  the  first  column,  and  multi- 
plying each  element  of  the  second  column  by  5  and  sub- 
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tracting  the  result  from  the  corresponding  element  of  the 
third  column  we  have 


1 

2 

1 

2 

3 

1 

0 

6 

-13 

which  if  we  please  we  may  alter  similarly  into 

12        1 


-1-1 
6     -13 


the  given  determinant  being  thus  equal  to 

2(13  +  6)    i.e.,   38. 

Operating  on  the  rows  instead  of  the  columns,  we  might 
have  proceeded  thus  : — 


14 
21 
23 


15 

22 

29 


11 
16 
17 


14 


15 

7 
7 

=    35         8-5 


11 

5 
1 


0 

1 

5 

0 

2 

7 

=   38, 


as  before. 


Example  1.    fShow  that 

abed 

b       c      d      a 

c      d      a      b 

dab       c 


The  given  determinant 


=  (a  +  b  +  c  +  d)  (-  a  +  b  -  c  +  d) 


a  +  b  +  c  +  d 
b + c  +  d+ a 
c  +  d+  a+  b 
d  +  a+ b  +  c 


b 
c 

d      a 
a      b 


c      d 

d      a 

b 

c 


0 

1 

-1 

1 

1 

c 

d 

a 

1 

d 

a 

b 

1 

a 

b 

c 

(§  32), 
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1 

b 

c 

d 

1 
1 

c 
d 

d 
a 

a 
b 

(a  +  b  +  c  +  d),                          (§  26), 

1 

a 

b 

c 

0 

b- 

c  +  d 

-a 

c-d+a-b     d-a+b-c 

1 
1 

c 
d 

d                     a 

a                      b 

(a  +  b  +  c  +  d), 

1 

a 

b                     c 

0 

1 

-1 

1 

1 

1 

c 
d 

d 
a 

a 

b 

(a  +  b  +  c  +  d)  (-a  +  b-c  +  d). 

1 

a 

b 

c 

Example  2.    Show  that 

1 


a 

a2 

as 

b 

b2 

b3 

c 

c2 

cs 

d 

d2 

d* 

=  (b-a)  (c-a)  (c-b)  (d-a)  (d-b)  (d-c), 


dthout  finding  the  expansion  of  the  determinant. 

If  each  element  of  the  first  row  be  subtracted  from  the  corresponding  element 
f  the  second  row,  it  is  at  once  clear  that  b-a  is  a  factor  of  the  determinant, 
nd  that  c-a,  c-b,  d-a,  d-b,  d-c  are  factors  follows  equally  readily  in  the 
ame  way.  Further  we  see  that,  if  these  factors  were  multiplied  together,  the 
rst  term  of  the  product  would  be  bc2d3,  and  that  all  the  other  terms  would  be 
nlike  this,  so  that  the  coefficient  of  bc2d3  in  the  product  is  + 1.  On  the  other 
and,  looking  at  the  principal  diagonal,  we  see  that  the  coefficient  of  bc2d3  in  the 
xpansion  of  the  determinant  is  also  + 1.     Thus  the  identity  is  established. 


Example  3. 


Show  that 
0      a2 


a* 
&2 


0 

T 


b2 

T2 
0 


e 

/32 

a2 

o 

0 

a  a 

bfi 

cy 

act 

0 

cy 

6/3 

bj3 

cy 

0 

aa 

cy 

bfi 

«a 

0 

Taking  the  first  determinant  and  multiplying  the  elements  of  its  first  and  second 
ows  by  a,  and  the  elements  of  its  third  and  fourth  rows  by  a,  we  obtain  as  its 
quivalent 


1 

era2 


0  era  b2a  c'a 

era  0  y2a  (32a 

b2a  yet  0  era 

c2a  /32a  era  0 
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and  dividing  the  elements  of  the  first  and  second  columns  of  this  new  deter- 
minant by  «,  and  the  elements  of  the  third  and  fourth  by  a,  we  thus  have  the 
original  determinant  equal  to 


0 

a  a 
lr 
c2 


a.  a 
0 

r 


b*- 

r 
o 

a  a 


aa 
0 


Continuing  in  exactly  similar  fashion  we  find  it 


0 

aa(3 

1 

aab 

0 

vp- 

w 

r/3 

c-b 

f?b 

0 

aay 

1 

cry1 

aac 
b@c 

0 

"fC 

o 

cry 

bpy 

aa/3     62/3  c1^ 

y-b  /326 

0  aa/3 

aab  0 


6/37 

0 

aay 


cy 

bfic 

aac 

0 


0 

aa 

c; 

0 
aa 

6/3 
C7 


a  a 
0 

Y2 

a  a 
0 
cy 


bp 

T 
0 
a  a 


aa 
0 


6,3 

cy 

cy 

&]8 

0 

aa 

aa 

0 

as  was  required. 

By  a  further  combination  of  multiplications  and  divisions  the  process  assumes 
a  neater  form,  thus :  —Taking  for  the  rows  the  multipliers 

a/37,    abc,    afic,    aby, 

respectively,  that  is,  multiplying  in  all  by  {abcafiy)'2,  we  have 

0         a'2a/3y      b'apy      C'afiy 

crabc         0  xabc      (B2abc 

b~aj3c      ~fafic  0  a2a/3c 

craby      ffaby     a1  aby         0 

and  then  all  that  is  required  is  to  divide  by  (abca(3y)2  by  operating  on  the  columns 
with  the  divisors 


abc,  a/3y,   aby,   af3c, 

respectively. 

Exercises.    Set  VII. 

Find  the  simplest  forms  of  the  following  numerical  expressions: — 

1. 

15      17      16 

2.   1  15      13      10 

3.     20      15 

25 

12      18      14 

12      17      10 

17      12 

22 

19      17      13 

I  16      11      19 

19      20 

16 

a 
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27 

37 

47 

5. 

22 

29 

27 

6. 

30 

36 

35 

33 

23 

29 

25 

23 

30 

33 

31 

37 

25 

28 

24 

. 

28 

26 

24 

, 

38 

34 

32 

4. 


7.  What  effect  is  produced  on  a  determinant  of  the  71th  degree  hy  multiplying 
1  its  elements  by  -1  ? 

8.  Find  the  simplified  expansion  of  the  determinant 


a 

a  +  3 

a  +  6 

a  +  1 

<x  +  4 

a  +  7 

a  +  2 

a  +  5 

a  +  8 

• 

9.  Show  that 

1        1 

1 

1 

1      1  +  3 

1       1 

1 
1  +  y 

1 
1 

=  xyz. 

1        1 

1     1 

+  z 

10.  Find  the  simplified  expansion  of 

a-L-bi     a.2-b.2     as-b3  1 

a  +  c 

2a  -6 

&  +  2c 

&1-C1      b.2-c2      b&-cs 

and  of 

b  +  a     2b -c 

c  +  2rt 

cx-ax      c2-a.2 

c3-a3  1  , 

<H 

■I 

2c  -a 

a  +  26 

11.  Prove  that,  if  the  sum  or  difference  of  every  pair  of  corresponding  elements 
I  two  rows  of  a  determinant  be  a  constant  multiple  of  the  corresponding  element 
;  another  row,  the  determinant  is  equal  to  zero. 

12.  Express 

«!  +  /*!  +  &!         Clo  +  Jlx  +  ko 

b1+hi  +  ki      b.2  +  h2  +  k.2 
Ci  +  h3  +  k\      c2  +  h3  +  k2 
1  1 

l  a  simpler  form  as  a  determinant  of  the  fourth  order 

13.  Show  that 


a3  +  hi  +  l-s 

1 

6a  +  h^  +  ks 

1 

Cs+As+^s 

1 

1 

1 

Ci     c. 


«8 
C3 


OqCCya^ 


111 

a./ijbx     a^sbo     (ii(t-2b3 
a^fa     OjCt&s     OjOaCa 


14.  Show  that 


0 


a,2 
b.2 
c» 


as 

|  0 

1 

1 

h\  - 

■    1 

aJ->d\ 

Oa&sd 

c3  1 

1  1 

«sVs: 

<2^1C3 
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II     -  . '.- re  Che  equation 


.-  ' 

c,      rfi 

a**^ 

cf      rfo     -  0 

• 

-  Btf* 

«"3      dt 

16.  Prove  that 

a*  c     b-d 

-  :        - 

-  c 

1  -  1 

- 

=  0. 

1    - 

:  -  : 

7ind  the  amplified  expansion  of 

z 

a 

-  -  '  - 

-        c-d 

h 
c 

c     d-a 
d        - 

and  of 

6     c  -     - 

c     d  -    -'. 

b-c     d-i-a 

c-d    a-b 

j: 

d 

- 

• 

d     g  -     -  : 

d- 

18.  Expre 

ss 

a^c-  -  ax  +  a^     at     a4 

in  terms  arranged  according  1  ling  powers  0 : 

19.  Prove  that,  if  the  sum  or  difference  •:  I  or  of  corresponding  element 
of  two  rows  of  a  determinant  be  a  constant  multiple  of  che  sum  or  difference  o 
the  corresponding  pair  of  elemer.  ntia  equa 

.ro. 

20.  Show  that 


0     a 
a      0 

C      0     a 
c      b     a     0 


0  111 

1  0  c-  ■ 
1  c2  0  a- 
1  V    a2    0 


2L  Express  either  determinant  of  the  preceding  exercise  as  the  product  of  fou 

22.  I  ~  I  I'.tially  th->  -igns  of  th 

elements  be  changed  in  every  alternate  member  of  the  set  of  lines  consisting  o 
either  diagonal  and  the  lines  parallel  k   it,  the  diagonal  itself  being  on-i 


- 
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23.  Prove  : 

a 

t 

-a 

0 

b 

a 

C 

1     c 

b  -a     0 

c 

c 

0 

a     b 

c     0  -a 

0 

€ 

I 

i     a 

0     c     b 

-a     . 

Te  the  followiTi'  determinants  into  simr"                   — 

24. 

— 

o        b 

C 

( 

i 

25.     %     1 

1     1 

b      a 

d 

< 

1        X 

1     1 

c      d 

a 

1 

> 

1     1 

x     1 

d      c 

b 

< 

i 

1      1 

1     x     . 

. 

a 

a 

a 

27.      -r     axr 

crx     a3 

b 

' 

f 

- 

a 

b 

c 

c 

r~ 

.-:        - 

a 

I 

c 

■■ 

tc3    du? 

"- 

U    Sh 

'    ' 

a 

■ 

a* 

1     - 

a4 

cda 

b 

■ 

Is 

1    +?■    h 

dab 

c 

■ 

'■     c* 

1     <r     r 

'      <* 

abc 

d 

' 

* 

1     <T-    <P     <?    . 

-.  /aivalen':  I 
29. 

30.         ".       -     .-.':. 

§  '4.  If  two  t         9  of  a  dd      vinant  be  trans- 

toerminarU  differs  only  in  sign  from  the 
inal  on 

Suppose   that   the   rows   which   change   places   are    the 


::. 


and    m  - 1  *-.  and  that  the  elements  taken  from  these 
'ows  towards  the  formation  of  a  particular  term  . 
rf  the  original  determinant  are   3  and  t,  viz..   8  from  the 

row  and  t  from  the  -  1  '-.  Then  ...ehS-ps...  is  a 
erm  of  the  new  determinant  as  welL  for  there  is  in  it  one 
ind  only  one  element  from  each  row  of  that  determinant. 
tol,  3  from  the         -1  *   t  from  the  m^3  and  from  the 
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other  rows  exactly  the  same  elements  as  in  the  case  of  th< 
original  determinant.  Further,  ...eh^rps...  contains  om 
and  only  one  element  from  each  column  of  the  new  deter 
minant,  for  the  columns  in  order  furnish  each  the  sam< 
element  as  did  those  of  the  original  determinant,  the  trans 
position  of  two  rows  not  affecting  the  number  of  the  columi 
to  which  an  element  may  belong.  It  follows  therefore  tha 
...eh/3rps...  is  a  term  of  the  new  determinant. 

For  fixing  its  sign  as  a  term  of  this  determinant  we  knov 
that  the  series  of  numbers  indicating  the  columns  fron 
which  the  elements  come  is  exactly  the  same  as  in  the  cas 
of  the  original  determinant,  and  that  the  series  indicating 
the  rows  diners  only  in  that  two  consecutive  numbers  hav 
changed  places.  Consequently  the  difference  in  the  nnmbe 
of  inversions  in  the  two  cases  is  1  (§  21),  and  therefore  th 
sign  must  be  different  in  the  one  case  from  what  it  is  I 
the  other. 

Every  term  of  the  original  determinant  being  thus  showi 
to  occur  with  a  different  sign  in  the  new  determinant,  an( 
the  number  of  terms  being  the  same  in  both  cases,  it  follow 
that  the  two  determinants  differ  only  in  sign. 


Examples 


and 


a 

b 

c 

a 

b 

c 

b 

a 

c 

d 

e 

f 

=  - 

V 

h 

k 

= 

h 

9 

k 

9 

h 

k 

d 

e 

f 

e 

d 

f 

Oxb^Csdi  |  =  -  |  a-Jy^Codi  \  =  |  c^boc+dz 


<hCzh<k  I  = 


§  35.  If  from  a  determinant  A  another  determinant  A 
be  got  as  if  by  making  one  of  the  roivs  of  the  former  pas 
from  its  place  over  p  rows,  then  A  =  (-l)p  A'. 

The  transference  may  be  effected  by  transposition  of  th' 
row  in  question  with  the  p  rows  in  succession,  beginning 
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with  the  nearest  of  them.     This  would  occasion  p  changes 
)f  sign ;  hence  the  truth  of  the  theorem. 


Examples  :— 


abed 
e     f    g     h 

k      l     m    n 
o      p     q      v 


=   (-1): 


(-If 


b     c      d     a 
p     q      r      o 


bed  a 

f     g     h  e 

I     m    n  k 

p      q     r  o 

I  alb2c3die5  |  =  (-1)3|  «i&5CoC?3e4  |  =  (-1)7|  a^b^d^  \ 


f     g     h     e 
I     m     n     k 


md 


|  (hb^d^  |  +  |  c^eobsCids  \  =  \  (hb.2czdie6  |  +  (-1)3[  a^Cad^  |, 

=  0. 

§  36.  If  any  tivo  roivs  of  a  determinant  be  transposed, 
the  neiv  determinant  differs  only  in  sign  from  the  original 
one. 

Suppose  that  r  rows  lie  between  the  two  rows,  A  and  B 
say,  referred  to ;  and  denote  the  original  determinant  by  A 
and  the  other  by  A'.  A'  may  be  got  from  A  by  making 
the  row  A  pass  over  the  r  rows  and  thus  come  alongside  of 
the  row  B,  and  then  making  the  row  B  pass  over  the  row  A 
and  the  r  rows.  By  the  first  operation  r  changes  of  sign 
are  occasioned  and  bv  the  second  r  +  1  changes ;  that  is,  in 
all  2r  +  l.     Hence 

A'  =  (-If +1A, 

=  -A, 

since  the  index  2r  +  1  is  an  odd  number. 


Example  :- 


|  chboC^d^  |  =  -  |  a^ezdib-z  |  =  |  a^c^^ 


§  37.  The   theorem  (§  27)  in  regard  to  the  result  of  the 
identity  of  two  rows  of  a  determinant  is  usually  established 
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by  means  of  the  foregoing  theorem.     The  mode  of  proo 
which  is  worth  the  learner's  attention,  is  as  follows : — 

Let  the  determinant  be  A.  Then,  transposing  the  tw 
rows  referred  to,  we  get  a  determinant  which  is  equal  t 
-A  (§  36).  But  this  new  determinant  is  exactly  the  sam 
as  the  original,  on  account  of  the  identity  of  the  two  row 
transposed.     Hence  we  have 

A  =  -A, 

so  that      2A=    0. 
and      .*.     A=    0. 

§  38.  If  two  determinants  A,  A'  of  the  n^  degree  be  sue 
that  the  first  roiv  of  the  one  is  the  same  as  the  last  row  c 
the  other,  the  second  row  of  the  one  the  same  as  the  (n-1)* 
row  of  the  other,  the  third  row  of  the  one  the  same  as  th 
(n-2)th  row  of  the  other,  and  so  on,  then  A  =  (-l)*R(n-1)A'. 

The  transformation  of  the  one  determinant  into  the  othe 
may  be  effected  by  making  the  first  row  of  A  pass  over  th' 
n-1  other  rows,  then  making  what  was  before  this  thi 
second  row  pass  over  n-2  rows,  next  making  what  wa 
formerly  the  third  row  pass  over  n  -  3  rows,  and  so  on  unti 
what  was  originally  the  (n-l)th  row  is  made  to  pass  ove: 
the  one  next  it,  viz.  that  which  originally  was  the  nth.  Th( 
number  of  changes  of  sign  consequent  upon  these  altera- 
tions is 

(n-l)  +  (n-2)  +  (n-3)  +  ....  +  2  +  l. 

But  the  sum  of  this  equidifferent  progression  is 

In  (n-1); 
hence  the  truth  of  the  theorem. 
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Examples: 


I  al  a.2  «3  a4 

j  hx  b,  b.,  &4 

;  C\  Cg  cs  c4 

!  c/j  c/j  ds  c/4 


=  (-1) 


I  c2j  rfj  dA  </4 

fi  Ca  Q  <-'i 

bi  b,  b-j  64 

Oi  «2  a3  ff4 

3(5-1) 


dt  d,  d3  di 

cx  c,  c3  f4 

&,  &a  bj  bt 

Oy  a,  a3  «,     ; 


and 


I  (hbsCzdies  \  -  (-1)'"        i  eld.,c-.bia5  \  =  \  ^c/oC-jMs  |  ; 
a^c-.diCjt  |  =  (-1)''  '     |  fiezdsCibaOe    =  -  \fiC»d-icibi<i,]    . 


§  39.  If  two  determinant*  A,  A'  of  the  nth  degree  be  such 
hat  the  first  row  of  the  one  is  when  reversed,  the  last  row 
if  the  other,  the  second  row  of  the  one  when  reversed  the 
n-l)tk  row  of  the  other,  the  third  roiv  of  the  one  when 
•eversed  the  (n-  2)th  row  of  the  other,  and  su  on,  then  A  =  A'. 

The  transformation  of  the  one  determinant  into  the  other 
nay  be  effected  by  reversing  the  order  of  the  rows  and  then 
n  the  result  reversing  the  order  of  the  columns.  The  num.- 
)er  of  changes  of  sign  occasioned  by  this  is  (§  38) 

hi(n-  1)  +  \n{n  -1), 
i.  e.  n(n-  1)  ; 

.-.   A  =  (-l)ntn-1)A'. 

Now  one  of  the  consecutive  integers  7?,  n-  1  must  be  even, 
md  consequently  their  product  must  be  even :  hence 

A  =  A'. 


Examples  :— 

a 

b 

d 

e 

0 

h 

and 

D 

c  I 

/  - 

k  \ 


alb.1c-'di 


V 

h     k 

k 

h 

d 

e     f 

= 

f 

e 

a 

&      c 

c 

b 

dt 

-  !  diCs 

Mi 

• 

50 


THEOEY   OF  DETERMINANTS. 


CHAP.  II. 


§  40.  A  determinant  being  given,  it  is  possible  to  transfer 
any  element  to  the  'place  occupied  by  any  other,  and  yet 
have  the  resulting  determinant  equal  in  magnitude  to  the 
original  one. 

If  the  two  elements  be  in  the  same  row  it  is  at  once  seen 
that  the  transposition  of  the  columns  to  which  they  belong 
effects  the  change  referred  to ;  and,  contrariwise,  if  the  two 
elements  be  in  the  same  column. 

If  the  two  elements  be  neither  in  the  same  row  nor  in  the 
same  column,  what  is  necessary  is  the  transposition  of  the 
rows  they  belong  to,  followed,  in  the  form  which  results,  by 
the  transposition  of  the  columns. 

For  example,  if  we  wish  the  element  b.2  of  the  determinant  \albicidie-a\  to  be 
in  the  fourth  row  and  fifth  column,  we  proceed  as  follows  : — 


«1 

<h 

a., 

at 

<*o  | 

«i 

a,2 

av, 

ai 

(h 

ax 

a5 

<h 

«4 

a2 

&1 

h 

h 

h 

h 

tfi 

d. 

d8 

dA 

*> 

dx 

d5 

d3 

di 

&} 

C\ 

Co 

C-i 

Ci 

*    — 

C\ 

c2 

C-i 

Ci 

c*      - 

C\ 

Co 

c3 

Ci 

C-2 

dx 

ch 

<-h 

di 

d5\ 

&i 

b. 

h 

h 

h 

h 

h 

h 

h 

I* 

C\ 

c-i 

CS 

Ci 

e5  i 

C\ 

e.2 

es 

Ci 

Co 

Ci 

Co 

Cz 

Ci 

Ci 

The  attainment  of  the  end  desired  is  dependent  upon  the  transference  of  one 
row  to  the  place  of  another,  and,  as  this  may  be  accomplished  in  other  ways  than 
by  the  transposition  of  the  two  rows,  there  is  a  corresponding  possible  variety  in 
the  form  of  the  results.     Thus 

|  a^Cod^  |  =  |  o1C2rf8^efi  I  =  -  I  a\C3dibbe.2  \, 
or,  transposing  cyclically, 

I  (hhc&diCo  I  =  I  dx^a^Ct  |  =  |  d»e*<hh<hi  I- 


Exercises.    Set  VIII. 

1.  "Without  finding  the  expansions  of  the  determinants  show  that 


a 

b 

c 

h 

0 

Jc 

d 

e 

f 

- 

e 

d 

f 

9 

h 

k 

b 

a 

c 
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2.  Show  that 


a 

h 

c 

d 

e 

f 

0 

h 

i 

J 

k 

I 

m 

n 

0 

V 

a  c 
i  k 
e     9 


3.  Show  that 


ax      a,2 


a3 

C-2        C3 

do     d3 


«4 
dt 


4.  Show  that 


a 

h 

c 

d 

e 

f 

9 

h 

0 

3 

0 

0 

k 

I 

m 

n 

m    o     n     p 


Ci 

Ci 

cs 

C-2 

3  0 

/  c 

h  a 

I  k 


h 

ax 

di 

h 

«4 

di 

b3 

<h 

d-i 

h 

a  2, 

d. 

0 

0 

g 

h 

c 

d 

ill 

n 

5.  Show  that 


and 


\a1hoC-6di\  =  \  d^j^aol  , 
I  ^boc-id^s  |  =  |  ciahoe^iC^  . 


ind  by  cyclical  transposition  of  the  rows  and  columns  of  \b0cx d2esfi |  a  deter 
linant  equal  to  the  said  determinant  and  having 

6.  d3  in  the  first  row  and  first  column  ; 
7-  ex  in  the  first  row  and  first  column  ; 

8.  Co  in  the  fifth  row  and  second  column  ; 

9.  fi  in  the  second  row  and  third  column. 


10.  Show  that 

0             \          ho 

0 

a.2 

«i 

a  l       a;> 

<h        «2        «3 

a4 

W 

0 

0               ho 

dx     d2     d3 

di 

Ci 

0 

0       Co 

0            Cj.          Co 

0 

d. 

di 

di     d3 

11.  Show  that 

I      0      0 

0 

a 

h 

c     d  j 

d      a     c 

b 

0 

e 

/    g\ 

k     0     h 

0 

0 

0 

h    k 

g     0     f 

e 

0 

0 

0    l  ]• 
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12.  Show  that 

|  c-i  C6  c4  c,  c5 

0  ccG  0  a2  0 

d3  dG  ih  d.2  d5 

0  b6  0  &2  0 

I  e3  e6  e4  c2  e5  | 

13.  Transform 

I  a      b 

b     c 


a6  cu  0  0  0 

&6  &2  0  0  0 

Co  C2  C3  C4  C5 

da  d.2  d3  di  d5 

e6  e2  e,  ek  e5 


c  d 

d  a 

c     d     a  b 

d     a     b  c 


so  as  to  have  the  principal  diagonal  composed  (1)  of  the  four  as,  (2)  of  the  foi 
&'s,  (3)  of  the  four  c's,  (4)  of  the  four  eTs. 


14.  Show  that 

<h  +  «2 

a2  +  «3 

tta  +  tti 

bx  +  b. 

&2+63 

&a  +  6X 

d  +  Co 

c2  +  c3 

c3  +  cx 

15.  Show  that 

=  2 


«!     a2     a3 

&i     &2      &a 
c,      c2     c3 


i  Oj  +  cr2  +  a3  a2  +  a3  +  a4  a3  +  ai  +  al  a4  +  %  +  a2 

&i  +  &2  +  &3  &2  +  &3  +  &4  h+bi  +  &!      64  +  &x  +  &2 

d  +  C2  +  Cs  C2+  Cs+  C4  C8  +  Ci+Ct  Ci  +  d  +  Cg  I 

(/x  +  <72  +  c/3  eL  +  c?3  +  c?4  e/3  +  c/4  +  t/x  cZ4  +  dx  +  d%  \ 

16.  Use  the  principle  employed  in  §  37  to  show  that 


=  0. 


=  3 


Oj  a2  «3  «4 

&x  &2  &8  ^4 

Ci  Co  C3  C4 

dx  d2  d3  di 


17.  Similarly  show  that 


0 

a 

b 

c 

d 

-a 

0 

e 

f 

9 

-b 

-c 

0 

h 

i 

-c 

-/ 

-h 

0 

J 

-d 

-9 

-i 

-J 

0 

a 

b 

c 

d 

0 

e 

f 

9 

0 

d 

h 

i 

0 

9 

-c 

J 

0 

i 

-f 

b 

0 

J 

-h 

e 

-a 
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18.  If  m  rows,  viz.,  the  ]h"\  hp,  .  .  .  ,  km*,  be  transferred  so  as  to  become 
the  1st,  2nd,  .  .  .  ,  mth,  without  altering  the  relative  positions  of  the  remaining 
rows,  and  then  n  columns,  viz.,  the  k\th,  kj\  .  .  .  ,  A-,«\  be  similarly  transferred! 
the  determinant  thus  obtained  is  the  same  as  the  original  or  differs  from  it 
only  in  sign  according  as 

Ax+^a  +  .  .  .+hm-hm{m+l)  +  k1  +  t2  +  .  .  ,+kn-\n{n  +  l) 
is  even  or  odd. 


19.  "Without  finding  the  expansion  of  the  determinant  show  that  ab  +  bc  +  ca  is 

I  factor  of 


ab 
a* 


c2      c3 

be      a'2 


b2       b2 


ac 


Establish  the  following  identities  : — 


20. 


21. 


23. 


24. 


25. 


a+b       c         c    j 
a       b  +  c       a 
b  b       c  +  a  \ 

a2  +  b- 


iabc. 


tf  +  c* 
a 


b         b 
a  +  b-c 


c-  +  a- 


=  4abr 


c 

b  +  c-a 
b 


{a  +  b)2        ca 
ca       (b  +  c)- 
bc  ab 


c 

a 

c  +  a-b 

be 

ab 

{c  +  «)- 


=  2abc{a  +  b  +  c)z. 


a  +  b  +  nc      (n-l)a        [n-l)b 
(n-l)c       b  +  c  +  na      [n-l)b 

(n-l)c        (n-l)a       c  +  a  +  nb 


n(a  +  b  +  c)3, 


(a  +  b)3  -r  -c8 
-a3  {b  +  c)3  -a3 
-b3        -b3      [c  +  a)s 


3o6c(a+6+c)32a26. 
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§  41.  If  all  the  elements  of  the  first  row  of  a  determinant 
be  zero  except  the  first  and  it  bel,  the  determinant  equals 
the  determinant  of  lower  degree  got  by  deleting  the  first  ro'iv 
and  column. 


Let 

10     0     0     0 
b     e     f     g     h 

c     h    

d     I    


and 


/    9    h 


be  the  determinants  referred  to,  and  denote  them  by  A  and 
A'  respectively. 

No  terms  can  exist  in  A  containing  any  element  of  the 
first  column  except  the  first  element.  For  any  term  con- 
taining any  other  element,  c  say,  of  the  first  column  must, 
like  every  other  term,  contain  an  element  of  the  first  row ; 
and  that  element  cannot  be  the  element  1,  for  1  belongs 
to  the  same  column  as  c;  therefore  it  must  be  0,  and  thus 
the  term  vanishes.  Consequently  to  form  a  term  of  the 
determinant  A  we  must  begin  with  the  element  1,  and  for 
the  other  elements  must  take  one  from  every  row  andi 
column  except  the  first  row  and  column ;  that  is  to  say,  one 
from  every  row  and  column  of  the  determinant  A'.  We 
thus  see  that  the  other  elements  of  the  term  constitute  a 
term  of  A';  and  the  element  already  mentioned  being  1,  it 
follows  that  every  term  of  A  is  a  term  of  A'. 

But  further,  every  term  of  A'  is  a  term  of  A.  For  any 
term  of  A'  contains  one  and  only  one  element  from  every 
row  and  column  of  A  except  the  first  row  and  column ;  so 
that  to  make  it  a  term  of  A  we  only  need  to  annex  an 
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element  from   the  first  row  and  column  of  A ;    and   this 
element  being  1,  the  term  is  not  altered. 

Not  only,  however,  have  the  two  determinants  the  same 
terms,  but  the  terms  which  are  equal  in  magnitude  are  alike 
in  sign.  Suppose  the  two  series  which  fix  the  sign  of  any 
term  in  A'  to  be 

a,  k,  t,  X,    .  .  .  .  ) 

$,  ft,  <r,  y,    ....), 

then  to  find  the  series  which  fix  the  sign  of  the  equal  term 
in  A,  we  must  prefix  the  numbers  indicating  the  row  and 
column  to  which  the  additional  element  belongs.  But  these 
numbers  being  both  1,  the  number  of  inversions  of  order 
remains  unchanged. 


§  42.  Reversing  the  order  of  the  members  of  the  identity 
which  has  just  been  established,  we  may  view  the  theorem 
as  affirming  that  ivithowt  altering  the  value  of  a  determin- 
ant its  order  may  be  raised  by  superposing  a  zero  on  every 
column  and  prefixing  a  1  to  the  row  of  zeros  thus  formed 
and  an  element  of  any  finite  magnitude  whatever  to  each 
of  the  other  rotes.     Thus 


a 

b 

c 

d 

e 

f 

9 

h 

h 

1 

0 

0 

0 

1 

A 

B 

c 

a 

a 

b 

c 

0 

a 

b 

c 

P 

d 

e 

f 

0 

d 

e 

f 

y 

9 

h 

k 

o 

9 

h 

k 

l 

D 

E 

F 

G 

0 

1 

0 

0 

0 

0 

a 

a 

b 

c 

= 

.  .  . 

. 

0 

P 

d 

e 

f 

0 

7 

9 

h 

h 
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§  43.  If  any  element  of  a  determinant  A  be  1,  say  the 
element  which  is  in  the  p?/i  row  and  qth  column,  and  the 
other  elements  of  the  same  roiv  be  0,  then,  denoting  by  A'  the 
determinant  of  lower  degree  which  is  got  by  deleting  the 
pth  row  ami  q*A  column,  A  =  (-l)p+qA'. 

Passing  the  2)th  row  over  the  p-1  rows  which  precede  it 
thereby  making  it  the  first  row,  and  passing  the  qth  column 
of  the  result  over  the  q-1  columns  which  precede  it  thereby 
making  it  the  first  column,  we  do  not  alter  the  relative 
position  of  any  of  the  elements  outs'ide  the  original  pth  row 
and  qth  column.  There  is  thus  obtained  a  determinant 
of  the  form  in  §  41,  differing  from  A  by  the  multiplier 
(-iy~l+q~l,  and  such  that  when  the  first  row  and  column  of 
it  are  omitted  the  resulting  determinant  is  still  the  same 
determinant  as  would  have  been  got  had  the  pth  row  and 
qth  column  been  deleted  before  the  transformation.     Hence 

A  =  (-l)p+<-2A\ 
=  (-iy+gA\ 

Examples:— 


a  b  c 
0  10 
d     c     f 


0     10 

10     0 

a     b      c 
d     e     f 

=  (-l)a 

b     a     c 
e     d     f 

= 

a      c 
d    f 

a 

b 

0 

d 

c 

e 

0 

f 

H-l)1' 

(J 

h 

1 

k 

I 

in 

0 

n 

0  a 

0  c 

1  9 

0  / 


b  d 

t  f 

h  k 

ra  it 


(-i)4: 


1 

9 

h 

k 

0 

a 

b 

d 

0 

c 

e 

f 

0 

I 

m 

n 

a 

b 

d 

c 

e 

f 

I 
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§  44.  In  any  determinant  the  aggregate  of  the  terms 
containing  a  particular  element,  say  the  element  of  the 
p*A  roiv  and  qth  column,  may  be  itself  expressed  as  a  deter- 
minant, viz.  that  obtained  from  the  original  determinant 
by  changing  into  zero  all  the  other  elements  of  the  y>th  row 
or  of  the  qth  column;  and  if  the  expression  consisting  of 
these  terms  be  resolved  into  tivo  factors,  one  of  which  is  the 
clement  in  question  preceded  by  the  sign  (— l)p+*  the  co-factor 
may  be  expressed  by  the  determinant  of  lower  order  obtained 
when  the  ipth  row  and  qth  column  of  the  original  deter- 
minant have  been  deleted. 

Suppose  the  2jth  row  to  be 

e,  g,  a,  .  .  .  ,  c,  /5,  d,  .  .  .  ,  h,  f 

and  let  /3  be  the  particular  element  fixed  on.  Putting  0  for 
e  in  this  row  of  the  determinant,  all  the  terms  containing  e 
will  vanish,  and,  as  none  of  them  can  also  contain  /3,  the 
terms  containing  f3  will  remain.  Similarly,  putting  0  for  g, 
we  shall  get  rid  of  all  the  terms  that  contain  g  and  shall  not 
affect  those  which  contain  /3.  Thus  we  see  that  when  we 
have  made  all  the  elements  of  the  row  0  except  /3,  there 
will  still  be  left  all  the  terms  containing  f3.  Moreover,  no 
other  terms  will  be  left,  for  every  term  originally  contained 
one  of  the  elements  of  the  row  to  which  /3  belongs.  Hence 
the  first  theorem  is  true. 

Secondly,  since  the  determinant  we  have  reached  has 
the  elements  of  the  pth  row  all  zero  with  the  exception  of 
one  element  which  is  /3,  if  we  change  this  /3  into  1  and 
place  jS  as  a  multiplier  outside  the  determinant  form,  we 
know  (§  20)  that  we  get  an  equivalent  expression.  But 
then  this  new  determinant,  which  has  been  found  as  the 
30 -factor  of  /3,  has  the  element  of  the  p>th  row  and  qth  column 
1  and  all  the  other  elements  of  the  jpth  row  0,  therefore 
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(§  43)  it  is  equal  to  the  determinant  of  lower  order  got  by 
deleting  the  row  and  column  in  which  the  element  1  is 
found,  provided  we  annex  the  sign-factor  (-1)P+Q.  Hence 
the  co-factor  of  f3  is  got  by  striking  out  of  the  original 
determinant  the  row  and  column  in  which  f3  occurs  and 
prefixing  (-l)p+q. 


Example.     In  the  expansion  of  the  determinant 


«i    <h 

«3 

«4 

h    h 

h       h 

cx     c. 

cs     c4 

dx    d2 

d3    dA 

the  portion  whose  terms  contain  tl 

e  element  cs  is 

5  equal  to 

<h    &2 

a3 

a* 

"l 

Go 

0     a4 

0      0 

&3 

h 
0 

or 

h 
c% 

0      h 

CS       <4 

dx    do 

d. 

d* 

dt 

do 

0     di 

and  therefore  is  equal  to 

al       a2 

«3 

«i 

a\ 

cu 

0     0,4 

C* 

0     0 

h 
1 

0 

or 

C3 

bo 
C-2 

0  b, 

1  c, 

c?i    d2 

ds 

4 

dx 

(■k 

0     ^ 

and  consequently  to 

( 

'l      «2 

a>t 

cs 

I 

h       b. 

h 

c 

h    d. 

d< 

. 

§  45.  A  determinant  of  the  nth  order  is  expressible  as  the\ 
su77i  of  n  determinants,  the  first  of  which  is  obtained  by 
changing  into  zero  cdl  the  elements  of  any  row  or  any 
column  of  the  origincd  determinant  except  the  first  element, 
the  second  by  changing  into  zero  all  the  elements  of  the 
same  row  or  column  except  the  second  element,  and  so  on. 
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a,  b,  c,  d,  .  ,  .  . 

be  the  specified  row  of  the  original  determinant,  so  that 

a,  0,  0,  0,  ...  . 
0,  b,  0,  0,  ...  . 


are  the  corresponding  rows  of  the  n  determinants.     Then 

J.  o 

the  first  of  the  n  determinants  equals  that  portion  of  the 
Driginal  determinant  which  includes  all  the  terms  containing 
2,  the  second  equals  that  portion  which  includes  all  the 
terms  containing  b,  and  so  on.  But  these  portions  make  up 
the  whole  original  determinant,  for  each  term  of  it  must 
2ontain  one  or  other  of  the  letters  a,  b,  c,  d,  .  .  .  .  ,  and  no 
term  can  contain  two  of  them.     Hence  the  theorem  is  true. 


Example 

:— 

al      a2      aS      Oi 

«i    <h    «3    «4 

<h 

a.2 

0 

di 

h     h     h     ^4 

61     b2    0     ^ 

+ 

h 

h 

h 

h 

Ci     c2     c3     r4 

C\     Co     0      r4 

Cl 

C-2. 

0 

Ci 

di    do    dz    di 

dx    do    0     di 

di 

do 

0 

di 

«!       do       0         «4 

<H 

Clo 

0 

o4 

+ 

^     b2    0      bi 
Ci      Co     c3      CA 

+ 

h 

Co, 

0 
0 

Ci 

dx    do    0     di 

d, 

do 

d-s 

di 

as  is  also  ev 

dent  from  the  a 

dditic 

)n-theorem  of  §  , 

30. 

§  46.  A  determinant  of  the  11th  order  may  be  expressed  as 
the  aggregate  of  n  products  obtained  by  multiplying  each 
element  of  any  row  by  the  determinant  resulting  from  the 
deletion  of  the  roiv  and  column  to  which  the  element  belongs, 
tfie  signs  of  the  products  being  alternately  +  and  -,  and 
\that  of  the  first  product  +  or  -  according  as  the  number  of 
■/ie  row  is  odd  or  even. 
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Let  the  row  taken  be  the  jith,  its  elements  being  in  order 

a,  b,  c,  d,  .  .  .  . 

All  the  terms  of  the  determinant  which  involve  a  may  be 
expressed  (§  44)  as  the  product  of  (-l)p+1a  and  the  deter- 
minant obtained  by  deleting  the  pth  row  and  first  column : 
similarly  all  the  terms  involving  b  may  be  expressed  as  the 
product  of  (-l)p+2b  and  the  determinant  obtained  by  deleting 
the  pth  row  and  second  column,  and  so  on.  But  the  aggregate 
of  these  terms  is  equal  to  the  given  determinant ;  and  since 
the  sign-factors 


(-i)"+i,  (-ir=,  (-ir3,  — 

are  alternately  +  and  -  1,  and  the  first  of  them  +  1  or  - 
according  as  p  is  odd  or  even,  the  theorem  is  established. 

Examples  : — 

#1     «2     a3     ai 

h  h  h  h 
<h  c2  ca  r4 
<i\    d,2  ds   dA 

and 

{(hhCa^sl^  (hlh^d^ol  ~  «a|6iC8c?4g5|  +  as\bxc^es\  -  UiWc^d^  +[  ci^Cod^] 
-  (hlhcsdiesl  -  bx\azczd±e&\  +  c^a^d^l  -  c7j| a2&3c4e5|  +  e^a^c^l, 
=-a4 1 bx czd&es\  +  b^a^d^l  -  c4[«162<73e5 [  +  d^a^c^l  -  e^a^cM, 


\h 

b.2 

h 

<h 

\<h 

a2 

a4 

I  <h 

02      rt4 

-  <h\  cx 

C2 

Ci 

-h 

Cl 

^2       Ci 

+  c3\  h 

b.2 

h 

-  di  bx 

h      bi 

\dx 

d. 

d4 

d\ 

d2    d4 

k 

d-i 

di 

1  cx 

Co      Ci 

§  47.  The  number  of  terms  in  a  determinant  of  the  second 
order  being  2,  it  follows  from  §  46  that  the  number  of  terms 
in  a  determinant  of  the  third  order  is  2x3,  that  therefore 
the  number  of  terms  in  a  determinant  of  the  fourth  order  is] 
2x3x4,  and  so  generally,  as  in  §  18.  Similarly  we  have 
another  proof  of  the  theorem  of  §  23. 
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§  48.  If  the  elements  on  one  side  of  either  diagonal  of  a 
Ieterminant  be  all  zero,  the  determinant  consists  of  only 
me  term,  viz.  the  term  composed  of  the  elements  of  the  said 
li  agonal. 


Example: 


0  0  0  d 

0  0  c  o 

0  b  f  I 

a  ■  e  h  j 


1 

0 

0     i 

=  -  a  [ 

0 

c     < 

1 

b 

f 

=  -ab 

I  0 
!  c 

d  | 
9 

9 


abed. 


§  49.  When  the  elements  of  a  determinant  are  small 
etters  and  all  different,  the  co-factor  of  any  element  is 
isually  denoted  by  the  corresponding  capital  letter,  accom- 
>anied  by  the  same  suffix  if  suffixes  occur.  Thus  in  the 
Ieterminant 

\  a       b      c\ 

\  d       e       f       or     A 

\g      h      k\ 

he  co-factor  of  /,  which  is  gb  -  ah,  is  denoted  by  F.    In  this 
vay  fF  stands  for  all  the  terms  containing  /,  and  we  have 

A  -  dD  +  eE  +  fF, 
=  cC  +  fF  +  1>K, 


nd,  generally, 

|o161c,...Zfl| 


a1A1  +  a2A2  +  a3A3  +  ...  +  anAn, 
a1A1+  blB1+  c1C1  +  ...  +  l1Lli 


62  THEORY   OF   DETERMINANTS.  chap.  ii. 

§  50.  Looking  upon  the  determinant  \a1bl,cz...ln\,  or 
D(a1&3c3...Zw),  as  a  function  of  n2  independent  variables,  viz. 
the  elements,  we  have  from  the  preceding  by  differentiation 

dD  .    A 

since  all  the  terms  of  D  which  contain  ax  are  included  in 
a1A1  and  Ax  is  independent  of  av     Similarly 

We  have  thus  a  less  arbitrary  notation  for  the  co-factors  of 
the  elements  than  that  of  §  49,  and  the  identities  there 
given  may  consequently  be  also  put  in  the  form 

TV     7  7  x  dD  t       dD  ^  ,        dD 

ai)    7  dD  a  7  az> 


§  51.  The  result  of  §  46  will  be  easily  seen  to  be  of 
paramount  importance  in  reference  to  the  work  of  sim- 
plifying and  expanding  determinants,  the  finding  of  the 
expansion  being  made  dependent  upon  the  finding  of  the 
expansions  of  a  number  of  determinants  of  the  next  lower 
order.  Evidently  also  the  advantage  thus  obtained  will  be 
augmented  if  by  the  use  of  previously  established  theorems 
we  can  succeed  in  changing  several  of  the  elements  of  a  row 
of  the  original  determinant  into  0,  for  then  the  number  of 
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tie  said  determinants  of  the  next  lower  order  will  be  corre- 
pondingly  lessened.    For  example,  consider  the  determinant 


10 

4 

17 

13 

4 

2 

8 

6 

3 

-1 

8 

1 

7 

5 

20 

17 

id  denote  it  by  C.     Then 

2    8     6  1       I  4  17  13 

i 

=  10-1    8     1  ; -4 1-1    8     1 
5  20  17 I       I  5  20  17 

=  10(48)  -4(58)  +3  (-4) 

=  124. 

ere  we  have  at  once  applied  the  theorem  of  §  46. 


4  17  13 

2  8  6 

-7 

5  20  17 

4  17  13 
2    8     6 
1    8     1 


i 


7  (16), 


Again 


C  = 


2 

4 

1 

1 

0 

2 

0 

0 

5 

-1 

12 

4 

-3 

5 

0 

2 

_  9 


-3 


1 

12 
0 


_         9 


—  -2 


0 

1 

0 

-19 

-8 

-19 

12 

-8 

_  _  2 

-  3 

—  o 

0 

2 

i 

-31     0 

9 


—   O 


=  124. 


ere   we   diminish   each  element  of  the  first  column  by 
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twice  the  corresponding  element  of  the  second  column,  each 
element  of  the  third  column  by  four  times  the  corresponding 
element  of  the  second  column,  and  each  element  of  the 
fourth  column  by  three  times  the  corresponding  element  oi 
the  second  column,  the  result  being  a  determinant  with  a 
row  containing  three  zero  elements,  from  which  by  means  oi 
the  theorem  of  §  46  or  of  §  41  we  pass  to  a  single  deter- 
minant of  the  next  lower  order;  then  this  determinant  is 
treated  in  similar  fashion ;  and  so  on. 

It  will  be  observed  that  one  of  the  elements  of  the  second 
row  of  G  is  a  measure  of  each  of  the  other  elements  of  the 
row,  and  that  to  this  peculiarity  is  due  the  possibility  o; 
transforming  C,  as  above,  into  a  determinant  with  a  row 
containing  three  zero  elements.  The  second  column  pos- 
sesses the  same  peculiarity,  so  that  we  might  also  proceed 
as  follows : — 


C  = 


22 

0 

40 

17 

10 

0 

24 

8 

3 

-1 

8 

1 

22 

0 

60 

22 

5  - 

-2 

17 

•9 

0 

8 

=  — 

0  - 

-6 

22 

124. 

22 

49 

171 

10 

24 

8 

22 

60 

22 

=  -204  +  88  +  240, 


Had  such  not  been  the  case  we  could  first  have  transformed 
C  into  a  determinant  having  the  peculiarity  referred  to,  e.g. 
a  determinant  having  one  of  its  elements  1 :  and  in  this  way 
the  second  mode  of  procedure  can  be  seen  to  be  always 
possible. 
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(b1-a)(b,-a)(b3-a)(bi-a)     1+     "    +     »    +     «..    +    * 

(         ox-a     62 -a     o3-o     o4-a  \  . 


Example.     Show  that 
&!    a     a      a 
a      b2    a     a 
a      a     b3    a 
a     a     a      b± 

t  is  clear  (§  42)  that  the  given  determinant  is  equal  to 

111111 
0  hi  a  a  a  \ 
0     a     62    a     a  \ 

0  a  a  bz  a  \ 
0     a     a     a     &4    • 

lultiplying  each  element  of  the  first  row  of  this  determinant  by  a,  and  sub- 
-acting  the  result  from  the  corresponding  element  of  each  of  the  other  rows. 
e  have 

11111 

-a  &!-a  0  0  0 
-a  0  b,-a  0  0 
-a  0  0  63-a  0 
-a       0       0        0    &4-a| 

his  we  know  (§  46)  is  equal  to 


bi-a     0        0        0 

0  b,-a  0  0 
0  0  63-a  0 
0        0        0     bi-a 


+  a 


1111 
0  &2-a  0  0 
0         0     63-a      0 

0         0         0      h-a'. 

1111 
bx-a     0        0        0 
0      h,-a     0        0 
0         0        0    b4-a 

ere  the  first  two  determinants  have  all  their  elements  0  on  one  side  of  the 
incipal  diagonal,  and  the  others  have  each  a  column  with  all  the  elements  0 
:cept  one,  hence  we  transform  the  expression  into 

l&i-a    0       0 
fa-a)  (b-z-a)  {b3-a){bi-a)   +  a  {b.2-a)  {bs-a){bi-a)    +a\     0    b3-a    0 


1111 
bx-a     0        0        0 
0        0     63-a      0 
0         0         0     64-a 

1111 

&!-a  0  0  0 
0  62-a  0  0 
0        0     6,-a     0 


6x-a    0       0 
0    6a-a    0 

0       0    b .  -  a 


I     0       0    b^a 

\bx-a    0       0 
+  a      0    b.2-a    0 
I    0       0    63-a 


xence  readily  comes  the  result  desired. 
E 
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In. the  preceding  process,  the  first  step,  viz.  taking  an  equivalent  determinant 
of  higher  order,  is  worthy  of  the  learner's  attention,  as  being  conducive  to 
symmetry  in  obtaining  the  result  in  the  particular  form  wanted. 

Exercises.     Set  IX. 


Find  the  single  numbers  to  which  the  following  determinants  are  equal : — 


t. 


6 

2 

7 
3 
9 
1 

7. 


3 

7 

7 

4 

2 

1 

8 

6 

5 

10 

5. 

9 

o 

6 

12 

2 

4 

10 
17 
15 
16 


8 

15 
19 
17 


4 
3 
9 
4 

9 
18 
10 
18 


5 

-1 

-1 

4 

4 

6 

6 

-2 

-2 

5 

14 

6. 

11 

13. 

10 

21  -22 
12  13 
25     14 


4 
9 

2 

5 

14 

18 


18  -26 


4 
6 
-2 

5   -1 
-1      4 


-7      17  -12      4 

6  -2 
2  5 
5  -1 

4 

6 


9. 


2  4      3     14     3 

-4  2-3  2-1  2 
5-1  G  2-1  5 
1  1  1-2-2-2 
7-3-5     1      4      2 

3  12-123 


10. 


12  22 

16  -4 

10  -3 

7  12 

11  2 
24  6 


14 

7 
-2 
8 
4 
6 


17 
1 
3 
9 

-8 
3 


20 
-2 
-2 
11 

1 

4 


Find  the  ordinary  expansion  of  the  following  determinants 


11. 


12. 


<h 

0 
0 
0 
0 


*i 

C\ 

di 

<k 

h. 

0 

0 

0 

h 

c3 

<h 

H 

h 

0 

dt 

0 

h 

0 

d5 

e-0\ 

10 
15 
8 
6 
9 
22 


13. 


1    a 

-1 
I    0 


1 

0 

0 

14. 

b 

1 

0 

1 

c 

1 

0 

-1 

d 

d 

15. 

a 

b 

0 

0 

a 

6 

C 

a 

0 

7 

P 

b 

7 

0 

a 

c 

/3 

a 

0 
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1  a  a  a 

1  x  a  a 

1  a  x  a 

1  a  a  x 


17. 


1  y  0  0 

1  x  y  0 

1  0  x  y 

1  0  0  x 


18.  i  0       1       1       1 

1  6  +  c  a  a 
1  b  c  +  a  b 
1       c       c     a+ b 


19. 


a  6     c  (Z       20. 

-a  6     as  # 

■a  -b     c  z 

■a  -b  -c  d 


1  +  a  111 
1  1+6  1  1 
1       1    1+c    1 

111    1  +  d 


21. 


a+b  b  c  d 
a  b  +  c  c  d 
a  b  c  +  d  d 
a       b       c    d  +  e 


X 

0 

0 

0  .  . 

.  .   0 

an 

1 

X 

X3 

x3.  . 

. .   xn~l 

On-l 

0 

-1 

0 

0  .  . 

.  .    0 

On-2 

0 

0 

-1 
— -L 

0  .  . 

.  .   0 

a  ,i-s 

0 

0 

0 

0   .  . 

.  .   0 

«i 

0 

0 

0 

0  .  . 

.  .-1 

a0 

23. 


ax       b2 

0 

0  .  . 

.   0 

0 

a.2     -6X 

h 

0   .  . 

.   0 

0 

<h      o 

b. 

64.. 

.   0 

0 

«4       0 

0 

-h  •  • 

.   0 

0 

a„       0 

0 

0   .  . 

.-&I. 

-1    bn+1 

On+l   0 

0 

0  .  . 

.    0 

-b„ 

itablish  the  following  identities : — 


24. 


d2  +  l    ad      ac      ad    ' 
ab     b'2  +  1    be       bd 
ac        be    c2  + 1    cd 
ad       bd      cd    d2  ~  1 


=  a2  +  62  +  c2  +  d2  + 1. 


25. 


a+b+c       d 
a       b+c+d 
b  b 

c  c 


a 
a 

c  +  d  +  a 


d 

a 

b 

d  +  a  +  b 


=  4  1a2b<\ 


a + x  a-x 
a-x  a-y 
a-y      a  +  y 


a -y      a+ y 

a+y      a + x 
a  +  x      a-x 


a  +  y      a  +  x     a-x      a-y 


=  -  16  a  {x-  y)  {x  +  y)'2. 


27. 


1 

a 

a 

a2 

1 

ab 

a  +  b 

1 

b 

b 

b2 

=  (a- 

-b) 

1 

cd' 

c  +  d' 

1 

c 

d 

cc' 

1 

c'd 

c'+d 

1 

d 

d' 

dd' 
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26.  liesolve  into  simple  factors 


x  «x  a.2  a3 

«!  x  a2  a3 

di  (u  x  a3 

ax  a2  a3  x 

ax  a2  a3  a4 


29.  "Without  finding  the  ordinary  expansion  of  the  determinants,  show  that 


CLi 

«2 

a-i 

«6 

1 

0 

«1 
1 

a.2 
«i 

a5 

+ 

0 

0 

1 

as 

«i  a.2  a4  a5 

1  ax  a3  a4 

0  1  a.2  a3 

0  0  Oj  a2 


30.  Find  the  complete  differential  of 

a-i  a2  a3  aA 

h  h  h  h 

C\  c-2  c3  Ci 

i  dy  d2  d3  di 

due  to  the  independent  variation  of  all  the  elements. 


a2  «3  «4  a6 

1  a4  a2  a4 

0  1  ax  a3 

0  0  1  a2 


§  52.  If  the  first  element  of  a  row  of  a  determinant  h 
multiplied  by  the  co-factor  of  the  first  element  of  another 
row,  the  second  element  of  the  former  row  be  multiplied  b\ 
the  co-factor  of  the  second  element  of  the  latter,  and  so  on 
the  sum  of  the  products  is  equal  to  zero. 

Let  the  determinant  be 


a,  b,  c,  d, 


p,  q,  r,  s, 


and   let   the  two   rows  whose  elements  are  here   partiall; 
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Ljiven  be  the  two  rows  referred  to.    Then  using  the  notation 
yf  §  49  we  have 


2>P  +  qQ  +  rR  +  sS+ ...  = 


a,  b,  c,  d, 


p,  q,  r,  s, 


Here  P,  being  in  magnitude  equal  to  the  determinant  got 
?y  deleting  the  row  and  column  to  which  p  belongs,  must 
3e  independent  of  p,  q,  r,  s,  .  .  .  ,  and  therefore  suffer  no 
3hange  from  any  change  of  these  elements  ;  and  the  same  is 
in  like  manner  true  of  Q,  R,  S,  .  .  .  .  Hence,  changing  p 
into  a,  q  into  b,  r  into  c,  and  so  on,  in  both  members  of  the 
^receding  identity,  we  have 


aP  +  bQ  +  cR  +  dS 


a,  b,  c,  d, 


a,  b,  c,  d, 


=  o, 


(§27) 


as  was  to  be  proved. 


§  53.  If  the  first  pair  of  elements  in  the  first  row  of  a 
determinant  be  taken  in  succession  with  every  pair  below 
it,  and  the  determinants  of  the  second  degree  which  hair 
%ese  pairs  for  rows  be  placed  in  order  as  the  elements  of 
the  first  column  of  a  new  determinant,  and  if  the  like  be 
lone  in  the  case  of  the   second  and  following  pairs   of 
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consecutive  elements  in  the  row,  then  the  new  determinant 
thus  obtained  divided  by  the  product  of  all  the  elements  of 
the  first  row  of  the  original  determinant  except  the  first  and 
last  is  equal  to  the  original  determinant. 


Let  the  oiven  determinant  be 


al 

&k 

ci 

dt. 

.£, 

k 

a2 

h 

0,. 

d2  . 

..h. 

k 

a3 

h 

C3 

a3. 

■  ■  h 

k 

(', 


a„   .    .    .   /£„         tv 


or    A. 


Multiplying  each  element  of  the  first  column  by  -bx  and 
adding  to  the  result  ax  times  the  corresponding  element  of 
the  second  column,  we  have  (§  30) 


bxA 


0 


4  ...  k    I 


■a2bx  +  bzax     b2     c2     d2  .  .  .  h2     l2 


■<hhi+h&   h 


d9 


k     I 


■anbx  +  bnax     bn     cn     dn  .  .  .  hn    ln 


Again,  multiplying  each  element  of  the  second  column  of 
this  determinant  by  —c1  and  adding  to  the  result  6  times 
the  corresponding  element  of  the  third  column,  we  have 


(-l)2^  A 


0  0  cx    dx  . .  .  \     I 

-a2bx  +  b2ax  -b2cx  +  c2bx    c2     d2  ...k     I 
-aj>x  +  b3ax  -6,^  +  ^fe,    c3     dz...\     I 


■anbx  +  bnax  -bncx  +  cj>x     cn    dn  .  .  .  kn    ln 
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This  process  being  continued,  the  final  result  is 

(-l)n-\c1dl...l1A 

0  0  0  ...         0  \ 

-  a2 bx  +  b2 ax  - \ Cj  +  c2 bx  - c2 1\  +  d2 c1...- \ lx  + l2 1\    l% 

aA  +  hA  ~hGi  +  CA  ~CA  +  (hci  ■  •  ■  -\\  +  *A  ^ 


■^  +  6,0^  -b^  +  cX  -c^  +  d^ 


-h.il1  +  l3hx 


-a,^  +  6TOaj  -6„c1  +  c,l61  -cn^  +  cZ^ . . .  -hj,1  +  /„A\ 


(-i)-1^; 


and  dividing  by  (-1)"  1b1c1dl...lv  we  obtain 


a,   6X  cx  cZj . . .  ^ 

a2      ^2      C2      C\   '  '  '  h 
«3      K      C3      ^••^3 


bxc1dv..k1 


an     Un     Cn     dn  .  .  .  ir 


as  was  to  be  proved. 


«1  ?>1 

&1      Cl 

h  h\ 

a2  £2 

> 

62   c2 

,  .  .  .  . 

fc2    l% 

ai  \ 

\  cl 

\  \ 

«3     &3 

> 

K      C3 

,  .  .  .  . 

h  h 

ai  hi\ 

K  ci 

h 

k 

™n  ®n  1, 

bn    Cn 

,  .  .  .  . 

fcn 

In 

§54.  The  new  determinant  found  in  the  preceding  para- 
graph being  one  degree  lower  than  the  original,  the  theorem 
is  important  as  affording  an  easy  means  of  evaluating  a 
determinant  whose  elements  are  expressed  in  figures.  Thus, 
taking  the  example  already  dealt  with  (§  47),  we  have 


i'Z 


rHi 

:op^ 

f   C 

)F   J 

3ETEH 

Ml^ 

iAm 

TS. 
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10 

4 

3 

7 

4 

-10 

22 

4 

2 

-1 

5 

1 

12 

8 

4 

17 

8 

8 

20 

12 

8 

-14 

44 

J 

13 

6 

1 

17 

2 

—5 

11 

4 

3 

2 

1 

3 

4 

-7 

22 

> 

15 


19   -27 
6    -33 


=  -  -  (-209  +  54), 
5 

=    124. 

Here,  looking  at  the  first  two  rows  of  the  given  determinant, 
we  at  once  mentally  evaluate 


10 

4 

4 

3 

*> 

o 

7 

4 

2 

3 

2 

-1 

j 

-1 

5 

and  place  the  results  4,  -10,  22  for  the  first  row  of  the 
new  determinant;  similarly  we  proceed  with  the  first  and 
third  rows,  and  with  the  first  and  fourth  rows.  This  gives 
us  a  determinant  of  the  third  degree,  from  which  we  remove 
the  factors  2,  4,  2;  then  we  treat  the  resulting  determinant 
as  the  first  was  treated,  and  thus  have  at  last  only  to  deal 
with  a  determinant  of  the  second  degree. 

§  55.  If  one  of  the  elements  included  between  the  first 
and  last  of  the  first  row  be  zero,  the  theorem  is  clearly 
inapplicable;  but  then  it  has  to  be  remembered  in  such  a 
case  that  any  row  or  any  column  may  be  made  the  first  row. 
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Example  1.      Find  the  values  of  xl}  x.2,  x3,   ,   xn  which  satisfy  the  n 

quations 

a^Xx  +  a.2x.2  +  a3x3  +  ...  +  anxn  =  a0  ^ 
bxXi  +  b.2x.2  +  b3x3  +  ...  +  bnx,i  =  b0 

CXXX  +  C2X.2  +  C3X3  +  ...  +  CnXn  =    C0    }■ 


I1X1+   l2X.2+   l3X3  +  ...  +   InXn  =     U   ) 


Looking  back  to  the  special  cases  of  this  problem  which  are  solved  in  §  9,  we 
see  that  the  process  consisted  in  multiplying  both  sides  of  the  first  equation  by 
a  certain  number,  both  sides  of  the  second  equation  by  a  second  number,  and  so 
on,  and  then  taking  the  sum  of  the  left-hand  members  of  the  equations  thus 
resulting,  and  equating  it  to  the  sum  of  the  right-hand  members,  when  it  was 
found  that  the  final  equation  was  free  of  all  the  unknown  quantities  except  one, 
whose  value  could  therefore  at  once  be  given. 

If  this  process  can  be  generalized,  the  first  requisite  is  to  find,  if  possible,  what 
multipliers  will  be  suitable.  To  do  this,  let  us  for  the  present  denote  the 
multipliers  in  order  by 

Then  performing  the  multiplications  and  additions  referred  to,  we  have 

+  (Ml02  +  /"2^  +  ^3^2  +  ...  +  H-lJl)  X-2 

+  fads  +n-2b3+fi3c3  +  ...  +  fxnl3)x3    )■  =  ju1a0  +  M2&o  +  M:jCo+  •••  +f*nl  : 


+  {/ix an  +  fj.2 bn  +u3cn+...+nn !n)  xn  I 

and  what  we  wish  to  know  is  whether  there  be  values  of  /j.lt  /i2,  fi3,  which 

will  make  all  the  coefficients  of  the  unknown  quantities  in  this  equation  vanish 
except  one.     Now,  looking  to  the  determinant 

I  ax     a.2     a3 ....  an 
&!     b2      b3  ....  bn 

C\      C2        C3  . . . .   Cn 


h       k        h  .-    In  I 

whose  elements  are  in  order  the  coefficients  of  the  unknown  quantities  in  the 
original  equations,  and  observing  that 

<h,  h,  c-2,  ••••,  h 
constitute  a  column,  it  is  readily  seen  (§  50)  that  the  coefficient  of  x.2,  viz. 

fi1a.2  +  [x.2b.2  +  /i3c2  +  ....  +  /xnL 
would  vanish  if  we  took 
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/*!  =  the  co-factor  of  ax  in  A , 
M2= &i  


/«<«  = 


h 


and  that  for  the  like  reason  the  coefficients  of  xz,  xi}  ....,  xn  would  also  vanish, 
while  (§  46)  the  same  could  not  be  said  of  the  coefficient  of  xlt  which  in  fact 
would  be  A. 

Taking  therefore  in  order  the  co-factors  of  Ox ,  blf  c1?  .....  ?x  as  our  multipliers 
(which  is  what  was  done  in  the  particular  cases  of  §  9),  the  equation  which 
results  after  the  addition  is 

CLq      CL2      Cl3  ....  CLn 

b0     b2     bo  ....  6» 

X\  =       Cq       C2       C3  .  •  •  •   Cn 


al 

a2     a3 . . 

.  an 

*i 

b2     bs .. 

..   bn 

Ci 

c2     c3  .. 

•  •   Cn 

h 

1,             k- 

and  . 

.    In 

X-y 


l0        1-2        '3  .. 

a0b2c3 ....  ln\ 


ai  b2  c3 


ln\ 


If  in  the  original  equations  we  were  to  write  the  terms  containing  x2  before 
the  terms  containing  x1  we  should  have  in  like  manner 


x2  = 


«2 

at 

a3 .. 

..  an 

h 

61 

63- 

..    bn 

c» 

Ci 

Co.. 

..    Cn 

k        h       h----    In 


a0 

«j 

a3.. 

..  On 

K 

h 

63.. 

..   bn 

Co 

Ci 

c8.. 

..    Cm 

'0        'l       ^3 In     , 


and,  by  transposing  the  first  two  columns  on  both  sides  of  the  equation,  it  would 
follow  that 


x.2  = 

Similarly    x3  = 
and  so  on. 

Example  2.     If  the  n  + 1  statements 

a1x1+  a2x2+  0.3X3 +  ... 


<hb0cs  ....  ln\ 


axb2c3 
a-J)oC0 


ln\' 

ln\ 


aiboCo, ....  iny 


+  OnXn  =00^1 
b1x1+   b2x2+   b3x3  +  ....+   bnXn  =    60 

CXXX+    C2X2+    C3X3 +  ....+    CnXn  =     CQ 


l1X1+    I2X2+     l3X3+....+    lnXn=     h 

inxXi  +  m2x2  +  m3x3  + ....  +  mnxn  »  Mo  „ 
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in  regard  to  the  n  quantities  xXi  x2,  x3,  ....,  xn  be  true,  find  what  relation  must 
exist  among  the  other  quantities  mentioned. 

From  the  first    n    equations  we  are  able   to  show,  as  is  done  above,  that 
xx,  X-,,  ....,  xn  are  equal  to 


\aJi.2C3  ...  lr, 


\oib0Cs...h 


[rti&oCg...    70| 


\alb.icz...lnV     |'Oi6a^...in|'  [a1b2c3...ln\' ' 

Consequently  from  substitution  in  the  (n  +  l)th  equation  it  follows  that 

\aJtiCi...  h\  _  m 


\aClb.-,c?...ln\  \anb0c-i..Jn\ 

\a1b,c:i...ln\  \a1b2c3...U\  |ai02c3  ..ln\ 


(1). 


which  is  the  relation  desired. 

The  learner  may  already  know  that  as  this  statement  logically  results  from  the 

». +  1  given  statements  regarding  xx,   x2,   ,   xn,  and  does  not  itself  involve 

xx,  x.2,  ,  xn,  we  are  said  to  have  eliminated  xx,  x.2,  ,  xn,  and  that  the 

concluding  statement  referred  to  is  called  the  eesultant  of  the  elimination,  or 
the  resultant  of  the  set  of  equations. 

The  residtant  (1)  can  however  be  put  in  simpler  form.     "We  have  from  it 

m1\a0b.?c3...ln\  +  m2\a1b0c3...ln\  +  ....  +  mn  \a1b2c3.:.l0\  =  m0\a1bics...ln\; 

therefore  by  transposition  of  columns 

(-l)w"17n1|a263C4...?0|+(-l)n-2m2|a.1&3C4..70|  +  ....  +  mw|a16ii'c3..70]-m0|a162(73..7n|  =  0; 
and  consequently  (§  46) 


=  0. 


<h 

a.2 

<h  .. 

..  an 

a0 

h 

62 

68.. 

..    bn 

h 

<h 

C-2 

c3.. 

..    Cn 

c0 

h 

h 

h- 

..     In 

h 

nil 

m2 

m3 .. 

..  ?nn 

m0 

Example  3.    If  the  n  statements 


OiXi  +  a2x.2  +  a.2x3  + ....  +  anxn  =  0l 
bxXi  +  b2x2  +  b3x3  +  ....  +  bnXn  =  0 

CxXi  +  C2X.2  +  C3X3  +  ....+  CnXn  =  0  J" 
hx\+  hX2+   l3X3+....+   lnXn  =  0, 


in  regard  to  the  n  quantities  xx,  x2,  xs ,  xn  be  true,  and  xx,  x2,  x3, .... ,  xn  be 

not  each  equal  to  zero,  find  what  relation  must  exist  among  the  coefficients. 
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Dividing  both  members  of  each  equation  by  xn  we  have  n  statements  in  regard 

,  and  thus  by  means  of  what  immediately 


to  n  - 1  quantities  —  ,  — , . . 

Xn       Xn 


Xn  - 1 
Xn 


precedes  we  have  as  the  desired  relation 


ax     a2     a3 . 

.   .  .  (In 

\ 

&i      h     b3 . 

.  .  .   bn 

C\      c2      c3  . 

.  .   .    Cn 

k       h      h  . 

...    In 

Exercises. 

Set 

=  0. 


Use  the  process  of  §  54   to  find  the   simplest  equivalent  of   each   of  the 
determinants — 


1. 


3     4 

1 

2 

2. 

7 

3     9     4 

6     9 

7 

5 

3 

9     4     7 

7    10 

5 

8 

2 

6     15 

4     2 

9 

3 

• 

10 

7    14  10 

• 

3     4 

7 

2     5 

4. 

16 

14     12     9 

15 

-3     1 

2 

5  -1 

5 

4      3      1 

6 

6   -2 

3 

-1     4 

2 

8      4      9 

7 

5     9 

-2 

3     2 

3 

-2    -2    -3 

-6 

1  -3 

5 

3 

7 

1 

3      2 

3 

2 

"With  the  help  of  determinants  solve  the  following  sets  of  equations : 


5.  4x  +  7y  +  3z-2w  =  9  ") 
2x  -  y  -  42  +  3w  =  13  [ 
3x  +  2y-7z-4w  =  2  | 
5a;  -  3y  +  z  +  5w  =  13  J  , 

7.     v  +w-y  =  a 
io  +  x-z  =6 
x  +  y -v  =  c    ( 
y  +  z  -io=  d 

z  +  v  -  x  =  e  j 

9.     w  +  a;  +  2/  +  2  =  1  ^i 

aw  +  6a;  +  r?/  +  dz  =  e 


6.     3a;  +  2y  +  4z  -  w  =  13  ) 
5x  +  y  -  z  +  2io  =  9 
2x  +  3y-7z  +  3w=U 
4x-4y +  3z-5w  =  4 


8. 


r  +  ro  +  x  -  y  =  a  ^ 
w  +  a:  +  2/-2  =  & 


x  +y  + 


v  =  c   S 


10. 


a2w  +  62a;  +  c22/  +  cZ2^  =  e2 
(r?/;  +  b*x  +  csy  +  dh  =  e3 


y+z+v-w=d 

z  +  v  +  w-x=  e  ' 

w+  x  +  y  +  z  =  1  ") 
io  +  ax  +  by  +  cz  =  0  ! 
w  +  a?x  +  b-y  +  c~z  =  0  I 
io  +  a?x  +  bzy  +  ch  =  Q  > 
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11.     v  -  2io  -  2x  +  y  +  'dz  =  a  -\ 
to  -  2x  -  2y  +  z  +  3v=b 
x-2y  -2z  +  v  +  Sw=  c    y 
y  -  2z  -  2v  +  10  +  3x  =  d 
z  -2v  -2w+  x+  3y=  e  J 


12.  What  relation  must  exist  between  a,  b,  c,  d  if  the  equations 

ax  +  by  +  cz  +  d  =  0 , 

bx  +  ay  +  dz  +  c  =  0 , 

ax  +  cy  +  bz  +  d  =  0, 

ex  +  a y  +  dz  +  b  =  0 , 
lie  simultaneously  true  ? 

13.  If  the  equations 

a^  +  bxx~  +  CiX  +  dx  =  0, 

a^x*  +  bxxz  +  cxx2  +  dxx         =  0, 

b.2x2  +  CoX  +  d.2  =  0, 

o2a;3  +  c2x~  +  d2x  =  0, 
62a;4  +  c2x3  +cZ2x2  =  0, 

be  simultaneously  true  (which  evidently  will  be  the  case  if  the  first  and  third  be 
simultaneously  true,  i.e.  have  a  common  root),  find  the  relation  which  must  exist 
between  ax,  bu  c1}  dx,   b.:,  c2,  d.2. 

Similarly  find  the  resultant  in  the  case  of  each  of  the  following  pairs  of 
equations: — 


14.     aiX2  +  bxx  +  Ci  =  0] 
a^x2  +  b.2x  +  e.2  =  0)  . 

111.  a1x3  +  blx-  +  c1x  +  d1  =  0) 
a.yx3  +  b.2x2  +  c2x  +  do  =  0  j . 

$8.  a1xi  +  clx1  +  dlx  +  e1  =  0) 
a2x4  +  b.2xs  +  d.2x  +  e.2  =  0  j  . 


15.     «!#*  +  feiic3  +  CiX2  +  ri^ac  +  ex  =  0  ] 
c2x'2  +  d2x  +  e>  =  0  )  . 

17.    a1oj*  +  61a^  +  c1ic2  +  dia;  +  e1  =  0') 

o2x3  +  c2£2  +  d.2x  +  e,  =  0 ) . 


19. 


a1as6  +  61a;2  +  cx  =  0 


20.  Prove  that 

aa     o2    «3  «4 

i    &1        ^2        &3  h 

I    Cl        ^ii       C3  C4 

C?j      (?2      C?3  C?4 


On 

ba 
Cm 


1 
Ox"-2 


*1       «2       *3        ?4 


In 


\  «x  &2  I  I  al  &3 1  I  «1  &4  ! i  al  &»«  I 

l«lC2]  |«i  C3j  |«i  f4| jOiCnl 

|ttx«y  [  ax  c?3  J  [  aa  cf  4  ] |axrfre| 

\<hh\  \aih\  \aih\ \<h  ln\ 
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§  56.  The  introduction  of  letters  with  a  suffix,  like  a1}  c_, 
&c,  increases  many  fold  the  stock  of  algebraical  symbols ; 
and  the  new  symbols  have  the  special  advantage  that  each 
one  indicates  that  the  number  denoted  by  it  belongs  to  a 
certain  series  of  numbers,  and  also  shows  which  one  of  the 
series  is  intended.  These  advantages  have  been  apparent  in 
what  has  preceded ;  but  there  is  an  extension  of  the  same 
notation  from  which  we  have  symbols  still  more  appropriate 
for  denoting  the  numbers  which  are  the  elements  of  a  deter- 
minant. This  consists  in  making  use  of  a  pair  of  suffixes, 
written  one  after  the  other,  with  or  without  a  comma 
between  them,  thus, 

^1,2  j     #34  >     j 

a12  being  a  different  symbol  from  au,  a3i   different  from 
C&43,  and  so  on. 

In  the  case  of  a  general  determinant  like 


«n 

a12 

«13  • 

..aln 

a.2l 

Cfcgg 

^3- 

•  •  a,n 

"■31 

«32 

a33  • 

•   •  &Zn 

<*>nl 

#n2 

ft„3  . 

'  '  ^-'nn 

where  such  elements  are  used,  and  where  the  first  suffix 
corresponds  with  the  row  to  which  the  element  belongs  and 
the  second  suffix  with  the  column,  we  can  specify  by  a 
symbol  any  element  which  is  omitted  from  the  determinant 
as  written,  and  assign  to  its  proper  position  any  such 
element  whose  symbol  is  mentioned,  with  greater  ease  than 
is  possible  in  the  case  of  determinants  with  single-suffix 
elements.     Besides,  as  only  one  letter  is  employed,  we  may, 
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if  we  choose,  denote  such  a  determinant  itself  by  a  shorter 
symbol  even  than 

JJ{cin  ci22  (X33 . . .  ctnn)    or   J  cin  ci22  (X33  . . .  cinn  I , 
viz.  by 

D(aln)    or    \aln\. 


§  57.  When  r  rows  of  a  determinant  of  the  nth  order  are 
deleted,  the  number  of  elements  deleted  is  nr,  and  when 
subsequently  n  columns  are  deleted,  the  number  of  new 
elements  thus  struck  out  is  nr-r2;  so  that  the  number  of 
elements  left  is 

1 2  -  2nr  +  r2, 


w 


i.e. 


(n  -  >•)-. 


If  any  number  of  the  rows  of  a  determinant  be  deleted 
and  as  many  of  the  columns,  the  determinant  whose  elements 
are  in  order  the  elements  thus  left  is  called  a  minor  of  the 
original  determinant.     Thus,  taking 


«n 

tt12 

«13 

ci.n 

^22 

ft23 

au 

a32 

«33 

«41 

«42 

«43 

a« 

«52 

^53 

au 

15 

a2i 

2o 

au 

«35 

and 

au 

a45 

a-0, 

00 

'/ 


", 


11         ^12 

Ct21       C602 


13 


a,.A 


(/.. 


<it 


ti- 


ff      (i 

^32  33 

<*«         «43 


a, 


a. 


a, 


a. 


a, 


<(., 


a3, 

CI,. 


CL 


and  deleting,  in  the  former  the  second  and  third  rows  and 
second  and  fourth  columns,  and  in  the  latter  the  second 
land  third  and  fourth  rows  and  first  and  third  and  fourth 
columns,  we  see  that 


<< 


<i 


a. 


a 


13 


<x43 

«53 


a.. 

lo 

a,. 


a. 


and 

(/12 

«15 

o2 

am 

00 

are  minors  of  |«11a00aQ„a,.a„ 

I      11      22      33     44      oo 
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The  minors  obtained  by  the  deletion  of  one  row  and  one 
column  are  called  the  principal  minors  of  the  determinant 

Thus   \aaawaaau\,    \ a^a^a^aj ,    \ana22aua55\,  are 

principal  minors  of  \avSL&a&a4Aa®\  • 

Two  minors  which  are  such  that  the  rows  and  columns 
deleted  to  obtain  the  one  are  exactly  those  not  deleted  ir 
obtaining  the  other  are  called  complementary  minors.  Thus 
the  complementary  minors  of  the  two  minors  first  given 
above  are 


a22     a24 

a32     au 


and 


^•21 

a23 

a.2i 

tt31 

a33 

au 

«41 

a43 

au 

the  elements  of  which,  it  may  be  noticed,  are  the  elements 
that  are  common  to  the  deleted  rows  and  the  deleted 
columns;  also,  \a22a,iZ\  and  \anaua55\  are  complementary 
minors,  and   \a.,.,a3^u^55\  is  the  complementary  minor  of  an. 

If  the  original  determinant  be  of  the  ?ith  degree,  and  the 
number  of  deleted  rows  and  of  deleted  columns  be  r,  the 
resulting  minor  is  of  the  (n  -  r)th  degree,  and  its  comple- 
mentary of  the  rth. 


§  58.    The   minor   of  D(aln)    obtained    by   deleting   the 
hth  row  and  rtb  column  may  be  shortly  denoted  by 

that  obtained  by  deleting  the  hih  and  kth  rows  and  rth  and 
sth  columns  by 

and  so  on. 
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§  59.  Principal  minors  have  already  come  into  consider- 
ation in  the  theorems  of  §§  44,  46,  the  former  of  which,  in 
the  notation  just  given,  takes  the  form — 

the  co-factor  of  ahr  in  D(alH)  =  (-l)hfrD{*.       ...(1) 

Likewise,  it  having  been  shown  in  §  50  that 

7)  D 
the  co-factor  of  ahr  in  D(alH)  =  -~ — , 

here  thus  has  been  implied  another  fact  regarding  them, 


riz. 


t  will  now  appear  that  these  are  the  simplest  cases  of  more 
general  theorems. 


§  60.  If  a  determinant  be  differentiated  ivith  respect  to 
he  element  common  to  the  first  row  and  column  deleted  to 
'orm  any  minor,  this  differential  coefficient  be  differentiated 
vith  respect  to  the  element  common  to  the  next  roiv  and 
olumn  deleted,  and  so  on,  the  result  equals  the  said  minor 
r  differs  from  it  only  in  sign,  according  as  the  sum  of  the 
mmbers  indicating  the  deleted  rows  and  columns  is  even 
r  odd. 

Let  jD(al9()  be  the  determinant,  and  let  the  rows  which  are 

eleted  to  form  the  minor  be  in  order  the  hth,  kth,  Ith, and 

tie  columns  the  rih,  sth,  uth,  ....,  so  that  the  minor  would  be 
enoted  by  D{££;:; .     Then  (§  59)  we  have 

rid,  since  the  element  of  the  k%h  row  and  sth  column  of  D  is 

F 
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the  element  of  the  (k  -  l)th  row  and  (s  -  l)th  column  of  Dj* : 
we  have  further  (§  59) 


^-<-ir^i{(-ir£j 


,     ^  .  k+s+h+r       V  -V        . 


so  that  if  the  minor  be  of  the  mth  degree,  we  have  generallj 
(r,s,u,...  -  {-  )  dahrdaksdalu ....' 

It  has  to  be  carefully  noted  that  in  the  identity  here  proved  h<k<l<  . . . 
and  r  <  s  <  u  <  .  . .  .  If  this  were  not  the  case,  there  would  still  be  equality  a 
to  magnitude,  but  the  sign  would  be  otherwise  determined  than  from  the  sum  o 
h,  k,  I,  . . .  ,  r,  8,  u,  . . . . 


§  61.  In  a  determinant  the  co-factor  of  the  product  q 
any  number  of  elements  which  may  come  together  in  on< 
term  is  equal  to  the  result  of  differentiating  the  determinan 
in  succession  with  respect  to  the  said  elements. 

Just  as  by  differentiating  D(aln),  or  D  say,  with  respec 
to  ahr  we  obtain  the  co-factor  of  ahr  in  D,  so  by  differentiating 
the  result  with  respect  to  an  element  of  another  row  am 

„    .         „        .      dD 

an< 


cuiuiim,  (jOfe  »cvy,    we  uuiain    tut;   ou-iaun 

J1  U1  "*•  m  dahr 

thus  we  see  that 

the  co-factor  of  ahra^  in  D 

Similarly, 

the  co-factor  of  ahraualH  in  D 

d*D 

dajdajda^ ' 

and  so  generally. 
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Example.  "We  know  (§  46)  that 

On    <%    di3  On    di5 

Cl-21      O>o       ®23  ^24       O25 

&SI      Q>32      O33  O34      a35 

O4I      a42      O43  O44      a45 

Oft      O50      a63  O54      aS5 


A  aU  a('2  a  (3  A  (4  A  I5 

or   A  =  OhA(1  -  a21  A(1  +  a31A(1  -  a41  A(1  +  a51  A(1  ; 


co-factor  of  a31 


'da*. 


=  A 


0 

a' 


.'.   co-factor  of  0^045 


<%  <%  o^  aX5 

0^22  ^23  (X24  #25 

O40  O43  O44  O45 

a52  a53  O54  O55 


=  -  <ho  I  «22«43a&4 1  +  «2s  i  <hifl^bi  I  ~  o45 1  a^^o^  I  +  a^  f  o^*^  | ; 
?2A 


=  (-I)' 


5+4+3+1   .  (3,4 
-\l,5 


The  effect  of  the  first  differentiation  here  is,  as  it  were,  to  delete  the  third  row 
and  first  column  of  A ,  the  effect  of  the  second  differentiation  to  delete  the  fourth 
row  and  fifth  column.  But  the  same  final  result  would  be  produced  upon  A  by- 
deleting  first  its  third  row  and  fifth  column  and  then  its  fourth  row  and  first 
column.  Differentiating  then  with  respect  to  035  and  afterwards  with  respect  to 
a41,  we  find 

the  co-factor  of  a^a-^  =  ■= — -= —  =  [  012023%*  I  • 
0»41  Cass 

Hence  the  minor  lo^ 0-23 O54 I  is  the  co-factor  of  both  -a31ai5  and  041035  in  A; 
therefore  it  is  the  co-factor  of  -(031045-041035)  or  -1031045!;  in  other  words, 
the  co-factor  {( with  sign  changed)  of  the  minor  |a31a45]  is  its  complementary 
minor, — an  instance  of  a  theorem  soon  to  be  given. 


§  62.  Any  row  and  column  of  a  determinant  being 
selected,  if  the  element  common  to  them  be  multiplied  by  its 
co-factor  in  the  determinant,  and  every  product  of  another 
element  of  the  row  by  another  element  of  the  column  be 
multiplied  by  its  co-factor,  the  sum  of  the  results  is  equal 
to  the  given  determinant 
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Let  the  selected  row  and  column  be 

a 

b 
c 


0 
m   n r   o  p. 

h  J 


.x. 


t 

The  multiplication  of  o  by  its  co-factor  gives  all  the 
terms  of  the  determinant  which  contain  o.  As  each  of  the 
terms  containing  r  must  also  contain  one  of  the  elements  of 
the  column  and  cannot  contain  o,  we  see  that  by  multiplying 

ret,  rb,  re, ,  rg,  rh,  . ... ,  rt  by  their  respective  co-factors, 

we  obtain  all  the  terms  containing  r.  Similarly  by  multi- 
plying pa,  pb,  pc, ,  pg,  ph, ,  pt  by  their  respective 

co-factors,  we  obtain  all  the  terms  containing  p.  Conse- 
quently if  we  continue  this  process  we  shall  finally  have 
every  term  in  which  one  of  the  elements  of  the  row  occurs, 
that  is  to  say,  we  shall  have  the  full  development  of  the 
determinant, — and  this  was  the  theorem  to  be  proved. 

Example  : — 


an  al2  auau 

ft  21  ^22  ^23  ^21 
&SI  »32«83«84 

CI 4i  (l^  Uis  rt44 

=  a22 

an  a13  an 

<hl  «33  «34 

a4l  aii  (lii 

(1"2\  Ojq 

«33    «34 

+  &21a32 

a13  a14 
a43  «44 

-  a21  ait 

^13  au 

+  a&On 

a31    ^34 

—  (I23CI32 

On  au 

+  ^23*^41 

au  a14j 

<hl    a84l 

-<hA<*u 

a3i  an 
an  ai:. 

+  tt./'33 

•  an  a13 
an  aiS 

-  024043 

O3I    a33 
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§  63.  Any  determinant  of  the  nth  order  may  be  developed 
in  a  series  of  terms,  the  first  of  ivhich  is  got  from  the  given 
determinant  by  changing  all  the  elements  of  the  principal 
diagonal  into  zero,  the  next  n  by  multiplying  each  element 
of  the  principal  diagonal  by  its  co-factor  in  the  deter- 
minant and  altering  the  said  co-factors  as  the  given  deter- 
minant tvas  altered,  the  next  |n(n-l)  by  multiplying  the 
product  of  each  pair  of  elements  of  the  principal  diagonal 
by  its  co-factor  altered  as  before,  and  so  on,  the  last  term 
being  simply  the  product  of  the  elements  of  the  principal 
diagonal. 

By  taking  the  given  determinant  and  changing  all  the 
'  elements  of  the  principal  diagonal  into  zero,  we  delete  all 
the  terms  containing  any  of  these  elements ;  also  no  other 
terms  are  thereby  deleted.  Thus  the  altered  determinant 
represents  the  sum  of  the  terms  which  are  independent  of 
the  elements  in  question. 

By  multiplying  an  element  of  the  principal  diagonal  by 
its  co-factor  we  obtain  exactly  all  the  terms  containing  that 
element.  This  co-factor,  however,  has  its  principal  diagonal 
composed  of  elements  from  the  original  principal  diagonal. 
If  we  therefore  change  these  into  zero,  the  altered  product 
i  will  represent  the  sum  of  the  terms  which  contain  the 
element  in  question  and  none  of  its  fellows  in  the  principal 
diagonal. 

In  this  way  it  is  seen  that  the  expansion  specified  in  the 
bheorem  gives,  first,  all  the  terms  of  the  determinant  involv- 
ng  no  element  of  the  principal  diagonal ;  secondly,  all  those 
nvolving  only  one  element;  thirdly,  all  those  involving 
)nly  two  elements,  and  so  on :  so  that  the  full  number  of 
D  oerms  is  in  the  end  obtained. 

It  is  worthy  of  notice  that  there  is  a  break  in  the  series : 
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we  pass  from  those  terms  involving  only  n-2  elements  of 
the  diagonal  to  the  term  involving  them  all,  there  being  no 
term  involving  only  %-l  of  them. 

Example  :  — 


ci-ii  <z12  ^nz 

&21    ^22    a23 
®31    ^Z2    ®23 


0  «12  % 
<%  0  tt23 
a31   C&32     0 


hOu 


0     Gkjg 
«32     0 


+  «22 


0   Oxs 
<%   0 


+  a 


l33 


0  a12 


v/     t*12 
«21     0     I 


§  64.  In  a  determinant  of  the  nth  order  the  full  number 
of  terms  which  are  independent  of  the  elements  of  the 
principal  diagonal  is 

1-2-3-'n'{o"iXs+i.2.3.4" +("1)Ruor 


Let  |<x11a12...arr...ann|  be  the  determinant,  and  <f>(ri),  as 
yet  unknown,  the  number  of  terms  in  it  of  the  kind  referred 
to;  so  that  0(3)  =  2  and  0(2)  =  1.  Then,  as  we  have  seen 
(§  63),  <t>(n)  equals  the  number  of  terms  in 


0  <Xj2        OE^       (h.,r-l       &\r     &l,r+l       ^lw 

(X2i        "  (X23       ^2,r-l       ^2r     ^2,r+l       ^"2n 

^3,r-l       <^3r      ^3,r+l      ^3n 


0™         tt 


32 


0 


a,_-\  i  (X, 


r-U^'r-l^^r-y 


a.. 


.0 


^r-l.r^r-l.r+l ^r-l,n 


ciy  j    ciy  2    **»•  3    ••••••  ar  r  _  j    yj       ar , 

.  •Ot-r+l.r-l^'r+l.r" 


r+1 


(*-4.1   "1  W/, 


r+l.l^r+l^^r+l,: 


ar 


.a. 


.a 


'r+l.n 


^nl       ^nS       ^nS       ^n,r— 1       ^nr       fln,r+l     " 


...(1) 


Now  this  determinant  is  equal  (§  46)  to  the  aggregate  of 
Ti-1  items  such  as 
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l+r 


(-!)'•> 


«21         0 


a 


31 


a 


3-: 


23 


<2o 


,r— 1 


a, 


,r+l 


a., 


a 


3,r-l 


a 


3,r+l 


«, 


LLr j  j  Cly j  o  ^V— 1  3«»»»«»" 


it. 


M 


a, 


r,2 


a 


r.S 


^r,r— 1      "rr+1 


^>-l,r+l ^r-l,n 

a. 


"r,n 


^V+1,1  ^V+1,2  ^r+1,3 ^r+l.r-l " 


a 


r+l,n 


OLi     a 


n2       ^«3 


^M,r-1       &n,r+l 


0 


Transferring  the  (r  -  l)th  row  to  the  top,  and  replacing  the 
resulting  determinant  by  two  determinants  (§  28)  differing 
from  it  only  in  having  for  their  first  rows 


0     gl»  a 


V2    <-vr8 


rt. 


r,r— 1    Mr.r+l 


and     arl     0     0  0        0 


0, 


respectively,  we  find  that  the  first  of  the  two  is  a  deter- 
minant like  (1),  but  of  the  (n-l)th  order,  and  therefore 
having  (p(n  - 1)  terms ;  and  that  the  second  is  expressible 
(§  46)  as  the  product  of  arl  and  a  similar  determinant  of  the 
(n  -  2)th  order.     Hence 

cj>(n)  =  (n-l)\ct>(n-l)  +  <p(n-2)\, 

and  /.   <p(n)-n$(n-l)  =  -\<p(n-l)-(n-l)<l>(n-2)l; 

that  is  to  say,  <j>(n)  -7i(p(n-l)  remains  the  same  in  mag- 
nitude for  two  consecutive  values,  and  therefore  for  all 
values,  of  n.     But 

when  n  =  3,  <p(n)  -  n<f>{n  - 1)  =  0(3)  -  30(2)  =  2  -  3  =  -1, 

.'.   when  n  =  4,  <j>(ri)  -  7i(p(n  - 1)  =  +1, 

and,  generally,  <p(ri)  -  n<p(n  - 1)  =  (-1)*, 

or  <p(n)  =  (-l)n +  n(p(n-l). 
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Beginning  with  this,  and  making  repeated  use  of  it,  we 
have 

<f>(n) 

=  H)n  +  ^|(-i)n-1  +  ^-i)^-2)j, 

=  (-l)n  +  (-l)n~\  +  n  (n -1)  j  (-1)""2  +  (n- 2) </>(n  -  3)  j  , 

=  (-1)"  +  (-l)n~ln  +  (-l)n~\i(n  -1) 

+  »(w-l)(»-2)  j  (-l)n_3+  (w-3)0(w-4)  |  J 

+(-ir3n(^-i)(?i-2)+ 

+  n(n-l)(n-2)...5A\(rlf  +  3<p(2)  j, 

whence,  if  we  substitute  for  0(2)  its  value  1,  and  reverse 
the  order  of  the  terms,  we  have  the  result  desired. 

A  determinant  of  the  nth  order,  having  only  n  zero-elements,  and  these 
occupying  the  principal  diagonal,  has  been  called  by  Sylvester  an  invertebrate 
or  zero-axial  determinant. 

Example.  Find  the  number  of  possible  arrangements  of  n  things  ax,  a2,  03, 
,  an,  subject  to  the  condition  that  no  one  shall  be  in  its  original  place. 

We  may  have  at  in  any  place  except  the  first,  a.2  in  any  place  except  the 
second,  and  so  on — data  which  we  may  present  to  the  eye  in  the  form 

()     <h    <h    <h o-i 

a2    (  )    a2    a2 a2 

«3     <h    (  )    «3 a3 

«4     a±    a4    (  ) a4 

an     an    On    On (  ) , 

an  a^  being  written  in  the  places  which  it  is  allowable  for  ax  to  occupy,  and  (  ) 
signifying  that  the  suffixed  letter  found  in  the  same  line  with  it  may  not  occupy 
its  place.  Looking  to  this  table  we  see  that  for  the  first  place  in  any  of  the 
arrangements  we  may  take  any  letter  that  is  in  the  first  column ;  for  the  second 
place  any  letter  that  is  in  the  second  column,  provided  it  be  not  in  the  same  line 
with  the  letter  taken  from  the  first  column ;  for  the  third  place  any  letter  that 


SEC.  64. 


DETERMINANTS   IN   GENERAL. 


89 


is  in  the  third  column,  provided  it  be  not  in  the  same  line  with  either  of  the 
letters  previously  taken,  and  so  on.  This  law  of  formation,  however,  is  identical 
with  that  in  accordance  with  which  the  terms  of  a  determinant  are  got  from  the 
elements :  so  that  the  problem  we  are  concerned  with  is  transformed  into  finding 
the  full  number  of  terms  of  a  zero-axial  determinant  of  the  nth  order.  Hence 
(§  64)  the  required  number  of  arrangements  is 


1.2.3. 


JL 
1.2 


1.2.3      1.2.3.4 


-....+(-D 


1.2.3...  n 


Exeecises.    Set  XI. 

Write  down  the  complementaries  of  the  following  minors  of  |  a-oWc-i^ifil ' — 
1.  h.  2.  |ca64|.  3.  \cM.  4.  |&0c5|. 

5.  I  doezfi | .  6.  |  b^di | .  7.  I  he,fi \.  8.  |  c^e, \ . 

9.  What    are    the    complementary    minors    of    lo^o^l    and    lo^a^a^  |    in 


10.  Express  as  determinants 

1  Oiq  |    and 


rr 


Q'Q\Q'Via-2aaziaioa&o  I 


11.  What  is  the  co-factor  of  a^a^  in  |  a^a^a^a-^a^  \  and  in  |  a01  a^ a^ a^a^a^  \  ? 

12.  Express  in  symbols  the  theorem  regarding  the  effect  of  transposing  two 
ows  of  a  determinant. 

13.  Find  the  single  number  which  is  the  equivalent  of 

1     a     b     c 

a     1     0     0 

6     0     10 

c     0     0     1 


1  a 
-a  1 
-b  -c 


14.  Find  the  final  expansion  of 

0  -b  -c  -d 
b  0  -e  -S 
c  e  0  -g 
d  f  g     0 

15.  Express  in  terms  arranged  according  to  descending  powers  of  x 

x  -1  -1    -1 

1  Xs  -1  -1 
1  1  ar5  -1 
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16.  Find  the  quadratic  in  x,  y,  z  equivalent  to 

0  x  y  z 

x  a  h  g 

y  h  b  f 

z  g  f  e 

17.  Find  the  quadratic  in  x,  y,  z,  w  equivalent  to 


0 

X 

y 

2 

W 

X 

1 

-l 

-1 

-1 

y 

-1 

l 

-1 

-1 

z 

-1 

-l 

1 

-1 

w 

-1 

-l 

-1 

1 

18.  If  <$>{ri)  denote  as  in  §  64  the  number  of  terms  of  a  zero-axial  determinan" 
of  the  nih  order,  prove  with  the  help  of  §  63  that 

<p{n)  +  \<t>{n-l)  +  ^ri^(n-2)  +  ...  ^"^T  0(2)  +  «${!)  +1  -  1-2.3  ...  n. 


19.  Find  the  quadratic  in  x,  y,  z  equivalent  to 

10  0  ax  +  hy+gz 

0     1  0  hx  +  by  +  fz 

0     0  1  gx  +  fy+cz 

x     y  z  0 


20.  Find  the  number  of  minors  of  the  [n  -  2)th  order  in  a  determinant  of  the 
OTUi  order. 


21.  Prove  that 


1  0    0  0  ax  +  hy  +  gz 

0  10  0  hx  +  by+fz 

0  0     1  0  gx  +fy  +  cz 

0  0     0  1  lx+my+nz 

x  y    z  1             k 


10  0  ax  +  hy+gz+l 

0     1  0  hx  +  by  +fz  +  m 

0     0  1  gx  +fy  +cz  +  n 

x     y  z  k 


-=-{ax2+by2  +  cz2  +  2fyz  +  2gzx  +  2hxy  +  lx  +  my +  nz-k). 

22.  k  particular  elements  of  the  principal  diagonal  of  a  determinant  of  the 
r***   order  being  fixed  upon,   find  the  number  of  terms  which  contain  these  i 
elements  and  no  other  elements  of  the  same  diagonal. 
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23.  Find  the  difference  between  the  number  of  positive  and  the  number  of 
legative  terms  in  a  zero-axial  determinant  of  the  nth  order. 


24.  Prove  that 
0 


1111 

1  0  1  +  a  1+6  1+c 
1  a  +  1  0  a+b  a+c 
1  6+1  b+a  0  b+c 
1  c+1  c+a     c  +  b        0 


=  23 


1  +  a  1  1 
1  1  +  6  1 
1       1     1  +  c 


25.  Prove  that 


01a2  <h  a'2 

bxb.2  62  bx 

C\  C2  C~i  Co 

did2  d2  d\ 


{<h  ~  62)  (6i  -  <%)  (ci  -  d2)  (^1  ~  <h) 
-  (oa  -  6x)  (62  -  Ci)  {c2  -  a\)  (a"2  -  «i)- 


26.  From  the  theorem  of  Exercise  18  above,  prove  that 

7i!        Cw,l      Cn,2      Gn,n-1  Cn,n 

(n-l)l      1      Cn-1,1    Cn-l,n-2      C»-l,n-l 

{n-2)l      0  1         Cn-2,n-3      Cra-2,«-2 

<p{n) 


1! 

1 


Ci,i 

1 


/here  n!  stands  for  1.2.3....W. 


and  Cnr  for  n(n-l)  (n-2)....(n-r  +  l) 
'  1.2.3....r 


§  65.  The  'product  of  a  determinant  of  the  nth  degree  by 
m  expression  of  n  terms  is  equal  to  the  sum  of  n  deter- 
ninants,  the  first  of  which  is  got  from  the  given  deter- 
minant by  multiplying  each  element  of  the  first  row  by  the 
'corresponding  term  of  the  given  expression,  the  second  by 
multiplying  similarly  each  element  of  the  second  row,  the 
hird  by  multiplying  similarly  each  element  of  the  third 
■  *ow,  and  so  on. 
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Let  the  given  determinant  be 

D  (an  a22  a33 . . . .  ann)     or    D , 
and  the  given  expression 

Hi  +  jul3  +  fA3  +  . . .  +  /x„ , 

then  the  n  determinants  referred  to  are 


A*i^n  Mo^i2""M«^iM 


a. 


a 


22    *" 


a» 


&nl  &r,0     •'•'      &* 


c&, 


a, 


a, 


^-12    •  •  •  •      ^\n 
Mia21     /X2^'22,,"Atna2M 

^Ml  ^n2    ••••     *?y«n 


Now  the  coefficient  of  /xx  in  the  first  of  them  is  evidently 
anAn,  in  the  second  a21A21,  in  the  third  a21A3l,  and  so  on 
therefore  in  the  sum  of  the  n  determinants  the  coefficien 
of  yUj  is 

anAn  +  a21A21  +  auAsl  +  ....+  a^A^    or    D. 
Similarly  the  coefficient  of  [j.2  is  seen  to  be 

ai2  A2  +  ^22^-22  +  ^32^32  + +  a«2  ^nl        0T        D, 

and  so  on.     Hence  the  sum  of  the  n  determinants  is 


§  6Q.  We  have  already  had  (Ex.  12,  Set  II.)  an  instance 
of  the  product  of  two  determinants  being  itself  expressed  at' 
a  determinant,  viz.  the  case  in  which  all  the  determinant' 
are  of  the  second  order.  Let  us  now  consider  the  corre- 
sponding example  for  the  case  of  determinants  of  the  third 
order. 
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Taking  the  determinants* 
ABC 
D 


G 


E 
H 


F 
K 


or     A, 


a 

d 

9 


b 
e 
h 


or     A', 


aA  +  bB  +  cC 


aD  +  bE  +  cF 
aG  +  bH+  cK 


dA  +  eB  +  fC     gA  +  KB  +  kC 

cW  +  eE  +  fF     gD  +  hE  +  IcF     or  A", 

dG  +  eH+  fK    gG  +  hH  +  hK 

nd  comparing  them,  we  see  that  the  first  row  of  A"  is 
>rmed  from  the  first  row  of  A  and  all  the  rows  of  A',  the 
jcond  row  of  A"  from  the  second  row  of  A  and  all  the  rows 
f  A',  the  third  row  of  A"  from  the  third  row  of  A  and  all 
le  rows  of  A'.  Looking  closer,  we  observe  that  the  element 
f  the  first  row  and  first  column  of  A",  viz.  a  A  +  bB  +  cC,  is 
>rmed  by  multiplying  each  element  of  the  first  row  of  A  by 
le  corresponding  element  of  the  first  row  of  A',  and  adding 
ie  products  thus  formed,  that  the  element  of  the  first  row 
ad  second  column  of  A",  viz.  dA  +  eB  +fC,  is  formed  in  like 
lanner  from  the  first  row  of  A  and  the  second  row  of  A'; 
ad  that,  generally,  the  element  of  the  pth  row  and  qth  column 
f  A"  is  formed  in  this  manner  from  the  pth  row  of  A  and 
ie  qth  row  of  A'. 

Now  the  elements  of  A"  being  all  trinomial,  the  deter- 
dnant  may  be  partitioned  (§  29)  into  twenty-seven  deter- 
linants  having  all  their  elements  monomial.  Of  these, 
owever,  twenty-one  will  be  found  to  vanish  on  account  of 
ie  existence  in  them  of  identical  columns ;  thus, 

aA     dA     TcG  \A     A     G 


aD 

aG 


cW 

dG 


hF 
kK 


adlc  D 
G 


D 
G 


F 
K 


0 


*  In  using  capital  letters  here  no  reference  is  intended  to  the  notation  of  §  49. 
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Indeed  it  is  clear  that  in  forming  the  twenty-seven  deter 
minants  we  need  not  take  the  set  of  first  terms  in  the  firs 
column  of  A"  along  with  the  set  of  first  terms  in  either  c 
the  other  two  columns,  nor  the  set  of  second  terms  in  th 
first  column  along  with  the  set  of  second  terms  in  either  c 
the  other  two  columns,  nor  the  set  of  third  terms  in  th 
first  column  along  with  the  set  of  third  terms  in  either  c 
the  other  two  columns.  The  only  determinants  which  d 
not  vanish  will  therefore  be  composed  of  a  set  of  first  term 
taken  from  one  column,  a  set  of  second  terms  taken  fror 
another  column,  and  a  set  of  third  terms  taken  from  th 
remaining  column;  and  the  number  of  them  will  conse 
quently  be  the  number  of  permutations  of  the  number 
1,  2,  3,  that  is  6.  In  agreement  with  this  the  result  will  b 
found  to  be 


A"* 


aA  eB  kC 
aD  eE  kF 
aG  eH  kK 


+ 


+ 


=  aek 


ABC 
D  E  F 
G  H  K 


+  afh 


aA  fC  hB 
aD  fF  hE 
aG  jK  hH 

bB  fC  gA 
bE  fF  gD 
bHJKgG 

A  C  B 
D  F  E 
G  K  H 


+ 


+ 


+  bctt 


bB  dA  kC 
bE  dD  kF 
bH  dG  kK 

cG  dA  hB 
cF  dD  hE 
cK  dG  hH 

BAG 
E  D  F 
H  G  K\ 


+ 


cC  eB  gA 
cF  eE  gD 
cK  eH  gG 


+  l>fg 


B  G  A 
E  F  D 
H  K  G 


+  cdh 


GAB 
F  D  E 
K  G  H 


+  ceg 


G  B  A 
FED 
K  H  G 


ABC 
D  E  F 
G  H  K 


(aek  -  afh  -  bdk  +  bfg  +  cdh  -  ceg), 
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ABC 

a   b   c 

D  E  F 

d    e  f 

G  H  K 

g    h  k 

§  67.  If  two  determinants  A,  A'  of  the  same  order  be 
liven,  and  a  new  determinant  A"  be  formed  such  that  in 
\ivery  case  the  element  of  its  ~pth  row  and  q</l  column  is 
\Mained  by  multiplying  each  element  of  the  ipth  row  of 
iY  by  the  corresponding  element  of  the  <\th  row  of  A,  and 
tdding  the  products  thus  found,  then  A"  =  AA'. 

Let  the  two  determinants  A,  A'  be 


a, 


2  1  *    *    *         n 


bx     \    63 . . .  bn 


I 


•espectively. 


1,  h-.-k 


and 


ai    a2    as  •  •  •  ar 

A  A  A---A 


\     \    A3 . . .  Xn 


Observing  the  first  row  of  A  and  the  first  row  of  A',  we 
i;ee  that  the  element  of  the  first  row  and  first  column  of 
\"  will  be 

a1a1  +  a2a2  +  aza3+  ...  +anan. 

^.gain,  taking  the  second  row  of  A  and  as  before  the  first 
row  of  A',  we  obtain  the  element  of  the  second  row  and  first 
jolumn  of  A",  viz. 

^iai  +  ^2a2  +  ^3a3+  •••  +  bnan- 

Similarly  we  find  the  element  of  the  third  row  and  first 
olumn  of  A"  to  be 


cla1  +  c%a%  +  c%a3  +  . . .  +  cnan ; 
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and  so  on.     The  first  column  of  A"  is  thus 

(XjC^  +  ct2a2  +  &3a3  +  . . .  +  Cbn  an , 
b1a1  +  b2a2+  &3a3+  ...  +  bnan, 


and  is  therefore  so  constituted  that  if  the  plus  signs  and 
factors  taken  from  A  be  deleted  we  have  the  first  line  of 
A'  repeated  n  times,  and  if  the  plus  signs  and  factors  taken 
from  A'  be  deleted  we  have  in  order  all  the  lines  of  A. 
The  second  column  differs  from  this  only  in  having  ft  in 
place  of  a,  the  third  in  having  y,  and  so  on;  so  that 
A"  is 

^l  +  a2a2  +   •  '  '   +  an%0  U-yft-L  +   •  •  •   +  Clnft„,  ,  G^Xj  +   .  .  .   +  ar. 

61a1+62a2+  ...  +  &„«„,      b1ft1+  ...  +  b„ftni      ,     b1\+  ...  +  bri, 


l^  +  l2a2  +  . . .  +  lnan,      IJft^  +  - . .  +  Inftm       )      h\  +  •  •  •  +  t| 

Now  this  we  know  (§  29)  can  be  partitioned  into  nn  deter-  ; 
minants,  the  columns  of  each  of  which  are  got  by  taking 
from  each   of  the  columns  of   A"    a  set  of  terms  in   the  . 
same  vertical  line.     Of  these  determinants,  however,  those  • 
containing  two  columns  taken  from  corresponding  places  in 
the   columns   of    A"    may   be   neglected,   since,   when   the  I 
common  factor  of  the  elements  of  each  column  of  such  a 
determinant  is  separated  from  them,  the  determinant  must  j 
have  two  columns  identical,  and  therefore  be  equal  to  zero.jl 
Forming  a  specimen  of  the  remaining  determinants,  which  A 
are  thus  seen  to  be  n\  in  number,  we  choose  from  the  first  ji 
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column  of  A"  the  set  of  second  terms  say,  from  the  second 
column  the  set  of  fifth  terms,  from  the  third  column  the  set 
of  fourth  terms,  from  the  nth  column  the  set  of  first  terms, 
ind  similarly  a  set  from  each  of  the  other  columns,  the 
result  being  the  determinant 

a,2a2    a5ps    a4y4  ...  a±\ 
b2a,     b5P5      64y4  ...  \\ 

c2«2      CA      <Y/4  •••    Cl\ 


ha2  kPt  kVi 

^ow  this  is  equal  to 

a2P5y4 ...  \ 


IX 


a2 

«5 

«4      • 

.  ax 

\ 

K 

h  ■ 

..   6, 

e2 

0 

C4      • 

•  ci 

I 

h 

h      ■ 

■  h 

•f  which,  laying  aside  the  question  of  sign,  the  first  factor 
:2i85y4...A1  is  a  term  of  A'  and  the  other  factor  is  A. 
further,  since  the  number  of  inversions,  say  p,  in  the 
uffixes  of  the  first  factor  is  the  same  as  in  the  suffixes  of 
ach  row  of  the  second  factor,  and  since  every  transposition 
lade  with  a  pair  of  rows  in  the  second  factor  in  order  to 
et  rid  of  an  inversion  alters  the  sign  of  the  determinant,  if 
/e  wish  to  have  no  inversions,  that  is  to  say,  if  we  wish  to 
ubstitute  A  for  the  determinant  factor  in  question,  we  must 
refix  to  a2j85y4...X1  the  sign  (-l)p,  in  other  words,  its  own 
roper  sign  as  a  term  of  A'.  The  nl  determinants  whose 
lm  is  equal  to  A"  are  thus  seen  to  be  each  expressible  as 
1  le  product  of  two  factors,  one  factor  being  A  in  every  case, 
;ad  the  other  being  in  succession  all  the  terms  of  A'.    Hence 

G 
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A',  =  Ax2(±ali82y3...X?i) 
=  AxA'. 


Example  : 


4     2-1 

-1  3  -2 
2-11 
0     4-1 


-1+8+2-1,  2-2  +  3-2,     0  +  4-1  +  1,  3  +  0  +  4-1 

-3+0+2-4,  0-0  +  3-8,     0  +  0-1  +  4,  9  +  0  +  4-4 

0+8+2  +  1,  0-2  +  3  +  2,     0  +  4-1-1,  0  +  0  +  4  +  1 

-2  +  12  +  0  +  4,  4-3  +  0  +  8,     0  +  6-0-4,  6  +  0  +  0  +  4 

8     14     6 
-5139 
11    3     2     5 
14    9     2     10 


§  68.  Since  it  is  possible  to  alter,  in  accordance  witr. 
previously  established  theorems,  the  form  of  either  or  botl 
of  the  two  given  determinants  before  going  through  th( 
process  of  forming  the  determinant  which  is  to  be  then 
product,  it  is  clear  that  in  this  way  there  may  be  obtainec 
more  than  one  form  of  result.  Thus,  using  the  theorerc 
(§  24)  regarding  the  transformation  of  rows  into  columns 
we  have 


\Pi  +  cA  &i7i+ciy2 

cA+cA  ^ya+^yJ- 


Kci 

Avi 

K°, 

Ay, 

1 

= 

h    C2 

A  A 
yiya 

= 

w 

A% 

| 

■ 

1     Cl    C2 

A  y. 

"1 

W 

A  A 

Cl    C-2 

%  y. 

I 
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$  09.  The  form  of  the  result  in  the  case  in  which  the  two 
determinants  to  be  multiplied  are  identical  is  worthy  of 
notice,  each  of  the  elements  situated  on  one  side  of  the 
principal  diagonal  being  identical  with  that  similarly  sit- 
uated on  the  other  side.  Thus,  taking  l^fty^'2  as  an 
instance,  we  have 

«i  ft  %  r 

a,  ft  y2  | 

«3  ft  y3 

ai  +  ft 3  +  y{  >   «i  ai  +  ft  ft  +  yr/, .   «i  <*3  +  ft  ft  +  yr/:J 

c^Oj  +  ftft  +  y^,     a./  +  ft2   +  y/  ,    a2a3  +  ftft  +  y2y3 

«i  «3  +  ft  ft  +  YiVg ,    «2  a3  +  ft  ft  +  y2y3 ,      a32  +  ft2  +  y,J 

§  70.  If  one  of  the  two  determinants,  whose  product  in 
determinant  form  is  wished,  be  of  a  lower  order  than  the 
other,  we  can  raise  its  order  to  that  of  the  other  in  the 
manner  already  shown  (§  42),  and  then  proceed  as  before. 
As,  however,  this  preliminary  change  may  be  accomplished 
in  a  variety  of  ways,  there  thus  arises  an  increased  variety 
in  the  possible  forms  of  the  result.  For  example,  if  the 
product  wanted  be  that  of  \tt1b.,c.ddi\   and  l^ftl,  we  have 


a^b2c%d4 


ax  bx 

a2  b2 

%  \ 

a.  b. 


«ift 

c\ 
d2 
d3 
d. 


ax    ft    0  0 

a,    ft    0  0 
0      0     10 

0      0     0  1 

a1a1  +  61ft     a^  +  ^ft     cx  dx 

a.c^  +  ^ft     a2a2  +  62ft     c2  d2 

a/h  +  b'A       «3«2+&3ft       cz  ch 

a^  +  ^ft     a4a2  +  &4ft     c4  d4 


or 
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o&j    62    Cj    c^ 

ax    /3X    zx    0 

W2       &2       C2      C?2 

V 

a2    /32    22    0 

V  b3    c3   d3 

S\ 

0     0     10 

a4    b4    c4    d4 

^4       2/4        Z4        1 

a1a1  +  6^!  +  c1zv  axa2  +  bfi2  +  cxz%i 
a2a1  +  ftgft  +  cjsv  a2a2  +  b2/32  +  c2z2, 
«3a1  +  Z^ft  +  cszv     a3a2  +  b.fi2  +  c/tp 


cv     a^  +  b^  +  c^  +  i 

c2,     a2x4  +  b2y4  +  c2z4  +  d, 
c3,     a^  +  b^  +  c^  +  d. 


aia1  +  bJ31  +  cjs1,     a4a2  +  64/32  +  c4z2,     c4,     a4a4  +  %4  +  c/4  +  d 


§  71.  If  the  process  of  §  67  be  followed  to  find  the 
product  of  two  determinants,  one  or  both  of  which  contain 
one  or  more  zero  columns,  there  results  a  determinant  whose 
value  might  not  otherwise  readily  appear,  but  which,  from 
viewing  it  as  arising  in  the  manner  stated,  we  know  must 
equal  zero.     Thus  the  determinant 


=  0, 


axQL 

i  +  hiVi 

ai 

x2  + 

Kv* 

atx3  + 

hiVz 

^A  +  hVi 

a^+Ky* 

a^+\Vz 

a-^  +  KVi 

%X*  +  Ky* 

a&  +  b2y3 

since  (§  67)  it  is  equal  to 

ax     b1 

0 

xi 

2/i     \ 

a2     b2 

0 

X 

X2 

y*  \ 

a*     h 

0 

«3 

y*  \ 

. 

§  72.  If  there  be  two  sets  of  elements  both  consisting  of 
n  roivs  of  r  elements  (r  being  greater  than  n),  and  a  deter- 
minant be  formed  from  them  in  the  way  in  which  the 
product  of  two  determinants  is  formed,  then  this  deter- 
minant is  equal  to  the  sum  of  every  product  whose  first 
factor  is  a  determinant  obtained  by  taking  n  columns  of 
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the  first  set  of  elements,  and  ivhose  other  factor  is  the  deter- 
minant obtained  by  taking  the  corresponding  n  columns  of 
the  second  set. 

Let  the  two  sets  of  elements  be 


Cv^i        ^12    *  •  •  •  ^ln   "  *  *  *        1 

Ct'Ol  COfH)      •     •    •     •      CvOn      •     •     •     •       CvO 


and 


K 

61S .. 

..by,.. 

..&„ 

bn 

622 . . 

..6k... 

..K 

k. 

b„,  . . 

•  •  &,,» . . 

■■Kr, 

^nl      ^n2   •  •  •  •  ^im   •  •  •  •  &nr 

so  that  the  determinant  referred  to,  A  say,  is 

Oi^n  +  . . .  +  alrblr     anb2l  +  . . .  +  airb2r     ....     anbnl  +  . . .  +  a^rb,, 
a,21bn  +  . . .  +  a,2rblr    a21b21  +  . . .  +  a2rLr     ....     a21bnl  +  . . .  +  a2A 

Unlbn  +...  +  anrblr    a>mK  + . . ;  +  «nrkP     ....     «nl6nl  + . . .  +  «nA 

Fixing  upon  any  n  terms  of  the  first  element  of  A,  let  us 
delete  the  other  r  -n  terms  and  the  corresponding  r  -  n 
terms  in  all  the  other  elements,  and  call  the  resulting  deter- 
minant d1 :  again  fixing  upon  any  other  n  terms  of  the  first 
element  of  A,  let  us  proceed  in  the  same  way,  and  call  the 
resulting  determinant  d2 :  and  so  on.  For  example,  if  it  be 
the  last  r  -  n  terms  which  are  deleted  in  obtaining  9lf 

anbn  +  •  •  •  +  <hJ>m     «i  Ai  +  •  •  •  +  alnb2n     ....     anbnl  +  ...+  a,  A 
a21bn  +  . . .  +  a..^     ajbn  +  . . .  +  ajb^     ....     a21bnl  +  . . .  +  a2nb, 


anlbn  +  . . .  +  annbln    anlb.21  +  . . .  +  annb.2n     ....     anlbnl  +  ...  +  annbnn 

The  number  of  such  determinants  is  evidently  the  number 
of  combinations  of  r  things  taken  n  at  a  time,  i.e., 

r(r-  1) ...  (r-n  +  1) 
nl 
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Returning  to  A  we  see  that  as  each  element  consists  of 
r  terms  and  there  are  n  columns,  A  may  be  partitioned  into 
rn  determinants,  the  columns  of  each  of  which  are  got  by 
taking  from  each  of  the  columns  of  A  a  set  of  terms  in  the 
same  vertical  line.  Of  these  determinants,  however,  those 
which  do  not  vanish  are  in  number  only  the  number  of 
permutations  of  r  things  taken  n  at  a  time,  so  that  A  is 
equal  to  the  sum  of  r  (r  -  1) . ..  (r  -  n  +  1)  determinants  with 
monomial  elements. 

Now  each  of  these  monomial-element  determinants  is  part 
of  one  of  the  determinants  of  the  9  series,  viz.  that  one  in 
which  its  own  columns  occur  as  parts  of  columns.  For 
example,  |(<xu&n)  (aJb^)...{anJ)nJ)\  is  a  part  of  31?  being  one 
of  the  monomial-element  determinants  into  which  d1  can  be 
partitioned.  In  other  words,  the  monomial-element  deter- 
minant which  is  formed  by  taking  from  the  first  column  of 
A  the  set  of  xth  terms,  from  the  second  column  of  A  the  set 
of  yth  terms,  and  so  on,  is  part  of  that  member  of  the  d  series 
which  is  obtained  by  retaining  the  xth,  yih, . . .  terms  of  each 
element  of  A  and  deleting  the  rest.     Hence  A  is  a  part  of 

dj  +  d.2  + But  when   each  member   of  the   3   series   is 

partitioned  like  A  into  monomial-element  determinants,  the 
number  of  these  which  do  not  vanish  is  (p.  96)  n\  for  each 
case,  and  therefore  for  the  whole  series  is 

r(r-l)  ....(r-n+l) 
v\  x  , or     r(r  -  1) (r - n  +  1), 

— that  is  to  say,  exactly  the  number  of  non-evanescent 
monomial-element  determinants  into  which  A  can  be  par- 
titioned. 

.'.    A  =  di  +  d2  +  d3+ 

Now  (§  67)  31S  3o, are  each  the  product  of  two  deter- 
minants, viz.  that  member  of  the  d  series  which  is  obtained 
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by  retaining  the  xth,  yth, terms  of  each  element  of  A 

and  deleting  the  rest  is  the  product  of  the  two  determinants 

whose  columns  are  the  xth,  yth, columns  of  the  first  and 

second  given  set  of  elements  respectively.    Thus  the  theorem 
is  established. 

Example  : — Formed  from  the  two  sets  of  elements 


a 

b     c 

X 

V 

z 

a 

V    c', 

x' 

y' 

z 

the  determinant 

ax  +by  +cz      ax'  +  byl  +  cz" 
a'x  +  b'y  +  c'z      a'x'  +  b'y"  +  c'z" 


ax  +  by      ax'  +  by' 
a'x  +  b'y     a'x'  +  b'y' 


a     b 
a'    b' 


x     y 
x'    y" 


+ 

ax  +  cz 
a'x  +  c'z 

ax'  +cz' 
a'x'  +  c'z" 

+ 

by  +cz 
b'y  +  c'z 

by' 
b'y 

+  cz' 
'+cz' 

+ 

a     c 
a'    c' 

X 

X        Z 

x'     z' 

+ 

b      c 
V     c' 

X 

y    z 

y'     z 

1  ai +  &i 
1  a2  +  &2 

^i  +  2/i 
x.2  +  2/2 

+ 

1  «2  +  C-2 

Xi  +  Zi 

x.2  +  z% 

+ 

+  c. 

y-2  +  z2 

ax     Xi 

1  h     pt 

Ci        Zi 

a.2     x-2 

I  62 

>!., 

c2      z2 

J 

Although  here  the  determinant  with  trinomial  elements  is  expressed  as  the 
sum  of  three  determinants  with  binomial  elements,  it  must  be  noticed  that  this 
is  not  possible  in  the  case  of  every  determinant  with  trinomial  elements.  The 
general  theorem  in  fact  is 


ax  +  bl  +  cl     x1  +  y1  +  zx 
<h  +  b2  +  e  2     x2  +  y.2  +  22 


It  is  also  worthy  of  note  that  the  minors  of  the  determinant  product  of  §  07 
have  the  form  of  the  determinant  now  dealt  with  in  §  72. 


§  73.  Having  found  as  in  §  67  the  product  of  two  deter- 
minants, the  product  of  the  result  and  another  determinant 
may  be  similarly  found,  and  thus  we  see  generally  that 
the  'product  of  any  number  of  determinants  of  the  same 
or  different  orders  is  obtainable  as  a  determinant  of  the 
order  which  is  highest  among  the  factors. 
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Example  1.    Show  that 

a 
b 
c 

By  §  67  we  have 

/3      _„2, 


y2x 

yx2 

-xz 

b 

c 

d 

c 

d 

e 

d 

e 

f 

ax  +  by  bx  +  cy  ex  +  dy 
bx  +  cy  cx  +  dy  dx  +  ey 
ex  +  dy    dx  +  ey     ex  +fy 


-yx    yx"    -x° 
bed 


1 

0 

0 

0 

X 

y 

0 

0 

0 

X 

y 

0 

0 

0 

X 

V 

ys        0  0  0 

a  ax  +  by  bx  +  cy  ex  +  dy 

b  bx  +  cy  cx  +  dy  dx  +  ey 

c  cx  +  dy  dx  +  ey  ex+fy 

ax  +  by  bx  +  cy  cx  +  dy 
bx  +  cy  cx  +  dy  dx  +  ey 
ex  +  dy    dx+ey    ex  +fy 

whence  by  division  the  identity  is  established. 

Example  2.     Prove  that  if  the  expression 

ax2  +  by2  +  cz2  +  dxy  +  eyz  +fzx  +  gx  +  hy  +  kz  +  l 

be  the  product  of  two  linear  factors,   axx  +  ^y  +  yxz  +  &x  and   age  +  jS22/  +  y^z  +  &.2 
say,  then 


=  0. 


Multiplying  the  factors  together  and  comparing  the  result  with  the  given 
expression,  we  have 


2a 

d 

f 

9 

d 

2b 

e 

h 

f 

e 

2c 

k 

9 

h 

k 

2( 

a  =  ctj  ct2 , 

c  =  7i72> 

d  =  a1^.z+  ao(3lf 

e  =  &72  +  &71, 


/  =  <*i72  +  a27a , 
g  =  a16i+  a2Slf 
h  =  ft  &>  +  ft  ox , 
k  =  7i  o2  +  72^, 
I  =  6l  <52 . 


Hence 

2a  d  f 

d  2b  e 

f  e  2c 

(j  h  k 


ctiCU  +  ctoCi!  ctjft  +  a2ft  ai72  +  a27i  ax^2  +  a2<?i 

aift+a2ft  ftft  +  ftft  ft72  +  ft7i  /WftSi 

ai72  +  a27i  ft72  +  ft7i  7i72  +  727i  71^2  +  72^1 

a1d2  +  a.2S1  ft^  +  ft^i  7i02  +  72^i  d1fi3+  <Vi 
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2a 

d    f    9 

«i 

a2 

0 

0 

a2     ax 

0 

0 

d 
f 

2b    e     h 

e    2c    k 

" 

ft 
7i 

ft 

72 

0 
0 

0 

o 

X 

ft     ft 
72     7i 

0 
0 

0 
0 

(§""67 

9 

h     k    21 

s, 

d3 

0 

0 

§2        ^1 

0 

0 

5 

=  0. 

Not  only  does  this  determinant  (known  as  the  discriminant  of  ax2  +  by2  +  cz* 
+  dxy  +  eyz  +fzx  +gx  +  hy  +  kz  +  l)  itself  vanish  in  the  circumstances  mentioned,  but 
so  also  do  all  its  principal  minors.  Thus,  taking  the  minor  obtained  by  deleting 
the  second  row  and  third  column,  we  find 


2a  d  g 
f  t  k 
g      h    21 


a,     a2     0 

7i     72     0 
Sj     d,    0 


a2     cij     0 

ft    ft     0 
52     5,    0 


~0; 


:ho  first  factor  here  being  obtainable  from  the  first  factor  above  by  deleting  the 
tecond  row  and  fourth  column,  and  the  second  factor  from  the  second  factor 
ibove  by  deleting  the  third  row  and  fourth  column. 

Example  3.     Show  that  if  in 

ax2  +  by2  +  cz-  +  dxy  +  eyz  +fzx  +  gx  +  hy  +  kz  + 1 
we  put 

x  -  axX  +  $xY  +  yxZy 
y  =  a2X  +  p2Y+y2Z, 
z  «=  azX  +  (32Y+y3Z, 

irrange  the  result  with  regard  to  X,  Y,  Z  as  the  given  expression  is  arranged 

with  regard  to  x,  y,  z,  and  denote  the  coefficients  in  order  by  A,  B,  C,  , 

;hen 

2A 
D 
F 
G 

Making  the  substitutions  and  arranging,  we  find 

A  =  aax°  +  ba22  +  ca32  +  da^  +  ect2a3  +  fax  a3 , 
B  =  a/3,2  +  6jg22  +  c/332  +  d^2  +  e^s  +  //3iAj  ^ 

C  -  ay{-  +  by?  +  cy£  +  dyxy2  +  ey2y3  +fyxy3 , 

D  =  2aa1/31  +  26a2/32  +  2ca3/33  +  dcu,[3x  +  dax/3.2  +  ea3/32  +  ea2(33  +fa3j3x  +/a1/33 , 
E  =  2a/3l7l  +  2bp,y2  +  2f/3373  +  d/327l  +  d/3xy2  +  e/S872  +  e$2yz  +fpzy1  +//3l73 , 
F  =  2a7x  ax  +  2&72  a3  +  2c73  a8  +  dy2  ax  +  a^  a2  +  e73a2  +  C72  a3  +/73  a!  +/71  a8 . 


D 

F 

G 

2B 

E 

H 

E 

2(7 

K 

H 

E 

2L 

ft       7! 

2 

ft       72 

ft     78 

2a 

d 

f      9 

d 

26 

e      h 

/ 

e 

2c     k 

0 

A 

k     21 

• 

G 

=  gax  +  ha2  +  ka3 , 

# 

=  gpi  +  hp2  +  hps, 

K 

=  97i  +  h 

V2  +  ^73> 
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Now 


a2 


ft 

Yi 

2 

ft 

72 

ft 

73 

ax 

a2 

as 

0 

ft 

ft 

ft 

0 

7i 

72 

73 

0 

0 

0 

0 

1 

d 

2b 
e 
h 


2c 
k 


-  Kft7sl 


grax  +  7i<x2  +  ka3 
gPi  +  hpz  +  hpa 


2a  d 

d  2b 

f  e 

g  h 

2aa1  +  da2+fa3 

2a/31  +  ^ft+/ft 
2ayx  +  dy2  +fys 

9 

G 
H 
K 
2L 

if  in  multiplying  we  use  |ctifty3|  again  in  its  altered  form. 

It  is  also  apparent  from  this  that  the  complementary  minors  of  2L  and  2 
are  connected  in  the  same  way  by  the  multiplier  |  aj  p.2y3  p. 


do.x  +  2ba2  +  ea3  fax  +  ea2  +  2ca3 

dp!  +  26ft  +  eft  /ft  +  ep,  +  2cft 

dy1  +  2by2+ey3  fyi  +  ey2  +  2cy3     gyi  +  hy2  +  ky3 
h  k  21 


2A 

D 

F 

D 

2B 

E 

F 

E 

2C 

G 

H 

K 

Exercises.    Set  XII. 

Perform  the  following  multiplications,  giving  the  results  as  determinants 


X 

y 

1 

xx 

Vi 

1 

laical. 

X-i 

y-i 

1 

1 

a 

«2 

a2    -a 

1 

b 

62 

b°    -b 

1 

c 

c2 

c2    -c 

2. 


a 

b      0 

0 

a      b 

c 

0      d 

c      0      d 

0 

e      / 

e      /      0 

• 

a  +  b 

c       c 

a  +  b  +  ^c    -\a        -  \b 

a 

b  +  c    a 

~\c     b  +  c  +  \a    -\b 

b 

b     c-i 

•a 

~hc 

-\a    c  +  a  +  \b 

5.  By  changing  x"  +  y2,  y2  +  z",  z2  +  x"  into  determinant  form  and  multiplying 
find  an  expression  for  their  product  as  the  sum  of  two  squares. 

6.  Find  the  product  of 


a 

a 

a 

a 

-1 

1 

0 

0 

a 

b 

b 

b 

and 

0 

-1 

1 

0 

a 

b 

c 

c 

0 

0 

-1 

1 

a 

b 

c 

d 

1 

1 

1 

-1 

and  thence  resolve  the  former  determinant  into  simple  factors. 
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7.  Prove  the  identity  of  Ex.  14,  Set  VIII. ,  by  using 

!  1    -1      1 

11-1 

-1      1      1 

»  a  multiplier.     "Write  down  the  corresponding  multiplier  in  the  case  of  Ex.  l.r>, 
it  VIII. 

Give  the  quotients  in  the  following  cases  as  determinants  : — 


3a2  /32  +  /3a  +  a2    y-  +  ya  +  a2 

/32  +  /3a  +  a2  3/32  y"  +  y(3  +  /32 


9. 


72  +  7a  +  a2    72  +  7/3  +  /32 

x-  +  y     2xy     x  +  y-     t 
x  +  y-  y  +  x2     2xy 


372 


1  a  a2 
1  P  /32 
1     7     72 


2/ 

0 

0 

X 

a; 

y 

10.  Use  the  multiplication  theorem  to  find  the  simple  factors  of  the  deter- 
inant  of  Ex.  24,  Set  VII. 


11.  Find  the  product  of 

a  +  b  V-l         -c  +  d  V-l 
c  +  d  V-l  a-b  V-l 


and 


a  +  /3\/-l        -7  +  <5\/-l 
7+  oV-\  a-/3\/-l 

id  thence  show  how  the  product  of  two  sums  of  four  squares  is  itself  expressible 
i  a  sum  of  four  squares. 


12.  Show  that 

a  +  b  +  c)  a      b 

c 

la2 

6s 

c2 

a 

6 

c 

fl& 

be 

ca 

a 

6 

c 

1  b      c 

a 

=    b 

c 

a 

+ 

62 

c2 

a" 

+ 

6 

c 

a 

+ 

ab 

&c 

ca 

il      1 

1 

11 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

13.  Show  that  the  identity  of  Ex.  12,  Set  VII.,  follows  from  finding  the 
roduct  of 

0  0     fc, 

1  0  k.2 
0  0  1  A-3 
0     0  0      1 


«I 

h 

<"l 

1 

1 

a2 

b.2 

Co 

1 

0 

a3 

h 

c3 

1 

0 

1 

1 

1 

0 

» 

0 

1  0 
0  1 
0     0 


0      0 
0      0 


1 

h 


14.  Find  the  expansion  of 

a-X     h 


0 


h    b-X    f 

g     f    c-\ 


a  +  X  h  g 
h  b  +  X  f 
9      f     c  +  X 
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according  to  descending  powers  of  X,  showing  that  the  coefficients  are  alternate! 
negative  and  positive. 


15.  Find  the  product  of 

ax    a2    a3    0 


0       dx      a2     a3 
0       &!      b2      b3 

&i     b2    h     0 


and 


&2 

h 

0    0 

&3 

0 

0    0 

-a3 

0 

-1   0 

-a2  -a3    0   -1 
and  thence  show  that  the  former  determinant  is  equal  to 


ax  bo 
ax  b3 


ax  63 
a2  63 


Resolve  into  determinant  factors- 


16. 


a2  +  be  ab  bd 
ac  be  +  de  df 
ce        ef     de+f2 


17. 


al  bxXx  +  Cxyx  bxX2  +  Cxy2 
a2  b2xx  +  c2yx  b2x2  +  c2y2 
a3    b3xx  +  c3yx    b3x.2  +  csy.2 


18. 


axx  +  czx 

ax2  +  by2  +  ez2 

by 3  +  cz3 


0 

dy2 
dy* 


19.  Prove  that 


#1    2/i    *r  +  Pi 
x2    y2    x.f  +  y.22 

*z    2/3    x£  +  2/s2 

2,    „2 


*4      2/4      <«4    +  Vi 

0  (^i-»2)2  +  (2/i-2/2)2  (^i-^)2  +  (2/i-.%)2  («i-^)2  +  (2/i-2/4)2 

(^i-^2)2  +  (t/i-2/2)2  0  (^-^)2  +  (2/2-2/3)2  fe-^)2  +  (2/2-2/4)2 

(x1-x3)~+(y1-y3)2  {x.2-x3Y  +  {y2-y3y                  0  (a?3  -  x4)2  +  (7/3  -  y4)2 

(vi-ZiY+hh-Vi)*-  {x2-xi)-+{y2~yi)2  [x3-xi)"-  +  {y3-yi)2                 0 

20.  Prove,  as  in  Ex.  15,  that 

«1     «2     «3     «4      0      0 

0  ax  a2  az  ai  0 

0  0  ax  o2  a3  «4 

0  0  &,  62  63  64 

0  &!  63  63  64  0 

&j  &3  63  64  0  0 


l«l   &2I 

\<h  h\ 

\<h  *>i 

1%  &sl 

\ax  &4I  +  I«2  &8I 

\a2  64 

l«i  &4I 

l«2    bi\ 

\<h  bi 
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21.  Prove,  in  the  same  way,  that 

ax    a2  as  a4  0 

0     a-i  a2  as  a4 

0     0  6,  b,  b3 

0     6X  b,  b3  0 

by     b,2  b3  0  0 

(-a4)  = 


■|ai&2l 
-a46x 


[ a,  b3\  - a4  6j 

a4  bl  +  \a2b3\    - a4 62 

-  a4  62  -  a4  63 


«i  62  ai  ^3 

al  b-2      \  CL\  b3 1  +  a2  &2     a2  ^3  ~~  a4  &i 

ax  b3     a2  bs  -  a4  64    a3  63  -  a4  62 


22.  Show  that  the  proposition  of  §  53  may  be  established  by  using  the  multipli- 
ition  theorem. 


23.  Find  the  quotient  of 

{s-di)"    «!2        ax-      af 

a22     (s-a2)2    a2      ci22 

a32        a3-    {s  -  a3)2 a32 


a2    s-a2    a2 
a3      a3    s~a3 


ax 
a2 
a3 


Clu        &n        &n      S  —  dn 


a»a       an2       an2     (s-a„)2 

here  s  =  ax  +  a2  + ....  +  an . 

24.  Prove  that 

0  a2(ai/3  +  aft)  -  2j32aa1  a2(a17  +  a7l)  -  272aa! 

ftGSa!  +  fta)  -  2a2/3/34  0  &(/3l7  +  /37l)  -  272/3ft 

72(7la  +  7ax)  -  2a277l  72(7l/3  +  7ft)  -  2&7; ,  0 

0  aft*h  +  «  i)Sl7  -  2ajj87l  a/32  -  2  +  ?2/32  7  -  2a2/3->  2 

a^ .  +  a/3  yx  -  2a/3!  7  0  a^  ■;  2  +  a2|S2-yi  -  2a2/3j  ■)  2 

2j3  y  +  a/372  -  2a£2  y  agffl7i  +  a1/3172  ~  Sa^ ;  x  0 


Establish  the  three  following  identities : — 

25.    a+b+c+\d         -  £a  -  hb 

-\d         b  +  c  +  d  +  \a         -\b 
-\d  -\a 

-ha 


\d 


-¥ 

-¥ 

c  +  d  +  a  +  \b        -^c 
-hb        d  +  a  +  b  +  hc 


=  h{a  +  b  +  c  +  d)\ 


26. 


(a  +  b  +  c)2        d2     ■         d-  d2 

a2        {b  +  c  +  df        a2  a2 

b'2  b-         (c  +  d  +  a)2       b2 

c2  c2  c2        {d  +  a  +  b)- 


=  2{a  +  b  +  c  +  dyZa2bc 
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27.      3d      s  +  d  s  +  d  s  +  d 

s  +  a       3a  s  +  a  s  +  a 

s  +  b     s  +  b  3b  s  +  b 

s  +  c     s  +  c  s  +  c  3c 

if  s^a  +  b  +  c  +  d. 


§  74.  If,  in  a  determinant  of  the  nth  order  the  mino 
formed  of  the  elements  common  to  the  first  m  rows  and  tit 
first  m  columns  be  multiplied  by  its  complementary,  tit 
product  gives  m!  (n  -  m)!  terms  of  the  original  determinan 

Let  the  determinant  be 


or    D,  sa} 


m+l 


■'m+2 


where  no  elements  are  represented  unless  a  few  of  those  ii 
the  two  minors  referred  to,  and  denote  the  minor 


Ittj&a- 


■L\    by    Dl 


and  its  complementary 

\Pm+iqm+2 ®n\  by  a- 

If  any  term  of  1^  be  taken  and  any  term  of  \,  the  producl 
of  the  two  terms  must  contain  one  and  only  one  elcmeni 
from  each  row  of  D,  and  one  and  only  one  element  fron 
each  column,  and  must  therefore,  setting  aside  the  questioi: 
of  sign,  be  a  term  of  D. 
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Further,  suppose  that  the  numbers  whose  inversions  of 
order  fix  the  sign  of  the  term  taken  from  v\  are 

f3,  S,  y,   ...,  k, 

jhe  number  of  the  said  inversions  being  r;  and  suppose 
:hat  the  corresponding  numbers  in  the  case  of  the  term 
:aken  from  )\  are 

;he  number  of  inversions  being  s.  Then  the  sign-factor  of 
,he  product  of  the  two  terms  would  be 

(-1)'  x  ("I)'- 

But  the  series  of  numbers  for  fixing  the  sign  of  it  viewed  as 
b  term  of  1)  would  be 

/3,  S,  y,  ...,  k,  m  +  f  m  +  7r,  m  +  p,  ...,  m  +  r; 

md  as  each  of  the  numbers  m  +  g,  m  +  7r,  ...,  m  +  r  is 
greater  than  any  one  of  the  numbers  /3,  o,  ...,  k,  and  the 
lumber  of  inversions  in  m  +  £  ??i  +  7r,  ...,  m  +  r  is  the 
ame  as  in  A  7r,  ...,  r,  the  total  number  of  inversions  in  the 
eries  must  therefore  be  r  +  s.  Consequently  the  sign-factor 
>f  the  product  viewed  as  a  term  of  D  would  be 


+  .s- 


(-1)' 

vhich,  as  we  have  just  seen,  is  the  sign  it  actually  bears. 

Thus  the  product  of  any  term  of  n\  and  any  term  of  )\  is 
i,  term  of  D ;  therefore  if  w\  which  consists  of  ml  terms  be 

ultiplied  by  ?^  which  consists  of  (n-m)\  terms,  there  will 
esult  m!  (n-m)l  terms  of  D. 

§  75.  If,  in  a  determinant  of  the  nth  order,  the  minor 
'ormed  of  the  elements  common  to  m  tows,  viz.  the  hth,  kth, 
,  and  m  columns,  viz.  the  rth,  s*A,  \xth, ,  be  multi- 
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plied  by  its  complementary,  the  product  taken  with  the  sign 
(-l)h+k+1+-+r+s+u+-  gives  mi  (n_m)!   terms  of  the   original 

determinant. 

Let  the  determinant  be  D,  the  minor  ill,  and  its  comple- 
mentary t\. 

Making  the  hth  row  pass  over  the  h  - 1  rows  which  precede 
it,  then  the  kth  row  over  Jc-2  preceding  rows,  then  the 
Ith  row  over  1-3   preceding  rows,  and  so  on,  we  have  a 
determinant  D'  whose  first  m  rows  are  the  hth,  kth,  Ith,  . . . 
of  D,  and  such  that 

D'  =  (-l)*-l+*-2+I-^xD. 

AgaiD,  by  treating  the  rth,  sth,  uth, columns  of  this  deter 

minant  in  like  fashion,  we  obtain  a  third  determinant  D". 
whose  first  m  rows  and  first  m  columns  are  the  m  rows  and 
■in  columns  of  D  out  of  which  ii\  is  formed,  and  such  that 


or 


Z)"=(-l)*-1+*-2+r-3+-x(-l) 

—  /     ]\»+»-H+»..+r+«+u+...  x  £) 


r-l+s— 2+u— 3+. 


D, 


since  -1-2-3-.. .-1-2-3-...  is  even.  Now  (§  74) 
the  product  Hi  x  n^  gives  ml(n  —  m)\  terms  of  D";  therefore, 
taken  with  the  sign-factor  (_i)*+*+i+...+r+,+«+...   it  wju  give 

m!  (n-m)\  terms  of  D. 

Example.     Taking  the  first,  second,  fifth  rows,  and  the  third,  fcrarth,  fifth 
columns  of 

d\    a<y    a3    ai    a5 
h     h     h     h     h 

C\       C<l      C3      Ci       C5 

dx    do    ds    c?4    d-0 

ex     e.2     e3     e4     €i  1  5 
we  hare  the  minor 


(h 

t'i 

«5 

h 

h 

h 

£3 

c* 

es 
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whose  complementary  is 

|  ct     c, 

I  d\    d2 

hence  (_i)1+2+5+3+4H  5  |«3&4e5 1  |d^2|  gives  3!  2!  terms  of  KMs^sl-  Similarly. 
\c1d.2ei\  [(1465!  and  -j 62^3 ^5 1  lai^l  each  give  twelve  terms:  and,  as  we  already 
know  (§  46),  -b3\aiC2die5\  and  e^a^b^Cid^  each  give  twenty-four. 

§  76.  The  proposition  of  §  75  is  equivalent  to  the  statement  that  the  co-factor 
of  a  minor  of  a  determinant  is  the  complementary  minor,  the  sign  to  be  taken 
with  the  product  being  +  or  -  according  as  the  sum  of  the  numbers  indicating 
the  deleted  rows  and  columns  is  even  or  odd.  As  however  the  sign  of  the 
product  of  the  two  minors  must  be  the  same  as  the  sign  of  the  product  of  their 
principal  terms,  it  is  evident  that  we  have  another  and  perhaps  easier  mode  of 
fixing  it,  viz.  by  determining  the  sign  of  the  latter  product  as  a  term  of  the 
original  determinant.  Thus,  taking  the  first  example  above,  the  sign  to  be 
prefixed  to  |a364e5|  \c\dz\  is  the  sign  of  a3&4  65(^2  or  <f'3bic1d2e5  as  a  term  of 
\(h^'2c3^ie5\j  an(l  therefore  (§  14)  is  (-1)4. 

§  77.  If  any  m  rows  of  a  determinant  be  selected  and 
every  possible  minor  of  the  m^  order  be  formed  from  them, 
and  if  each  be  multiplied  by  its  complementary  and  the 
sign  +  or  -  be  affixed  to  the  product  according  as  the  sum 
of  the  numbers  indicating  the  roivs  and  columns  from 
which  the  minor  is  formed  be  even  or  odd,  the  aggregate  of 
the  products  thus  obtained  is  equal  to  the  original  deter- 
minant. 

Let  the  given  determinant,  D  say,  be  of  the  nth  order, 
and  let  the  m  selected  rows  be 

ax    a2    a3  . . . .  am  ....  an 
dx    d2    d3  ....  dm  ....  d„ 


Sl       S2       s2   ....    Sm Sh 


rp  rp  rp  rp 

(A/,  t'*-',-)  fc^o      •  •  •  •      tAs  * 


3-  , 


The  number  of  different  minors  of  the  mth  order  that  can 
be  formed  from  these  rows  is  clearly  the  number  of  sets  of 
m  columns  that  can  be  formed  out  of  n,  and  therefore  is 

H 
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nl 


m!  (n  -  m)! 


Now  (§  75)  the  product  of  each  of  these  minors  and  its 
complementary  gives,  when  its  sign  is  fixed  in  the  manner 
stated,  m\(n-m)\  terms  of  D.  Using  all  the  different 
minors,  therefore,  we  obtain 


ml  (n  -  m) !  x 


nl 


m\(n-m)\ 

different  terms  of  D,  i.e.  the  full  expansion 

Examples  : — Taking  the  first  two  rows  of 

a~i    a2    as  a4 

h     h     h,  hi 

c,     c,     C3  Ci 

d\    d-2,    d3  d± 

we  have  in  all  six  minors,  viz. 


or     nl 


«1 

a. 2 

<H 

<h\ 

('i 

a4  1 

a,2 

«3 

1  a2 

a4 

as 

«4 

k 

h 

> 

h 

h  i  , 

h 

h      , 

bo 

h 

,   k 

h 

3 

h 

hU 

hence 


=    I  a  A I  [c-A  |  -  |  axbs  ]  [  c2e74 1  +  [  ax&4 1 1  c2d3  \  +  \  a,b&  i  |  d«?4  |  -  [  a2&4 1 1  c^  \ 
+  |a364|  |cidal- 


By  selecting  any  other  pair  of  rows  except  the  last  pair  or  any  pair  of  columns 
we  should  obtain  a  like  development :  by  selecting  one  row  or  three  the  develop- 
ment is  that  of  §  46. 

Similarly,  we  find 

\aJb&&ies\  =    |oi&2c3|  tf4e5;  -  laAftl  l^sl  +  l«A<fcl  i^4|+  |oi&aI  fel  -  l^rVs!  I4a| 
+  | ^6^5 1  i^2e3|  -  |  a,bad j  1^1+  jo2^f5:  |<^64|  -  |a2&4c5i  Kc8|  -  I03V5!  !<^i«a  • 


§  78.  If  any  m  roivs  of  a  determinant  be  selected,  and 
every  possible  minor  of  the  mth  order  be  formed  from  them, 
and  if  each  minor  be  multiplied  by  the  complementary  of 
the  corresponding  minor  formed  from  other  m  rows,  and 
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the  sign  +  or  -  be  affixed  to  the  'product  according  as  tin1 
sum  of  the  numbers  indicating  the  rows  and  columns  front 
which  the  complementary  is  formed  be  even  or  odd,  the 
aggregate  of  the  products  thus  obtained  is  equal  to  zero. 

Let  \aln\  be  the  determinant,  then  the  aggregate  of  pro- 
ducts referred  to  is  equal  (§  77)  to  a  determinant  of  the  nth 
order  having  for  m  of  its  rows  the  rn  rows  from  which  the 
first  factors  are  found,  and  for  its  other  rows  the  n  -  rn  rows 
from  which  the  second  factors  are  found.  But  the  rows  of 
the  latter  set  cannot  be  all  different  from  those  of  the 
former ;  for,  if  from  n  things  a  set  of  rn  be  taken,  and  from 
the  same  n  things  another  set  of  rn,  the  n  -  rn  left  the 
second  time  must  include  one  or  more  of  those  taken  the 
first  time.  Hence  (§  27)  the  aggregate  of  products  is  equal 
to  zero. 

Example.     Taking  the  first  and  second  rows  of  [  <xx  62 f- cZ4 1 ,  we  have  the  minors 
|ai&al,       \aLb3\,      [aAl,       \a,b3\,      {(hhl,       \<hh\', 

and  the  corresponding  minors  formed  from  other  two  rows,  the  second  and 
third,  being 

IV-2I,  l&iCsl,  IV--4  ,  [Mali  \hci\,  I&3C4J, 
we  have  as  their  complernentaries 

losdJ,  'a.2di  ,  <>,<!■  ,  \otdil,  e^dgj,  a^l,  : 
then 

\<hh\\&$di\-\<hbz\\<hdi\  +  \<hbi  <h<h  +  l«a&3  f'i'-h  -  a-iW  .aid-s,  +  a-Jn  <h.d-2  ~  °> 
being,  in  fact,  equal  to 

The  theorem  here  exemplified  is  seen  to  include  that  of  §  52,  as  the  theorem  of 
$77  includes  that  of  §  46. 

§  79.  If  in  any  determinant  of  the  nth  order  there  be  m 
roivs  all  having  in  the  same  places  n  -  m  zero-elements,  the 
determinant  is  expressible  as  the  product  of  two   of  its 
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minors,  viz.  the  minor,  whose  elements  are  the  remaining 
elements  of  the  m  rows,  and  its  complementary;  the  sign  of 
the  product  being  +  or  -  according  as  the  sum  of  the 
numbers  indicating  the  rows  and  columns  from  which  the 
minor  is  formed  be  even  or  odd. 

Seeking  to  find  a  development  of  the  determinant  as  an 
aggregate  of  products  of  complementary  minors  (§  77),  we  see 
that  there  are  in  the  m  rows  only  m  vertical  lines  of  non- 
zero elements,  and  that  consequently  there  can  be  formed 
only  one  non-zero  minor  of  the  mth  order.  The  products 
therefore  all  vanish  except  that  arising  from  this  minor  and 
its  complementary. 


Example  ; 


«1 

a2 

a3 

a4 

«s 

1 

h 

0 

h 

0 

h 

Cl 

0 

C-i 

0 

Co 

= 

<h 

d. 

do 

d± 

ds 

Cl 

0 

e-i 

0 

e-3 

«i 

a2 

«3 

a4 

«5 

<h 

d2 

d3 

di 

d5 

h 

0 

h 

0 

h 

=- 

Cl 

0 

C3 

0 

Cs 

ex 

0 

e3 

0 

e5 

a2  a±  Oi  as  a5 

Ct%  &>±  &1  Ct%  (JLq 

o  o  bx  b,  b-a 

0  0  ct  c3  c5 

0  0  tx  eo  e5 


bx    bz    bs 

a2    a4 

Cl       C3       Co 

d2    di 

ei    eo    e5 

§  80.  If,  in  any  determinant  of  the  nth  order,  there  be 
m  roivs  all  having  in  the  same  places  more  than  n-m 
zero-elements,  the  determinant  vanishes. 


§  81.  In  like  manner  we  see  that,  conversely,  the  product 
of  tivo  determinants  of  the  rth  and  8th  orders  may  be 
expressed  as  a  determinant  of  the  (r  +  s)t/l  order  whose 
elements  are  (1)  the  r2  +  s2  elements  of  the  two  determinants, 
so  placed  that  the  said  determinants  may  be  complementary 
minors  of  the  new  determinant,  and  that  the  sum  of  the 
numbers  of  the  rows  and  columns  they  occupy  may  be  even, 
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(2)  rs  zeros  completing  the  rows  in  which  the  elements  of  one 
of  these  minors  stand,  and  (3)  any  rs  finite  elements  what- 
ever for  the  remaining  places.     Thus 


c' 


a2 


ai 

a2 

«! 

ft>o 

«1 

0 

o,    0 

x1 

x2  | 

h 

K 

ft>3 

ft)4 

Tl 

*1 

7T0       ti-'o 

Vi 

y%  \ 

0 

0 

x1 

^2 

*i 

0 

62    0 

0 

0 

2/i 

% 

» 

^3 

2/l 

^  v. 

— 

Example.     Prove  that 

hxmx  kxxx  hxnx  kyZi 

h.2mx  k.2xx  h-ini  lhPx 

Pim-2  £1*2  Pi>h  QiZ-2 

p.2m2  q.2x.2  p.2n2  q2z.2 

From  the  preceding  we  have 


1*1 

*ii 

Pi 

Qi  1 

1  mi   ni  1 

%i 

Z\  | 

k 

k-2  \ 

Pi 

?2 

\  m2  nJ 

x.2 

Zo  \ 

hx    kx 

ll^      K-2 


Pi     Qi 

Pi       <l2 


hx    kx     0     0 

h,    k,     0     0 
0      0    px    qx 

and 

1  mi    ni 
1  nu2    n2 

xi     zi 
x%     z.2  I 

o    o   p-2  q-2 

0    nu    0 


0  xx  0 
»i  0  n2 
0     0,     0 


flj2 1 

o  I 


whence  by  multiplication  (§  67)  the  desired  result  is  at  once  obtained. 


§  82.  The  two  different  modes  which  have  thus  been, 
found  for  expressing  the  product  of  two  determinants  as  a 
determinant  suggest  the  possibility  of  deriving  the  result 
obtained  in  the  one  case  (§  67)  from  that  obtained  in  the 
other  (§  81).  This  can  really  be  done,  and  the  process  of 
transformation  is  sufficiently  instructive  to  merit  attention. 
Taking  the  particular  case  (§  66)  in  which  the  two  deter- 
minants to  be  multiplied  are  of  the  third  order,  viz. 

I-A^CJ   or  A  and   \a1b.2ci\  or  A', 

we  have  (§81) 
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AA 


h 

\ 

cl 

-1 

0 

0 

l2 

K 

C2 

0 

-1 

0 

h 

h 

Cs 

0 

0 

-1 

0 

0 

0 

A 

A2 

A 

0 

0 

0 

A 

B2 

A 

0 

0 

0 

o, 

c* 

C* 

where  there  is  specially  to  be  noticed  the  nine  particular 
elements  chosen  for  the  places  which  may  be  filled  by  any 
nine  finite  elements  whatever.  Then,  increasing  each  element 
of  the  first  column  by  ax  times  the  corresponding  element  of 
the  fourth  column,  a2  times  the  corresponding  element  of 
the  fifth  column,  and  «3  times  the  corresponding  element 
of  the  sixth  column,  and  increasing  each  element  of  the 
second  column  and  each  element  of  the  third  column  in  a 
similar  fashion,  but  with  the  multipliers  bx,  62,  b3  in  the  one 
case,  and  cx,  c2,  c3  in  the  other,  the  product  takes  the  form 


0 
0 
0 


0 

-1    0 

0 

0    -1 

0 

0     0   - 

a^  +  ^A^  +  a^  bxAx  +  b2A2  +  b.iA^  c1A1  +  c2A5  +  csA3  Ax  A2  u 
a^+a^  +  a.^  \B^  +  b&  +  \Bz  cxBx+ c2B2  +  c3Bs  Bx  B2  J 
a^  +  a^  +  a^G,   \Cx  +  b%C%  +  b%C%    cxCx  +  cJJt  +  ctC%    G1   C2  ( 


Hence  (§  77)  it  is  equal  to 

axAx  +  a2A2  +  a.AAz    bxAx  +  b2A2  +  b3A3  cxAx  +  c2A2  +  c3A, 

axBx  +  a2B2  +  azB3    bxBx  +  \Bi+  63£3  cxBx  +  c2B2  +  ca# 

axCx  +  a2C2  +  a3C.i    bx Cx  +  b2 C2  +  63 03  cxCx+ c2C2+ c3C, 


-1 

0   ' 

0 

-1  ' 

0 

0 

which  becomes  at  once  the  result  of  §  66. 
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§  83.  In  §  67  the  product  of  two  determinants  of  the 
nth  order  is  given  as  a  determinant  of  the  nth  order;  in  §  81 
it  is  given  as  a  determinant  of  the  2nth  order.  We  can, 
however,  further  express  it  as  a  determinant  of  each  of  the 
intermediate  orders,  so  that  the  forms  of  §§  67,  81  may  be 
viewed  as  the  extremes  of  a  series.     Thus  we  have,  firstly, 


lA^AI  \aM\  = 


secondly,  we  have 


\ABAWaM\  = 


C&j 

\ 

cl 

0 

0 

0 

a2 

\ 

G2 

0 

0 

0 

«3 

\ 

C3 

0 

0 

0 

/ 

0 

0 

0 

K 

A2 

A 

0 

0 

0 

A 

B2 

£3 

0 

0 

0 

o1 

c* 

c* 

) 

\ 

cl 

-1 

0 

0 

a2 

h. 

C2 

0 

0 

0 

a3 

h 

C3 

0 

0 

0 

0 

0 

0 

A 

A2 

A 

0 

0 

0 

A 

B.2 

£3 

0 

0 

0 

<K 

v* 

^3 

> 

0 

0 

0 

-1 

0 

0 

a2 

h 

% 

0 

0 

0 

«3 

h 

C3 

0 

0 

0 

atA 

1 

M, 

Mi 

A 

A 

2  A 

axB 

1 

&A 

«A 

*i 

1 

h    B> 

axC 

hA 

cA 

c\ 

c 

\    G-s 

j 

a2 

K 

C2 

0 

0 

«3 

\ 

Cz 

0 

0 

axA 

1 

Mi 

Mi 

A 

A 

, 

'  axL 

1 
1 

\BX 

«A 

B2 

£3 

"i  Ci 

b1G1 

cA 

c2 

^3 

J 

•(1) 


(2) 
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thirdly,  we  have 


4  Aft  | 


\aAcs 


o 

0 


ax 
a2 

a3 

0 
0 
0 

0 
0 
b. 


b9     0, 


0 
0 
0 


-1 

0 
0 

A 

ft 

0 
0 


0 

-1 

0 

42 

B2 

a. 


o 
o 

0 

ft 

-1 

0 
0 


0 

-1 

0 


C&  +  C& 


A 


a1  B1  +  a,  B2  bx  Bx  +  b2  B, 

o^Cj  +  ajft  ^ft  +  ^ft  ^ft  +  Ogft     ft 

a3                  63  c3  0 

a^  +  a^  6^  +  6^  c^  +  c^j  -4, 

ax -Bj  +  a2B2  \  B1  +  62 B2  cx  J52  +  c2 B2   B, 

a1C1  +  a2C2  ^ft  +  ^gft  qft  +  ^ft    0. 


0 
0 
0 


C.A.  +  C-A.    A.   A„  A, 


B„ 


a 


3 » 


(3) 


and,  fourthly,   we   have  the   natural   conclusion   to   these, 
namely,  the  procedure  and  result  of  §  82. 

The  general  theorem,  to  which  we  are  in  this  way  led,  and 
which  can  be  proved  in  the  manner  indicated,  is — 

The  product  of  two  determinants  of  the  nth  order  may  be 
found  by  substituting  zero-columns  for  m  columns  in  the 
one  and  for  the  corresponding  m  columns  in  the  other, 
multiplying  the  two  determinants  thus  obtained,  increasing 
the  number  of  the  columns  in  the  result  by  appending  in 
order  the  deleted  columns  of  the  first  determinant,  in- 
creasing the  number  of  rows  by  superposing  the  deleted 
columns  of  the  second  determinant  after  changing  them  in 
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order  into  rows,  putting  zeros  in  the  places  above  the  added 
columns  and  to  the  right  of  the  added  rows,  and  prefixing 
to  the  determinant  thus  formed  the  sign-factor  (_i)w<"+1># 

The  multiplication-theorem  of  §  67  is  the  case  of  this  where  m  =  0,  although 
>trictly  to  include  it  the  word  "multiplying"  here  would  have  to  give  place  to 
i  phrase  descriptive  of  the  process  intended. 

§  84.  Since  either  of  the  determinants  in  each  of  the 
products  referred  to  in  the  theorem  of  §  77  may  itself  be 
expressed  as  an  aggregate  of  products  of  complementary 
ninors,  we  see  that  by  repeated  use  of  the  theorem  we  can 
i  levelope  a  determinant  as  an  aggregate  of  products  of  more 
hem  tivo  minors.     Thus 

=    i  afift  |  |  d4e5f  |  -  |  afift  |  |  dsejs  |  + 

=    Oil  hA  I  I  dAfe  I  "  flj  V3 1  I  dAfe  I  +  az\  hA  I   I  dAfe  I 

-  <h\  hA  I  I  d-AA  I  +  oj  Kc,  I  I  dAf,  I  "  aJi  hA  I  I  dAfe  I  + 

rvhere  each  term  is  a  product  of  three  minors,  one  of  the 
irst,  one  of  the  second,  and  one  of  the  third  order. 

§  85.  The  product  of  tivo  determinants  of  the  same  order 
'&  equcd  to  the  sum  of  like  products  obtained  from  the 
original  by  interchanging  a  particular  column  of  the  one 
leterminant  with  the  columns  of  the  other  in  succession. 

Let  |  aln  | ,  |  bln  \  be  the  two  determinants,  and,  first,  let  the 
mrticular  column  fixed  upon  be  the  first  column  of  |  aln  \ . 

If  a  determinant  of  the  2nth  order  be  formed,  having 
aln\  for  the  minor  situated  in  the  first  n  rows  and  first  n 
tolumns,  a  determinant  of  n  zero  elements  for  the  minor 
ituated  in  the  last  n  rows  and  first  n  columns,  and  \bln\ 
or  the  complementary  of  both  of  these  :    and  if  the  first 
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column  of  |alM|  be  then  interchanged  with  the  column  o 
zeros  below  it,  we  have  the  determinant 


On 


a. 


K      b12  ....  bln 


a22  a,n     b21      b22 


K 


a, 


0 


0 


b„9  —  h 


or     A,  say. 


Looking  to  the  first  n  rows  of  this,  and  seeking  t 
form  from  them  all  the  minors  of  the  nth  order,  with  a  vie\ 
to  obtain  the  expansion  of  the  determinant  as  an  aggregate 
of  products  of  complementary  minors,  we  see  that  we  nee( 
only  take  those  minors  into  which  enter  the  n-1  column 
surmounting  the  zeros,  for  every  other  minor  has  a  com 
plementary  which  vanishes.  Consequently  all  the  minor 
worth  attending  to  are  got  by  taking  along  with  these  n  -  '. 
columns  the  columns  of  \bln\  in  succession:  and  thus  tin 
expansion  referred  to  is 


(-ir 


(by)    •  •  •    (-l>ln 

Q/i)o  •  •  •  C6o„ 


Ob. 


. .  aK 


b21 

b,a 


an    bl2...bln 
a21    b,2...b2n 


a 


»i 


+H)' 


Gvjo   • 

•  •  &ln 

b12 

_Xv>o  • 

•  ^hn 

b-2-2 

-vM2  • 

-  &nn 

K2 

a2l  b.n  h 


a 


1     ^wl    Vi 


+     +(-l)2n"1 


aV2 
a*. 


On 


Cvo, 


K 

b,n 


n     &ii 


K 


.b. 


,n-l 


6t w'o  . . .  Ojnn     Onn         Cln^        Un-y  .  . .  Onn_l     y 


the  index  of  the  sign-factor  of  the  first  product  being 
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(1  +  2  +  3  +  ..  ,+n)  +  (2  +  3  +  ...+»  +  w.+  l), 

i.e.,  \n(n  +  1)  +    hi(n  +  1)  +  n, 

or  which  n  has  been  put,  since  n(n  + 1)  is  even.  Making 
:he  b  column  of  each  of  the  first  factors  pass  over  the 
columns  before  it,  and  making  the  a  column  of  each  of  the 
second  factors  pass  over  to  the  place  of  the  missing  b  column, 
.ve  have 


<h 


</.,, 


Ok, 


au    br2 . . . .  by 


b,,  ....  b,„ 


a. 


ho 


a 


12 


C.V99    •  •  •  .    Ct 


In 


bn  an  bn 
b.n  a.21  b.2S 


. .  b,, 


nl     Q'ni  •••  •  C^nn     i  ^'nl      ^«2  •  •  •  •  ^nn  "»2     ^'h2  •  •  •  •  ^;m        ^«1    ^wl    ^n3  •  •  •  •  ^«»s 

0n  ....  0ljn_!     (Xn 
D21  ....  02n_i     tt21 


^lrc     ^12   •  •  •  •  ^lw 

b»„  a,,....  a,„. 


:he  sign  of  every  product  being  now  - ,  since  the  number  of 
changes  of  sign  caused  in  the  first  is  n-1,  in  the  second  n, 
n  the  third  n  +  1,  and  so  on. 

Again,  returning  to  A,  and  subtracting  each  element  of 
:he  {n  +  l)th  row  from  the  corresponding  element  of  the 
nrst  row,  each  element  of  the  (n  +  2)th  row  from  the  corre- 
sponding element  of  the  second  row,  and  so  on,  we  have  a 
determinant  from  whose  first  n  rows  it  is  possible  to  form 
but  one  non-zero  minor  of  the  nth  order,  viz.  -  |«ln| ;  hence 
it  is  seen  (§  79)  that 

A  =  -|aln  ||6lM|. 

This  and  the  former  expression  obtained  for  A  at  once 
?ive  the  required  identity  in  the  special  case  under  con- 
ideration. 
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Secondly,  let  the  particular  column  fixed  upon  be  not  the 
first  of  |<xln|,  but  some  other,  the  kth  say.  Then  it  is  readily 
seen  that  to  establish  the  theorem  we  have  only  to  make 
this  kth  column  pass  over  the  k  -  1  which  precede  it,  apply 
to  the  product  of  the  resulting  determinant  and  |6ln|  the 
already  established  case,  and  in  every  first  factor  of  the 
result  make  the  first  column  pass  over  the  next  k-1 
columns. 

Example.     Taking  the  determinants    | «i &2 <?3 1 s    l^i^^l*   and    making    eacr 
column  in  its  turn  the  column  for  interchange,  we  have  the  six  identities — 


ax     hx     d 

<X2       62       c2 

as     b3     c8 


xo    y2    z, 
x3   y3   % 


Xx       &!       Cj 
X2       Oo       C2 

x3     bs     c3 


«1 

V\ 

zl 

2/i 

bt 

Ci 

X-i 

<h 

z\ 

zl 

h 

Cxi 

x, 

2/i    «i 

<h 

2/2 

z2 

+ 

2/2 

h 

C-2 

x2 

a2 

Z2 

+ 

z2 

h 

C-2 

x2 

2/2      «2 

«3 

2/3 

% 

2/3 

h 

ca 

x3 

a3 

zi 

z3 

h 

ZS 

\xs 

2/3      % 

CtlX2C3\ 

I&l2/2%l 

+ 

I«l2/2C3 

iaa&a^! 

+ 

iOl22C3| 

\xivM> 

<h  &2  xz  1 

kl2'2  23l 

+ 

l«l&2  08 

1  ^1  C2  %  1 

+ 

la1^223  1 

i^i2/2C3|, 

«i  h  Cs  1 

\<hV*B»\ 

+ 

1  (H  X2  ^3 

1  1>iV*b»\ 

+ 

\(t-l02X3  \ 

i  ci  2/2  £3 1 5 

2/1  h  c3 1 

\3C~l  Cto  £3 

+ 

l«l  2/2^3 

l»aMsl 

+ 

kn&22/3| 

1  #1  C2  ^3  1  > 

zx  b2  c 3 1 

l«l  2/2%! 

+ 

1  Oi  22  C3 

I*i2fo&»l 

+ 

ltt1^2%  1 

1  XiViCa  \. 

These  are  not  all  independent,  any  one  being  deducible  from  the  other  five  bj 
addition  and  subtraction.  The  number  of  different  products  they  connect  if 
seen  to  be  ten. 


§  86.  The  product  of  two  determinants  of  the  same  order- 
is  equal  to  the  sum  of  like  products  obtained  from  the 
original  by  interchanging  k  chosen  columns  of  the  one 
determinant  with  every  set  of  k  columns  of  the  other  in 
succession;  the  interchange  of  k  columns  with  k  column* 
being  effected  by  interchanging  the  first  column  of  the  one 
set  with  the  first  column  of  the  other,  the  second  of  the  onei 
with  the  second  of  the  other,  and  so  on. 
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Let  \aln  \,  \bln\  be  the  two  determinants,  and,  first,  let  the 
k  columns  fixed  upon  be  the  first  k  columns  of  |  aln  \ . 

If  a  determinant  of  the  2nth  order  be  formed  exactly  as 
in  §  85,  and  the  first  k  columns  of  its  minor  |aln|  be  then 
interchanged  in  order  with  the  k  columns  of  zeros  below 
:hem,  we  have  the  determinant 

0    ....    0      ahk+1  ....  aln      bn     b12....  bln 
0    ....    0      a,tk+1  ....  a,n      621     b,,  ....  b,n 


or     A,  say. 


",: 


<-'; 


0 


0       bnl     bn,  ....bt 


Preparing  to  express  this  as  an  aggregate  of  products  of 
jomplementary  minors  of  the  nth  order  formed  from  the  first 
md  last  n  rows,  we  see  that  the  first  factor  of  any  non-zero 
product  of  this  kind  must  contain  the  last  n  -  r  columns  of 
OjJ  and  a  set  of  r  columns  from  |6ln|,  and  that  the  co- 
"actor  must  contain  the  remaining  columns  from  |  aln  \  and 
bln\;  in  other  words,  that  this  product  is  derivable  from 
Uin  1 1  hn  I  hy  transferring  the  first  r  columns  of  |  aln  \  to 
6ln|  and  a  set  of  r  columns  of  \bln\  to  \aln\, — the  trans- 
ferred columns  occupying  the  last  r  places  in  the  first  factor 
md  the  first  v  places  in  the  second.     If  the  columns  taken 

?rom  |  bJn  |  be  the  0xth,  02th, ,  6rth,  the  index  of  the  sign- 

?actor  of  the  product  is 


2  +  . . .  +  n)  +  (r  +  1  +  r  +  2  +  . . .  +  n  +  n  +  61  +  n  +  6.2  +  . . .  +  n  +  0r) ; 
i.e.    \n(n  + 1)  +  j  i(n - r)(n  +  r  + 1)  +  m  +  01  +  62  +  . . .  +  0r  I ; 
i.e.    \n{n  +  1)  +  \n(n  +  1)  -  Jr(r  +  1)  +  rn  +  61  +  02  +  . . .  +  0r. 
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Now,  were  it  not  for  the  positions  of  the  transferred  columns 
the  series  of  products  thus  obtained  would  be  that  referre« 
to  in  the  statement  of  the  theorem ;  and  if,  in  each  case,  w 
pass  the  b  columns  of  the  first  factor  in  order  over  the  n  - 
preceding  a  columns,  and  in  the  second  factor  transfer  th 
?jth  column  to  occupy  the  6rtli  place,  the  (r  -  l)th  column  t 
occupy  the  0r_!th  place,  and  so  on,  we  obtain  the  said  serie 
of  products  exactly.  The  number  of  changes  of  sign  cause 
by  these  transferences  of  columns  is  seen  to  be 


r(n-r)  +  (ft.  -r+...+03-  2  +  ^-1); 
i.e.,      r(n  -  r)  -  hr{r  + 1)  +  01  +  02  +  . . .  +  0r . 

Consequently  the  index  of  the  sign-factor  of  the  produc 
will  now  be  the  sum  of  this  number  and  the  former  index 
so  that,  those  parts  of  the  sum  being  neglected  which  ar 
even,  the  sign-factor  is  found  to  be 

(-l)"r2       i.e.     (-I)''2      i.e.     (-1)\ 

Hence  A  is  equal  to  the  aggregate  of  the  products  referre< 
to  in  the  theorem  each  taken  with  the  sign-factor  (-l)r. 

Again,  subtracting  each  element  of  the  (n  +  l)th  row  of  L 
from  the  corresponding  element  of  the  first  row,  each  elemen 
of  the  (n  +  2)th  row  from  the  corresponding  element  of  th 
second  row,  and  so  on,  we  have  (§  79)  also 

A  =  (-ir|alw||61J. 

Hence,  by  equating  these  two  expressions  for  A,  we  hav 
the  required  identity  established  for  the  particular  cas> 
under  consideration. 

When  the  k  columns  fixed  upon  for  interchange  are  no 
the  first  h  columns  of  |alB|,  wTe  may  prove  the  theorem  b} 
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naking  them  the  first  k  columns  and  then  using  the  already 
xroved  case,  exactly  after  the  manner  of  §  85. 

Example.     Taking  the  determinants  \oi\c-idi\  and  l&igfaSgW*!,  and  selecting 
he  first  two  columns  of  the  former  as  the  columns  for  interchange,  we  have 

+|  yiZ.2c3dA  |  Ixja^Wil  +  |2/iW2c3c?4|  \xxa.2  zs  64 1  + 1  zx  w2c3cZ4i  talwAN 

§  87.  From  the  elements  of  two  determinants  \ahl\,  \bln\ 
,  number  of  different  zero-determinants  of  the  2nth  order 
an  be  formed  resembling  A  in  §  86,  and  thus  a  correspond- 
nor  number  of  identities  similar  to  the  one  there  established 
an  be  at  once  obtained  by  expanding  in  terms  of  products 
f  complementary  minors  of  the  nth  order.  Any  one  of  the 
rst  n  columns  of  such  a  zero-determinant  is  formed  by 
aking  for  the  one  half  of  it  the  corresponding  column  of 
■\n  |  and  for  the  other  either  a  repetition  of  this  or  n  zeros ; 
he  last  n  columns  are  formed  in  like  manner,  but  from  |  bln  | ; 
nd  the  number  of  columns  independent  of  zeros  is  not  less 
han  n  + 1,  this  being  necessary  in  order  that  the  deter- 
minant may  vanish  in  accordance  with  the  theorem  of  §  80. 
f,  in  the  determinant,  \aln\  and  |6lw|  are  complementary 
iinors,  the  resulting  identity  may  be  expressed  like  that  of 

86,  namely,  so  as  to  give  an  equivalent  for  the  product  of 
iln\  and  |6ln|. 

Example.  Taking  the  determinants  |a1&2^|»  \^iy-2h\,  and  seeking  to  express 
leir  product  as  an  aggregate  of  like  products,  in  which  the  first  factor  shall 
mtain  the  column  of  b's  and  the  second  factor  the  column  of  x's,  we  form  the 
eterminant 

«i  h  <\  0  ih.  Zi\ 

a. 2  bo  c2  0  y2  z.2 

<h  h  c3  0  yA  z.3 

«i  0  a  xx  y1  -j 

a,2  0  c-2  x2  y.2  z2 

<h  0  Co  xs  y3  z3 
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which  (§  78)  is  equal  to 

\<hhCs\\xiV2Zfi\  +  \<hhy3\\ciX-2zs\  -  laiMslki^sl  +  l&i^allai^SsI  -  Ihc-iZ-iWaiX^l 

But  by  subtracting  each  element  of  the  last  three  rows  from  the  corresponding 
element  of  the  first  three  rows,  it  is  at  once  seen  to  be  also  equal  to  0;  hence 


§  88.  If  the  two  given  determinants  in  the  immediately 
preceding  theorems  have  one  or  more  columns  in  common 
the  number  of  products  in  the  resulting  identity  is  less 
(§  27)  than  it  would  otherwise  be.  Special  cases  of  this 
kind  are  of  sufficiently  frequent  occurrence  to  merit  the 
student's  attention. 

§  89.  It  is  readily  seen  that  identities,  similar  to  those 
of  §  87,  but  having  for  the  factors  of  each  product  twe 
determinants  of  different  orders,  might  also  be  established 
They  do  not  admit  of  very  simple  statement,  but  are  often 
of  use. 


Example.    Since 

h 

h 

0    b,    bA 

C\ 

c-2 

0     c3     c4 

h 

0 

b.2     b3    b+ 

Cl 

0 

c2     cs     c4 

di 

0 

do     ds    di 

it  at  once  follows  that 

!^ie2||62c3 

#il 

-  A 

tCsWhCzdil  - 

=  0, 


\hciwhc2d3 


§  90.  The  "product  of  a  determinant  and  any  one  of  its 
minors  v{  is  expressible  as  an  aggregate  of  products  of  pairs 
of  minors:  the  first  factors  of  the  products  being  obtained 
by  taking  q  rows  in  ivhich  the  rows  of  v\  are  included  and 
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forming  from  them  every  minor  of  the  qth  order  which 
contains  v\;  the  second  factor  of  any  product  being  that 
minor  which  includes  ttt  and  the  complementary  of  the  first 
factor;  and  the  sign  of  any  product  being  fixed  by  trans- 
forming the  second  factor  so  as  to  have  its  principal 
diagonal  coincident  with  those  of  the  two  minors  ivhich  it 
was  formed  to  include,  and  then  taking  +  or  -  according 
as  the  sum  of  the  numbers  indicating  the  roius  and  columns 
from  which  the  first  factor  was  formed  is  even  or  odd. 

Let  |«ln|  be  the  given  determinant,  /tppap+ltP+1...agQ\  the 
chosen  minor  rr\,  and  let  the  q  rows  of  |aln|  taken  to  include 
the  rows  of  v\  be  the  first  q  rows. 

We  have  at  once  an  equivalent  for  the  product  of  \aln\ 
and  its  minor  1^,  by  forming  a  new  determinant  in  which 
|aln|  and  \t\_  are  complementary  minors,  the  former  being 
situated  in  the  first  n  rows  and  first  n  columns  with  nothing 
but  zero-elements  below  it.     Such  a  determinant  is 


a12   ...  ahp_L    a 


ip 


a*.,    ...   a. 


p-i 


a 


12 


a 


1,<7  +  1 


...  a 


In 


0 


.  0 


...  a.lq     a.Aq+1    ...  a,a     0     ...  0 


\,\{,Jp-\;i  '•     @'p-l,p-lQ'p-l,p   ••      ^p-l,q^p-l,q+l   "     Mp-l.n  "  ■•«     ^ 

..  0 


ap.2    . . .   ctpp_1    u.pp 


. . .   apq     a/tfJ+i    . 


Up,n       0 


a& 


a 


<j,p-l      V"qp 


(I. 


aq>q+1  ...   aqn    0     ...  0        or  A,  say, 


,l'-^  +  l,2--      <(/.j  +  l,p-l^q  +  l,p    ••     Uq  +  l.q    &q+l,q+l  "      C^j+  [,n  (f  ,  I  1.;.  •  •     &q+\,q 


Un2      *••     ^n,p-\      ^np      "•      tlnq         ^n/j-H      "•      (i '/in  ®>np     •••     ^nq 

^pq 


0      ...   0  0      ...   0        0         ...   0        (v,„.   ...  a„ 


0      ...   0  0 

I 


0        0 


0        agp  ...  a„    J  , 
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where  it  has  to  be  specially  noticed  that  the  q  chosen  rows 
of  |alM|  are  prolonged  with  zeros,  and  that  each  of  the  other 
rows  is  prolonged  by  repeating  in  order  the  elements  of  it 
which  are  in  the  same  column  with  any  of  the  elements 

of  171. 

In  A  the  minor  i?i  occurs  twice.  Adding  each  element  of 
the  first  set  of  rows  to  which  it|  belongs  to  the  corresponding 
element  of  the  second  set,  and  then  subtracting  each  element 
of  the  second  set  of  columns  to  which  vt{  belongs  from  the 
corresponding  element  of  the  first  set,  we  find 


an 

a12 

•     ^l,p-l 

alp     .. 

•  cilq 

^l,g  +  l      •* 

•       ^lM 

0     .. 

.  0 

an 

(Zoo       . . 

.   a,tP_x 

a,p     .. 

.  a.lq 

U-2,q  +  l      •  ' 

•    0>zn 

0     .. 

0 

Mp-1,1 

<X_p_if2    . 

•  Mp-i.p- 

-i  ap-i,p  ' 

•  <Vi 

q^p-l.q  +  l    ' 

•     Up-1 

..o    .. 

0 

ctpl 

Clp2 

-  ap,P-i 

app    . . 

•      ®pq 

^p,q  +  l      •• 

•     Upn 

0     .. 

0 

A  = 

% 

ag.2    .. 

'     ag,p-l 

agp    ... 

a>n 

Uq,q  +  l       " 

'     U-qn 

0     ... 

0 

^3  +  1,1 

^2  +  1,2    • 

•      aq  +  l,p- 

,0      .. 

0 

Uq  +  l.g  +  l     • 

•     Uq  +  1 

n  ™q+\,p' 

Mq  +  l.q 

^nl 

Cln2       •  • 

•     &n,p-l 

0      .. 

.  0 

Q'n,q  +  \       •• 

•      *-vnn 

tlnp     •  •  • 

^nq 

aPi 

a#   ■• 

'     (fjP,p-l 

0      .. 

0 

ttp,q  +  l       " 

.    CI 

Clpp    . . . 

U-pg 

% 

Cl'„2       •  • 

•      ^'q,p-\ 

0      .. 

.  0 

Uq.q  +  1       •• 

•     dqn 

aqp  ... 

aQl 

If  now  we  take  the  first  q  rows  of  this  determinant,  and 
form  every  minor  of  the  qth  order  preparatory  to  finding  the 
expansion  of  the  determinant  as  an  aggregate  of  products  of 
complementary  minors,  we  see  that,  although  the  full  list  of 
minors  would  be  exactly  the  same  as  if  we  had  been  dealing 
with  |aln|,  we  need  only  take  those  which  include  the 
selected  minor  v\,  because  all  the  others  have  here  comple- 
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mentaries  which  vanish ;  also,  we  see  that  each  of  the 
complementaries  of  those  thus  taken  includes  the  comple- 
mentary of  the  same  minor  in  |aln|  and  the  selected  minor 
besides,  and  that  each  is  itself  a  minor  of  |aln|,  being  formed 
from  those  n  -  p  + 1  rows  of  |aln|  which  are  made  up  of  the 
n  -  q  rows  not  included  in  the  chosen  q  rows  and  the 
q  -  ])  +  1  rows  in  which  y)\  is  situated. 

But  this  aggregate  of  products  is  exactly  the  aggregate  of 
products  specified  in  the  enunciation  of  the  theorem,  and  as 
it  is  the  equivalent  of  A  and  therefore  of  |<xln|  x  v\,  the 
theorem  has  been  established. 

Examples  : — Taking  the  determinant 

ax    a.2  a3  a±    a5  ! 

&!     &a  63  64     b5 

Ci     c,  c3  Ci     c-0  I 

<h    d.2  d3  c/4    c/5 

i  &i     e-2  «3  ^     es 
and  its  minor 

b,  h 

cz  ci  > 
we  have 

|ft8C4|ia162c3d:t€5|  =    i«i62C3<?4||&3c4e5]  -  \albzcidb\\b3cie2\  +  iaa&a^sll&s^ilj 
=  -\<hh.2,czcJ\\bzCi.d6\  +  K&3Cie5||&3Cioy  -  ! «2 63 c4 e5 i | &3 <?4 <^i  1 , 


the  factors  of  the  fourth  order  being  formed  in  the  first  case  from  the  first, 
second,  third,  fourth  rows,  and  in  the  second  from  the  first,  second,  third,  fifth 
rows. 

Taking  a  minor  of  the  next  lower  order  for  the  co-factor  of    !ai&oC3cZ4e5i, 
we  have 

d-ildab^dies]  -    ^d^Wa^d^  ~  h^ll^o^l  +  ki^sllttsMal 
+  |c2d8e4||ai&sd2|  -  |c2rf3e5!|aiM2|  +  |c2e^5ll«iM2l 


=  -;rf1c2||a.36iC5C?2|  +  't^eslki^Ce^l  -  ] c?2 e4 i i «x &3 e5 c?2J ) 

+  \d2es\\a1b3cid.2\  j 
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If  the  co-factor  of  iai&a^d^ol  be  of  a  lower  order  still,  namely,  the  order  0, 
and  as  such  be  taken  equal  to  unity,  we  have  the  theorem  of  §  77,  which  in  this 
way  we  may  view  as  being  here  generalized. 

§91.  At  the  opposite  extreme  from  the  theorem  of  §  77 
viewed  as  a  case  of  the  foregoing,  we  have  another  theorem 
of  sufficient  importance  to  be  specially  noticed.  This  is  the 
case  in  which,  the  original  determinant  being  of  the  nth  order, 
its  co-factor  n\  is  of  the  (?i-2)th.  Here  the  rows  from  which 
the  first  factors  of  the  development  are  formed  must  be 
n—1  in  number,  and  as  the  said  first  factors  must  include  t^, 
there  can  be  only  two  of  them,  so  that  the  development 
must  consist  of  two  terms  which  are  each  the  product  of 
two  determinants  of  the  (n-l)th  order. 

Examples  : — 

|a162C3l|ai&2C3^4f5l  =  I «i^2 <"3 c?4 1 1 <Xi 62c3 e5 j  -  ^'biCsdsWfhh.W^ 

Denoting  Jai&ofvuVo!  by  D,  we  may  (§  60)  write  the  first  of  these  in  the  form 

?22>     ^  WW  _  WW  . 
fc(-h  fas      rfa\  'd  e5      ?«5  ro  e-i ' 

similarly,  the  second ;  and,  quite  generally,  we  have 

171  ^hrrCaks      rdahrnoaks      ^ah8^ak7! 
—  the  form  in  which  the  theorem  is  commonly  quoted. 

§  92.  The  theorems  of  §§  77,  90  are  connected  in  another 
way,  which  it  is  of  still  greater  importance  to  observe.  As 
an  instance  of  the  latter  theorem  we  have  (p.  131) 

=  K&.c.dji&.c^j  -  |«ACAIIV/2I  +  laAcAIIWil- 

If  now,  in  place  of  each  determinant  here,  we  substitute  the 
co-factor  which  it  has  in  \a^b,c.Ate.\,  we  obtain  the  statement 

\aj] ,e.\  =  e.\a,d,\  -  e.,\a,d.\  +  eAa0d.\, 

112   61  oil      21  21      1      o  1  1 1      2      o  I ' 
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which  is  at  once  recognised  as  an  instance  of  the  theorem  of 
§  77.     The  identities 


<h\aAeAe-J, 


lafix.ej 


I c. (Ia> WaKdJ  -  \c. d-e, 1 1 aJbxL I  +  I c. cLe~ 1 1 a„6 /?,, I ) 

I     12311       45      _]  I     12411       30      2:  I     12011       3     4      2 1    f 

+  \c2dx4\  \ajjxl^\  -  \c2d.Ae,\  \afixl^\  +  |c2cZ4e.|  \afixl-i\  J, 


aA\\cA\    -  I«AIIcaI    +  \aA\\cA\) 
-  \aA\\cA\    +  l«AllcAl£ 


+    I  a.  6. 1 1  c,e. 

I      1    o  I  I     3   4 


are  similarly  related;  and  generally  it  is  found  that  to  every 
instance  of  the  one  theorem  there  corresponds  in  this  way 
an  instance  of  the  other,  so  that  the  two  may  be  spoken  of 
as  complementary  theorems. 

§  93.  If  the  first  k  elements  in  the  first  k  -  1  rows  of  a 
determinant  An  be  taken  with  the  first  k  elements  of  the 
other  roivs  in  succession  to  form  as  determinants  of  the 
k.th  order  the  elements  of  the  first  column  of  a  new  deter- 
minant Au_k+1 ,  and  if  the  determinants  formed  in  like 
manner  from  the  second  k  consecutive  columns  of  An  be 
made  the  elements  of  the  second  column  of  An_k+1,  and  so 
on,  then  An  is  equal  to  An_k+1  divided  by  the  product  of  all 
the  determinants  of  the  (k  -  1)'*  order,  except  the  first  and 
last,  formed  from  the  first  k  -  1  roivs  and  any  k  -  1  con- 
secutive columns  of  An . 

The  case  of  this  in  which  k  =  2  has  been  already  estab- 
lished (§  53) ;  so  that  if  An=  \aln\,  we  know  that 


'n 

&12 

<x13 . . 

..aln 

(21 

a22 

ti23 . . 

..a,n 

*Sl 

a32 

tt33'- 

■•ci3n 

'-,1 

Qjni 

an3 . . 

..ann 

(X12C613 ....  aln_i 


an    \    \n    n 

|<xna32|  |c&12a33| 


^l,n— 1   ^2«  I 

k*l,«— 1   #3» 


K^11^h2      K^11^h3 


i  ''l,x— \^nn 


(1) 
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Transforming  the  second  determinant  here  by  means  of  the 
identity  in  which  it  occurs,  and  putting 


I  ^11  ^22 1     I  ^12  ^23 1 


Iaiia33l     Iai2a33l 


|  Q/y2  (X23 1     |  ^13  ^24  I 


I  <X12^33 1     |a13tt3i| 


—     CI.  A  CI. .  Ct^  GL„    , 


~"    ai3lai2a23a34l> 


as  §  91  entitles  us  to  do,  we  obtain  the  result 

^12  I  ^11^22  ^33 1    ^13  I  ^12  ^23*^34 1    "'     ^l.w-1 1  ^l,n— 2^2,w  -I^3n  | 
^12  I  ^11^22  ^43 1    ^13 1  ^12^23  ^44 1    '**     ^l.»-l  I  ^l,n-2^2,n-l  ^4n| 


^12 1  ^11^22  ^'*3  I    ^13  1^12  ^23  ^«4'    **"    ^'l,n-l  I  ^l,"-2^2,»-l^»in| 


I  ^12  ^23 1  I  ^13^24 1  "  "•  l^l.w-a^n-ll 

so  that  by  substitution  in  (1)  we  have 

I  ^11^22  ^33 1         I  ^12  ^23  ^34 1      *  '  *     I  ^I,n— 8  ^2,n— 1  ^3n  | 
I  ^11^22  ^43 1         I  ^12  ^23^44 1      *  *  *     I  ^l,n— 2  ^2,n— 1  &±n  \ 


a, 


\CtuCt22(.ln3\        \Cl12Cl2SCln4\      ...     |ftiiM_2^2,n— A 
I  ^12  ^23 1  I  ^13^24 1  *  '  *  *  I  ^l,n— 2  tt2,n— 1 1 


•(2) 


which  is  the  next  case  of  the  theorem. 

In  exactly  similar  fashion  it  follows  from  this  that 

I  ^11^22 ^33  ^44  I    *  '  '    I  ^1,«— 3^2,«— 2^3,n— 1^4n  | 
I  ^11^22  ^33 ^54 1    *  '  *    I  ^l.w— 3  ^2,«— 2  ^3,n— 1  ^5n  | 


cu 


I ^11^22 ^33^*4 1    •••  |^],w— 3^2,7?— 2^3, M—l^r 
I  ^12^23^34 1  *  '  '  *  I  ^l,n— 3^2,w— 2^3,n— 1 1 


-,...(3) 
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and  so  on;  the  extreme  case  being  the  identity  repeatedly 
used  in  the  demonstration,  viz.,  that  of  §  91. 

Similarly  an  extension  of  the  identity  of  Ex.  20,  Set  X.,  might  be  established, 
giving 


Pin  I   = 


lOuOaaOBsl    |aua.22%il \aua!2a3n 

|  (Xu  a  22  ai3 1       I  all  a22  aH  I    •  •  •  •    1^11  a22  ain 

I  aal  a22  aH3 1    |  an  Gkjo  &n4 1  . . . .  |  (tn  a.^  ann 


T    |^ll<J22l 


,n— 3 


and  so  forth. 


§  94.  The  determinant  each  of  whose  elements  is  the  co- 
factor  of  the  corresponding  element  in  another  determinant 
is  called  the  determinant  adjugate  to  that  other.     Thus 


hcz\ 

1      2    3 1 

\a2b3 

Kcs\ 

laiC3l 

-\aA 

K^l 

~|aiCo| 

\aih 

is  the  determinate  adjugate  to 


«2     &2 


«3         &3         C3      > 

and  using  the  notation  of  §  49, 

|^n^22....^l,m|     or     \Aln\     or     2>(J.O 
is  the  determinant  adjugate  to 

\ana22....ann\        or     \aln\      or     D(<xln). 

When  the  elements  of  the  adjugate  determinant  are  spe- 
cified as  above  by  means  of  the  complementary  minors  of 
the  corresponding  elements  in  the  original  determinant, 
negative  signs  must  appear  (§  59)  in  the  places  whose  row- 
number   and   column-number   have   a  sum  which   is  odd. 
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These  signs  may  however  (Ex.  22,  Set  VII.)  be  deleted 
without  altering  the  value  of  the  determinant;  hence,  in 
the  definition  which  has  been  given  we  might  substitute 
"  complementary  minor  "  for  "  co-factor." 


§  95.  The  determinant  ad  jug  ate  to  a  determinant  of  the 
Kth  degree  is  equal  to  the  (n-l)(/l  power  of  the  latter. 


Let  the  given  determinant  be 


an 

a12 

aiz~ 

•  •     ^lM 

a21 

a22 

Cl'0o    •  • 

•  •   ^2ra 

%1 

32 

tt33" 

..  aSn 

tt'nl 

O'nl 

a^.. 

•  •    *-vnn 

or     \aln\ 


Multiplying  it  by  its  adjugate 


A. 


4 
A. 


Am     A„ 


3] 


A 

A 
A 


*. 


33 


..  A2„ 
..A 


■.in 


■"-n\        -"n2        -"nS   •"•    ■"■', 


or      AlH\, 


after  the  manner  of  §  67,  the  first  column  of  the  new  deter- 
minant is 

anAn+  a12A12  +  alsA13  +  ....  + alnAJn 

a2lAn  +  ^22^12  +  ^23^13  + +  a2n^ln 

aSLA11  +  a.i2A12  +  am  A 13  +  . . . .  +  a3nAln 


ft«i-^-n  +  UniAl2  +  an3A13  +  . . . .  +  annAln 

the  first  expression  of  which  is  (§  46)  equal  to   [a^l,  and 
each  of  the  others  (§  52)  equal  to  zero. 
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In  like  manner  the  elements  of  the  second  column  are  all 
zero,  except  the  second  element,  which  is  |aln|;  and  so  on. 
Thus 


a, 


x  |A«| 


|Oi« 

0 
0 


0 


ttl 


0 


0        0 


—  \rt    \n  ' 

—  \Lhn\      5 

I  A      I  I         i*»— 1 

I -"-In  I    =  |^ln|  > 

is  was  to  be  proved. 


0    .. 

..    0 

0    .. 

..    0 

OiJ.- 

..    0 

0 


. .  \a. 


§  96.  If  the  determinant  adjugate  to  a  given  determinant 
ie  formed,  any  minor  of  it  of  the  mth  order  is  equal  to 
he  "product  obtained  by  multiplying  the  co-factor  of  the 
corresponding  minor  in  the  original  determinant  by  the 
m-l//l  power  of  the  original  determinant. 

I.  When  the  minor  of  the  adjugate  is  \AnA32...  Amm\, 
he  original  determinant  beiu^ 


a, 


<i 


a 


31 


a22 

«32 


a. 


13 


Cf/»3 


«S3 


^3?w 


a 


i,»n+] 


a* 


m+l 


a, 


3,m+l 


.  a.2„ 
.  cu» 


"ml  ^'i»2         ^mZ        ■••     ^mm         ^m,m-\-\       •••     ^m« 

^»i+l,l  ^m+1,2  ^wi+1,3  '  •  •     **t»+l,*»  ^ro+l,7n+l  •  •  •     ^m+l.ti 


anl      an2      an3     . . .  anm      anm+1    . . .  ann 


'aking  the  adjugate  determinant  and  changing  the  elements 
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of  all  the  rows  after  the  mth,  those  occupying  the  principa 
diagonal  into  1,  and  all  the  others  into  0,  we  have 

^11  12     ■•••-"■!«»        -^M,m+1       -"-1,771+2     ■  ■  •  •  ■**■!, n 


•21 


JL22    ....-d.2m        -^-2,m+l       -"-2.W+2     •  •  •  •  -"-2,7» 


4  4  AAA  A 

-"-771,1      -°-m,2  •  •  •  •  -"-  w,»n    -^wi.m+l     -°-ra,m+2  •  •  •  •  -"i 


0 

0    .. 

..     0 

1 

0 

0 

0    .. 

..     0 

0 

1 

0 


0 


0 


0 


0 


which  is  clearly  equal  to  the  chosen  minor   \An Amm 

Multiplying  the  original  determinant  by  this,  there  results 


^ln    X    -"lm     — 


0 
0 


0 

\dlr 

0 


0 
0 

Oh  11 


0 

0 

0 

0 

0 

0 

0        0        0 


«-n 


0       ...     0 


Oi 


a. 


,771+1    ^2,771+1    ^3,771+1 


CL 


...a 


a 


a 


a, 


l,m+2  ^2,771+2  ^3,771+2 


f-k'i  ,„  j_o   .  .  .  Qj 


771,771+1    ^TTl+l,  771+1 
77l,77»+2    ^771+1,771+2 


...a, 


n,m-\-l 


...a 


a 


i,« 


a. 


a 


3,71 


•••    ^W.n  ^»71+1,7» 


71,771+2 


a„ 


=  a, 


|  ^771+1,771+1    '  '  '    ^7171  I  5 


■£!■  i  ™     —     Oh 


I  771—  1  1 


"l»l 


a 


771+1,777,+! 


a. 


and  |am+lrn+1  ....  ann\  being,  in  the  original  determinant,  th 
co-factor  of  the  minor  corresponding  to  the  chosen  minoi 
one  case  of  the  theorem  is  established. 

II.  When  the  minor  of  the  adjugate  is  any  other  thai 
I A     A         A      \ 

I        11       22  *  *  *        mm  I  * 


ec.  96.  DETERMINANTS   IN   GENERAL.  139 

Let  the  rows  from  which  the  elements  of  the  minor  are 
aken  be  the  hth,  kth,  Ith,  ..  .,  and  the  columns  the  rth,  sth,uth, 

...,  so  that  the  minor  may  be  denoted  by  \AhrAksAlu |, 

.nd  let  h  +  Jc  +  l+  ....  +  r  +  s  +  u+  ....  =  cr. 

Translating  the  said  rows  in  order  upwards  and  the  said 
olumns  in  order  towards  the  left,  the  chosen  minor  will 
ccupy  the  place  at  first  occupied  by  |^iirA22  —  Amm\;  and 
?  we  change  the  elements  in  the  rows  after  the  mth,  making 
hose  1  which  occupy  places  in  the  principal  diagonal  and 
11  the  others   0,  we  have  as  before  a  determinant  of  the 

h  order,  which  equals  the  chosen  minor 

\AhrAksAlu —  |. 

Jso,  translating  in  the  same  way  the  corresponding  rows 
ad  columns  in  the  original  determinant,  we  have  a  deter- 
linant  which  (see  §  75)  is  equal  to 


(-i». 


i» 


n  the  former  of  these  two  resulting  determinants  each  A  of 
le  first  m  rows  occupies  the  place  which  the  corresponding 
occupies  in  the  latter  determinant ;  consequently  on  mul- 
iplyiDg  the  two  together  we  have  as  before 

\aln\m  x  co-factor  of  | ahraksalu.... |  in  (-l)v\aln\, 
nd  on  division  by  (-l)0]^  there  results 
{A^A^A^....]  =  |aln|m_1  x  co-factor  of  {a^a^....]  in  I^J, 
was  to  be  proved. 

If  we  write  Ahr  for  the  complementary  minor  of  ahr  in  |alnl,  then  since 
hr={-l)h+r  Ahr,  &c,  and  the  co-factor  of  \ahraksaiu...\  in  |aln|  is  equal  to  (-1)°" 
ultiplied  by  the  complementary  minor  of  |«/ir%s^u...|  in  |aln|,  the  result  just 
>tained  becomes 

|(-l)*+rA%r  {-iy+i  Ak  ....  |  =  l^l"*-!  x  (-1)°"  x  complementary  of  \ahr  a^  ....   ; 
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so  that,  multiplying  the  rows  of  the  left-hand  member  of  this  by  {-l)h  ,  (-1)* 
....  respectively,  and  the  columns  by  (-l)r  ,  (-1)*  ,  ....  respectively,  and  mult 
plying  the  right-hand  member  by  the  same,  viz.  by  (-1)°",  we  have 

\Ahrkkshiu....  |  =  i«ln',n-1  *  complementary  of  \ahraksaln ....;. 
Example.     The  ad  jugate  of 


%    a.2 

«3       «4 

6i    h 

h       h 

6'x       C-2 

c3     c4 

cZj    d2 

d3   d4 

IMa^l    -1 

&lC3C?4| 

|  bx  c2o 

'i\    -1 6iC2«^i 

-\a.2csdt\      |< 

h  ^3^4 

-\aiC.2a 

4|      \axc2dz\ 

|  «2  63  c?4 1    -| 

^iMJ 

\ctib.2d 

4|     -^Msl 

-\<hhci\       loiMil 

-{(tib-zCil       \(hb.2cs\ 

and  if  the  chosen  minor  be 

I  ^i^dil     -{c^Cid^  I 

we  take  the  ad  jugate  and  by  transposition  of  rows  and  columns  obtain 

{(h^dil     -\aiCodil     -|«o<vVl  \ciiC2d:i\ 

\<hbzCi\     ~\aihCi\     -\<hbzG±\  \(hhc3\ 

-\hcsdi\       j  6j  <?2cZ4i        1 62^3^4!  — I  6i^2<^3l 

|Oi&3d4|       1^62^4!       |a26-jcZ4|  -|a162^al 

then  altering  the  elements  of  the  last  two  rows  we  have 

la^dtl     -\<hc-2di\     -|«2^3^4[  \diC2do\ 

\al^-2ci\      ~\a2^3ci\  \n..h,rJ 


|ai&„c4| 
0 
0 


|aiMs 

0 

1 


Multiplying  this  by 


b2  h  bx  b4 

d2  d3  di  d± 

a2  as  «!  «4 

C-2  ^3  cl  c4 
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iere  results 


b2dsa1ci 


|rt16sc4|     -\(hh?i\ 


0        laiMs^l      0      ° 


d1 
d, 


ttiC-.d^ 


\<hh<k\  ! 


=  \aib2esd4 '-  \a^Ct  ; 
=  \aihCidi\    |o1c4  . 


This  example  serves  also  to  illustrate  the  fact  that  the  special  case  of  the 
leorem  of  §  90,  noticed  in  §  91,  is  at  the  same  time  a  special  case  (m  =  2)  of  the 
*esent  theorem. 


§  \)7.  It  immediately  follows  from  the  preceding  that,  in 
le  case  of  a  determinant  which  is  equal  to  zero,  all  the 
dnors  of  the  adjngate  which  are  of  a  higher  order  than  the 
rst  must  also  be  equal  to  zero.  Thus,  taking  minors  of  the 
?cond  order, 


if 


and 


or 


=  0, 


Ahl  A, 
A  m    A  , 


A. 


Aa 


A  m    A 


=  0, 


*3 


A7a  '•  Akl  : :  Ah.2 :  Am  : :  Ah:i :  A} 


Ain  :  A, 


A 


hS 


Akl :  A!r2  :  Ak3 


lat  is  to  say,  in  the  case  of  a  zero-determinant  the  co- 
ictors  of  the  elements  of  any  one  row  are  in  order  propor- 
onal  to  the  co-factors  of  the  elements  of  any  other  row. 


§  98.  To  every  general  theorem  which  takes  the  form  of 
n  identical  relation  between  a  number  of  the  minors  of  a 
determinant  or  betiveen  the  determinant  itself  and  a  number 
f  its  minors,  there  corresponds  another  theorem  derivable 
•om  the  former  by  merely  substituting  for  every  minor  its 
y-factor  in  the  determinant,  and  then  multiplying  any 
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term  by  such  a  power  of  the  determinant  as  will  make  a 
the  terms  of  the  same  degree. 

Let  the  established  identity  in  regard  to  \aln\  be 

MrMsM,...+ =  MpMffMT...+ 

where  Mr  is  used  to  denote  some  minor  of  |alM|  of  the  ord( 

r,  and  where  consequently  r  +  s  +  t+....  =  p  +  o-  +  T+ 

Now  since  the  identity  holds  in  regard  to  every  dete 
minant,  it  holds  in  regard  to  \Aln\  the  adjugate  of  \alr 
hence  if  n\  stand  for  the  minor  of  \Aln\  corresponding  1 
the  minor  Mr  of  |aln|,  it  follows  that 


1  wi*. .  •  + =  m/air^T  •  •  •  + 


Substituting  for  every  ir^  its  equivalent  as  given  by  tr. 
theorem  of  §  96,  and,  in  order  to  do  so,  denoting  the  c( 
factor  of  Mr  in  |alw|  by  M'n_r  we  have 


\<hn\r-lwn_r .  la^i-'M',., .  KnriM,„_,...+ 


=  \a    l^~1M/  \a     I°'~1m'  \a    lT_1  m'  4- 

whence,  on  division  by  the  lowest  power  of  \aln\  contains 
in  any  term,  there  results  the  identity  which  was  to  b 
established. 

This  is  the  Law  of  Complcmentaries  incidentally  exemplified  in  §  92. 

§  99.  By  the  application  of  the  Law  of  Complementaries 
some  of  the  already  established  theorems  furnish  nev 
theorems  of  considerable  interest.  As  an  example  th< 
identity  of  §  53  may  be  taken,  a  particular  case  of  which  is 


\a.b0c.d.\b.&  = 

I       12     6      4  I       11 


\axb.,\      \b  c\      led, 


1      2 1 


\aiK\        l^iCsl         lClC^l 

\aM      \bxe,\      \c,d.\ 

1141  1141  1141 
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The  complementary  of  this  with  respect  to  {a-fi^c/l^  is 

\c„d,\      \a.xl,\     la,  6,1 

1341  1341  1341 

k0c/J      \a.-,dA\     I  a.,  6. 1 

[J       41  1       J       4 1  - 

\cadJ     \aadj     \ajj 


|Gt2c3c?4||a263(Z4|  = 


"2  v~3  I 


(A) 


identity  not  hitherto  noticed,  but  which  when  known 
in  be  established  otherwise.  The  complementary  with 
jspect  to  {u-fi.^d^  is 


:,  I  a.,  c,  d .  e.  1 1  cl  6,  d,er\  = 

•)         23       4.i.  2      3      401 


CA%\ 

\aA%\ 

\%\% 

CA%\ 

\aA%\ 

\aA% 

cAe,\ 

laAe»l 

\a2b.ie5 

(B) 


id  by  inserting  "/6(/7..."  after  every  es  in  this  we  have  a 
;sult  which  includes  (A)  and  (B),  viz.  the  complementary 
ith  respect  to  \axb2 ...  g7  ...|.  A  still  more  general  theorem 
ill  be  got  by  taking  the  complementary  of  the  theorem  of 
93,  of  which  that  of  §  53  is  a  particular  case. 

The  student  will  find  it  instructive  to  take  every  theorem  to  which  the  law  is 
plicable  and  find  the  complementary  theorem.  Even  where  no  new  result  is 
■tained,  some  new  tie  of  relationship  may  be  made  apparent. 


Example.     Prove  ihat 


a 

h 

9 

h 

b 

f 

g 

f 

c 

(ax2  +  by2  +  cz2  +  2fyz  +  2gzx  +  2hxy)  = 


0  x  y  z 

x  A  H  G 

y  H  B  F 

z  G  F  C 


lere  A,  H,  ....  stand  for  the  complementary  minors  of  a,  h,  ....  in  the  first 
terminant. 

Developing  the  right-hand  member  by  §  62  as  a  quadratic  in  x,  y,  z,  ....,  we 
ve  the  co-factor  of  x2  in  it 

\  a      h      g 
=    a    h      b      f  (§96) 

\ff      f     c    5 


B     F 
F     C 


it  should  be.     Similarly  it  is  seen  that  the  co-factors  of  y2,  z2,  ....  are  the 
e  in  both  members. 
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Exercises.     Set  XIII. 

1.  Show  that  the  sum  of  the  numbers  indicating  the  rows  and  columns  fro 
which  the  elements  of  a  minor  are  taken  and  the  sum  of  the  correspondir 
numbers  in  the  case  of  the  complementary  minor  are  either  both  even  or  both  odi 

Resolve  the  following  into  determinant  factors  : — 


zx    0 

0     0     0     0 

3. 

^1 

0 

0 

0 

0 

0 

4. 

«i 

0 

0 

a4    0     0 

0    z. 

0     0     y.2    x2 

0 

So 

0 

0 

2/2 

0 

0 

a2 

0 

0    as    0 

0     0 

z3    y,     0     0 

0 

0 

z3 

Vz 

0 

^3 

0 

0 

«3 

0     0    aG 

~3     H 

z-i   y-i   2/3   Vi 

0 

~3 

Z2 

y-i 

2/3 

X.2 

&1 

0 

0 

h    0     0 

0     0 

zi    Jfi     0     0 

% 

0 

~i 

Vx 

0 

0C~i 

0 

h 

0 

0     65    0 

Z-2      zx 

0     0    yx    ah 

• 

z-i 

~1 

0 

0 

V\ 

0 

• 

0 

0 

&3 

0     0    fec 

5.  Use 

§  77  to  show  that 

0 

a2 
0 

0 

0 

0 

*>5 

0 

C-2 

0 

C4 

0 

=  0. 

dx 

0 

cZo 

0 

d5 

0 

% 

0 

€i 

0 

6.  Show  that  if  m  elements  of  one  row  of  a  determinant  of  the  nth  orde 
contain  a  common  factor,  which  is  also  contained  in  the  corresponding  element 
of  other  n  -  m  rows,  this  factor  is  a  factor  of  the  determinant. 

7.  Use  §  77  to  show  that 


«2 

b. 

c2 

0       0 

tt3 

h          c3 

0       0 

axAx 

bxAx     cxAx 

A,    A, 

-   AXB.2CZ\  \axb.2c3 

axBx 

bxBx     cxBx 

B,     B3 

axcx 

bxC\     cxCx 

G2      C, 

i  series 

of  terms  of  the  form  ( 

Pi~ Pi)  {ai~ «a)  xixi 

x±    0 

0     0     1 

ax 

« 

0    xs 

0     0     1 

a2 

0     0 

x.2    0     1 

<h 

0     0 

0    ^     1 

a4 

1     1 

110 

0 

lh    Pi 

Ps    P\    0 

0 

Show  that 

«i 

«_> 

a3 

W 

b2 

^ 

h 

h 

b. 

«4 

ai 

a. 

«1  +  a4 
h  +  b4 


a2  +  a3 
h  +  b* 


ax  -  a± 
h-b4 


a  2  ~  ai 

b ,  -  b. 
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10.  If  a  determinant  of  the  wth  order  be  developed  as  a  sum  of  products,  the 
factors  of  which  are  a  minor  of  the  ath  order,  a  minor  of  the  /3th  order,  and  a 
minor  of  the  7th  order,  how  many  terms  will  there  be  in  the  development  ? 

11.  Deduce  the  identity  at  the  end  of  §  87  from  three  of  those  on  p.  124. 

12.  Prove  that 


\a3bi 


0 

a2 

a3 

61 

&2 

h 

Ci 

C-2 

Cz 

-  Wih 


0     a3    a4 
h     h     bi 

Cl       C3       C4 


0'3b1\a2b3ci\. 


13.  Prove  that  the  product  of  the  adjugates  of  two  determinants  of  the  same 
order  is  equal  to  the  adjugate  of  the  product  of  the  said  determinants. 

14.  Prove  the  identities  (2)  p.  119  and  (3)  p.  120  by  altering  the  forms  of  the 
factors  and  using  the  ordinary  midtiplication  theorem  (§  67). 

15.  Prove  that  if  |ai»|  =  0,  then 

AriAir  :  Ay»A»r  :  ArzAzr  :  ::  An  :  A^  '  A&  :  

16.  Prove  that 

(hl^hCil  ~  <h\<hhCi\  =  K^ll^l  -  \aib2\\a3Ci\. 

17.  If  Ioq^I  +  [bod]  =  \a0d2\  +  \b0c2\  =  Kc?3|  +  |  oxc3|  =  \a2d3\  +  \h<k\  =  °>  tnen 

|a0eZ3||M2|  =  |6oC3||&iC2|. 

18.  Prove  that  if  [a^|  =  1,  then  \aln\  and  \Aln\  are  mutually  adjugate. 

19.  Prove  the  theorem  of  §  72  after  the  manner  of  §§  82,  83. 

20.  Prove  that 
ja2o3 


0 

0 

a3 

a4 

h 

h 

h 

h 

Cl 

C-2 

C-3 

C4 

<*i 

d2 

d3 

dk 

-  a2\a3bi\\b1c2d3\  =  a3 

a2 

as 

0 

0 

a4 

b2 

h 

0 

0 

h 

o2 

h 

h 

h 

h 

C-2 

cs 

Ci 

C-2 

Ci 

d2 

d3 

<k 

d* 

dt 

98,  prove  that 

Aln\   =    -m HIT. ' 

22.  Prove  that  if  in   |a162c3d4|   the  co-factor  of  b3  be  equal  to  zero,  then 
(hb^diWbidil  =  |a1c3c?4||a162^4|.     State  the  same  theorem  in  regard  to  lojj. 

23.  If  ]a0^il+l&oCil  =  0  =  |a0c?2|+160c2|,then  loo&x^sl  ={  loo^l+IW  }  \\<h^\+\hc%\  }• 

24.  Prove  that 

|oiCa^H6i«^«8l  =  |ai^2C3ll&iC2e3|  +  |ai&2e3i|citf2e3|. 

25.  Prove  that  if  (ai&2c3cZ4|  =  0,  then 

l^&sllOiCodil  =  [a162||a1c3d4|  +  K&^iOiC^I. 
K 
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26.  Resolve  into  determinant-factors  of  the  second  order  the  determinant 

a?      ab     ab      b2  ! 
ac     ad     be     bd 
ac      be      ad    bd 
c2      cd      cd     d- 

27.  From  a  determinant  D1  the  minors  consisting  of  four  adjacent  elements  are 
taken  in  order  to  be  the  elements  of  a  new  determinant  Z>2:  in  D.2  every  minor 
consisting  of  four  adjacent  elements  is  divided  by  the  corresponding  element  in 
the  minor  of  Dt  obtained  by  deleting  the  first  and  last  rows  and  columns,  and 
the  quotients  are  placed  in  order  to  form  D3 :  in  like  manner  D4  is  obtained  from 
the  elements  of  Z)3  and  D2 :  and  so  on.    Prove  that  the  final  result  is  equal  to  ZV 

28.  Use  the  process  of  Ex.  27  to  perform  Exs.  1,  2,  3,  4  of  Set  X. 


§  100.  If  f^fg ...  in  =  l  and  iv  i2, ...  be  symbols  subject  to 
the  laws  of  ordinary  algebra  except  that  iris  =  is<-r  and  *r2  =  0, 
then 

I  am  I  =  (<Vi  +  <V2  +  . . .  +  alnin)  (a21ix  +  a22i2  +  . . .  +  a,nin) 

•  •  •  \f^n\l  1  +  an2f2  +  . . .  +  annln). 

Writing  in  a  column  the  factors 

anix  +  a12i2  +  a13<3  +  . . .  +  ainin, 

O^i'i  "■"  ^22^2  ~^~  ^23 1 3  +  •••  +  a-2nln, 
O-nl'i  ~^~  (Iriih  ~^~  ttnSh  +  •  •  •  +  Q>nnln> 

it  becomes  evident  that  the  identity  to  be  established  is  but 
a  symbolical  statement  of  the  definition  (§  16)  of  a  deter- 
minant. For,  firstly,  owing  to  the  constitution  of  the  factors, 
the  product  must  consist  of  all  terms  of  the  form 

alra.2saiu  ...  anz  x  irisiu  ...  iz) 

which  can  be  got  by  taking  one  and  only  one  element  from 
each  row  of  the  determinant :  secondly,  the  condition  t r2  =  0 
necessitates  the  disappearance  from  this  of  every  term  con- 
taining two  or  more  elements  from  the  same  column ;  and> 
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thirdly,  the  conditions  W3 ...  in=l,  tris  =  -lsir  ensure  that 
the  sign -factor  of  any  term  shall  be  +  1  or  -  1  according  as 
the  number  of  inversions  of  order  in  the  suffixes  of  its  is, 
that  is,  in  the  second  suffixes  of  its  a's,  is  even  or  odd. 

Example:—    (a^  +  U2  +  ct3)  {d^  +  ei^+f^)  {gi^  +  h^  +  lci^ 

=  (bdi2  tx  +  cdts  £X  +  aeix  ^  +  cei3 12  +  afa  i3  +  bfi2 i3)  {gix  +  hu  +  kc2) , 
=  {(ae-bd)i1i2  +  {of  '- cd)t.xt.z  +  (bf- ce)i2i3}  (gix  +  hi2  +  ki3), 
=  ffi¥  -  ce)h  h  h  +  h{af  -  cd)  tj  t3  i2  +  k(ae  -  bd)  ^  t*  i3 , 
={g{bf-ce)  ~  h(af-  cd)  +  k{ae -  bd)ili»i3, 

a      b      c 

d      e      f 

g      h     k 

§  101.  In  coming  thus  to  a  close  with  the  general 
theorems  on  determinants,  the  student  will  find  it  instructive 
'to  retrace  his  steps,  and,  taking  in  all  the  theorems  at  one 
view,  to  observe  how  simply  and  naturally  they  flow  out  of 
the  definition,  and  how,  indeed,  when  the  definition  has 
become  thoroughly  known  to  him,  several  of  the  theorems 
appear  self-evident.  Other  definitions  might  have  been 
started  from  with  the  like  result;  in  fact,  owing  to  the 
lengthiness  of  that  here  adopted,  and  more  especially  to  the 
cumbersomeness  of  its  '  rule  of  signs,'  attempts  to  build  up 
the  theory  on  a  different  basis  have  more  than  once  been 
made.  Of  course,  in  any  two  of  such  differently  founded 
systems  what  is  given  as  the  definition  in  the  one  appears, 
or  might  appear,  as  a  theorem  in  the  other.  The  theorems 
of  the  present  work  which  have  been  taken  as  the  definition 
by  other  writers  are  those  of  §§  46,  100,  118.  A  definition 
has  also  been  based  on  the  theorem  involved  in  Ex.  3,  p.  75. 

§  102.  Two  notations  remain  to  be  noticed,  which  have 
not  been  employed  in  the  preceding,  but  which  are  often 
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found  in  writings  on  determinants.  The  first  of  these  is 
important,  and  may  be  viewed  as  the  next  step  in  advance 
after  the  notations  of  §§  20,  56.  It  consists  in  omitting  the 
a's  in  writing  the  elements  of  |aln|;  so  that  (r,s)  or  (rs)  is 
put  for  ar>s  and 


(1,1)  (1,2)  (1,8) 
(2,1)  (2,2)  (2,3) 
(3,1)     (3,2)     (3,3) 


or 


(11)  (12)  (13) 
(21)  (22)  (23) 
(31)      (32)      (33) 


for  \an\. 


Sylvester,  who  calls  this  his  umbral  notation,  writes  also 

12     3 


and  generally 


12     3 


for 


a 


'13  I' 


a    b    c 
a    P    y 


for 


§  103.  From  the  rectangular  array  of  elements  or  matrix, 
a 


c*q     a.     a, 

h   h   h 


Cl         C2  C3  C4  C5 


ten  determinants  whose  columns  are  columns  of  the  array 
can  be  formed.  To  indicate,  if  need  be,  that  these  all  vanish, 
it  is  customary  to  write 


0. 


To  the  left-hand  member  by  itself  no  meaning  is  attached. 


ax 

a2 

a2 

aA 

a6 

\ 

\ 

h 

h 

b5 

ci 

ci 

C3 

C4 

c5 

CHAPTER  III. 

DETEEMINANTS  OF   SPECIAL   FORM. 

§  104?.  Determinants,  which  are  of  special  form  by  reason 
of  a  number  of  the  elements  being  interdependent,  e.g.  the 
determinant 


a" 

b2 


a° 


or  by  reason  of  a  number  of  the  elements  having  particular 
values,  e.g.  the  determinant 


0 

a 

b 

c 

0 

d 

e 

/ 

0 

have  properties  peculiar  to  themselves.  The  more  important 
of  such  special  forms,  the  simplest  first,  will  now  be  referred 
to,  several  of  them  under  the  specific  designations  which  it 
has  been  found  convenient  to  give  them. 


CONTINUANTS. 


§  105.  A  determinant  which  has  the  elements  lying  out- 
side the  principal  diagonal  and  the  two  bordering  minor 
diagonals  each  equal  to  zero,  and  which  has  the  elements  of 
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one  of  these  minor  diagonals  each  equal  to  negative  unity,  is 
called  a  Continuant.    Thus 


ax 
-1 


<x2 
0    -1 


0 

h 


0      0-1 

is  a  continuant  of  the  fourth  order. 

The  origin  of  the  name  will  appear  from  an  identity  to  be  established  latei 
(pp.  157,  158). 


§  106.  The  minor  diagonal  whose  elements  are  not  fixed 
by  the  definition  (e.g.  bv  b2,  63  in  the  above)  may  be  spoken 
of  as  the  variable  minor  diagonal,  and  the  other  (-1,  -1,  -1] 
as  the  invariable  minor  diagonal;  and  since  the  orderly 
change  of  rows  into  columns  only  transposes  these  two 
diagonals,  it  is  immaterial  (§  24)  on  which  side  of  the 
principal  diagonal  either  of  them  is  written. 

A  continuant  being  evidently  a  function  of  the  elements 
of  the  principal  diagonal  and  the  variable  minor  diagonal, 
and  of  these  alone,  a  shorter  notation  may  be  adopted  for  it 
which  shall  take  note  only  of  these  elements:  The  above 
continuant,  for  example,  may  be  written 


4 


K     K    b. 


(X,       0L 


<x3    a4 


)■ 


§  107.  A  determinant  differing  from  a  continuant  only 
in  having,  instead  of  the  invariable  minor  diagonal,  ai 
diagonal  with  non-zero  elements  other  than  -1  may  be 
expressed  as  a  continuant  by  changing  each  such  element 
into  -1  and  altering  the  corresponding  element  in  the 
variable  minor  diagonal  so  that  the  product  of  the  two 
elements  may  remain  unchanged. 
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Let  the  determinant  be 


ax 

\ 

0 

0 

0... 

ci 

a2 

h 

0 

0... 

0 

C2 

% 

h 

0... 

0 

0 

C3 

<x4 

64... 

0 

0 

0 

C4 

a5... 

or     G, 


the  elements  cJ}  c2,  cv  ....  occurring  where  -1,  -1,  -1,  .... 

occur  in  a  continuant. 

Multiplying  the  first  column  by  -\jc1  and  the  first  row  by 
-cv  the  second  column  by  -l/c2  and  the  second  row  by  -c2, 
and  so  on,  we  have  the  continuant 


a 


a2 

-1 

0 

0 


0 

-hc-2 

a3 

-1 

0 


0 
0 

M 

a4 
-1 


0 
0 

0 

a. 


But  as  each  pair  of  these  operations  leaves  the  determinant 
unaltered  in  substance,  it  follows  that  the  resulting  con- 
tinuant is  equal  to  G;  and  as 

(-^cJxC-l)  =  b1xclt  (-6/2)x(-l)  =  b2xc2,  , 

the  theorem  is  established. 


§  108.  Any  continuant  is  equal  to  the  continuant  got  by 
reversing  the  order  of  the  elements  in  the  tivo  variable 
diagonals; 

i.e.,    K(     h>     h*         *~*  )  =  K(  6»J>  6i     ) . 

V&x     a2 an_  1  aj         \an    an_x a2  a  J 

This  follows  at  once  from  §§  21,  39. 
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ax 

h 

0 

0 

-1 

a2 

b* 

0 

0 

-1 

a3 

*>3 

0 

0 

-1 

«4 

<h 

-1 

0 

0 

h 

«2 

-1 

0 

0 

h 

a3 

-1 

0 

0 

h 

Cti 

at 

h 

0 

0 

-1 

a3 

h 

0 

0 

-1 

«2 

h 

0 

0 

-1 

«i 

(§24) 


(§39) 


§  109.  Any  continuant  may  be  expressed  in  terms  of 
continuants  of  lower  order  whose  diagonals  are  portions 
of  the  diagonals  of  the  original  continuant;  thus — 


K-i 


K(  °i         °»-i  )  =  a  K(  °*         °n-1)  +  b  K(  °»     ^-i  \ 
Xa^.^a^an/       1    Va2a3...aw_1c6n/       1    \a3.  ..an.xaj 

or,  more  generally. 


J^\a1a2...an_1anJ        \a^...ap)     \ap+1  ...aj 


k    b. 


K-i 


p     \a1...ap_1/     \<xp+2...a,/ 
where  p<n. 

Expressing  the  continuant 

0 

0 

0 

0 


al 

\ 

0 

0 

-1 

a2 

h 

0 

0 

-1 

az 

^3 

0 

0 

-1 

a, 

0       0      0     0  ...   -1   iot, 


in  terms  of  the  elements  of  the  first  row  and  their  comple- 
mentary minors,  we  have 
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a. 


a2 

-1 

0 


K     o 


a. 


a, 


0 


0 


0       0      0  ...    -1  an 


-K 


-1 

0 
0 


a 


0 

h 


0       0      0  ...  -1  ar 


a,nd  expanding  the  latter  determinant  of  this  in  the  same 
way,  there  results 


a. 


a2      b2      0 

-1    %    h 


)r 


0     -1     a4 

0       0       0  ...  -1  an 

fc.        6„_i     \  7   w     b 


+  h 


az    h 


-1     a4    bA 


0      0  ...   -1    an 

K-i 


1    \a2    a3 a„/  !    Va3    a4 an) 

is  was  to  be  shown. 

Again,  writing  the  given  continuant  in  fuller  form,  thus- 

ax      \      0      0 0     0 

-1     a2     \     0 0     0 

0     0 


0    -1     a3    bs    0 


0     0 -1     ap    bp        0  0     0 

0     0 -1     ap+1     bp+1     0  0     0 

0     0 -1      ap+2     bp+20 0     0 


0     0 -1    an  , 

t  us  try  to  find  all  the  minors  of  the  pth  degree  which  can 
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be  formed  from  the  first  p  rows,  so  that,  multiplying  everj/ 
such  minor  by  its  complementary,  we  may  express  the 
continuant  in  terms  of  the  products  thus  obtained. 

First  it  will  be  seen  that  we  need  only   consider   the 
minors  of  this  kind  which  have  for  their  first  p-1  columns 


al 

*. 

0 

0.... 

-1 

a2 

h 

0.... 

0 

-1 

a3 

&.-.» 

0 

0 

0 

0  ... 

a 

0 

0 

0 

0  ... 

'p-l 


for  those  which  do  not  contain  any  one  of  these  columns 
must  have  complementaries  which  vanish.  Secondly,  there 
are  only  two  of  the  former  sort  which  do  not  themselves 
vanish,  viz.  those  whose  last  columns  are — 


and 


'p-i 


a. 


b. 


the  last  columns  of  all  the  others  containing  nothing  but 
zeros.  Hence  we  have  the  following  expression  for  the 
continuant : — 


-1 


\     0 


aa 


0    -1 


a3       h 


0         0 -1     flL 


^jp+1      Vp  +  1      "  ■• 
— 1  (lp+2       Vp+'< 

0      -1      a 


'p  +  3 


0       0 -1,  a 
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ai 
-1 


a0 


0     -1     a.s  br 


a 


p-i 


■1     b, 


0 


"        ^p  +  2        ^p  +  2 

0     -1      ap+s 


0      0 -1    a, 


But  each  of  the  last  two  determinants  is  expressible  as  the 
product  of  one  element  and  its  complementar}^  and  these 
changes  being  made,  we  have  the  result  required. 

Examples  :— 

4VM)  -  **(bpcyd\)  *  «*(cyd*e) 

=  K(a%)K(cyd\)+PK(a)K(d\). 

§  110.  The  first  of  the  results  in  the  preceding  is  important 
as  affording  an  easy  means  of  finding  for  a  given  continuant 
its  ordinary  expansion  in  non-determinant  form.  Thus,  if 
the  continuant  be 

iT(AaBJCcDdE), 

we  first  note  that 

K(DdE)  =  de  +  d ; 
K(CcBdE)  =  cK(VdE)      +  cK(E) 

=  c(de  +  d)  +  CE 
=  CDE  +  dc  +  CE  ; 
thirdly,  that 

K(BbCcVaE)  =  Bi^CH^E)  +  bK(T>dE) 

=  b(cde  +  dc  +  ce)  +  6(de  +  d) 

=  BCDE  +  BC?C  +  BCE  +  &DE  +  bd ; 

and  fourthly,  that 
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K(AaBbCcDdE)  =  AiT(B*ccDdE)  +  aK(CcDdE) 

=  a(bcde  +  Bed  +  bec  +  de6  +  bd) 

+  <X(CDE  +  Cd  +  EC) 
=  ABCDE  +  ABCd  +  ABEC  +  ADE&  +  CDEa 

+  Abd  +  cad  +  Eac, 

each  of  the  successive  results  being  got  by  the  help  of  the 
preceding  results. 

§  111.  The  product  of  a  continuant  and  one  of  its  con- 
tinuant minors  is  expressible  by  means  of  four  other  minors 
of  the  same  kind ;  thus — 

K(  \  -tiW/  bh...bp_x\ 
\ax  a2. . . .   aj     \ah ....  ap) 

=  Rt  br..bv.x  v      /  bh...bn_x\ 
\ax ....  apf     \ah ....  aj 

\U/1  ...  (XA_2  '  ^ap+2  •••'     Uyn/ 

where,  of  course,  h  <  p  <  n. 

Writing  out  the  continuant  K\rt  *  "  '    n~l)  in  full  as  a 

\a1a2 ...    anj 

determinant,  and,  in  accordance  with  §  90,  forming  from  its 

first  p  rows  all  the  minors  of  the  p>th  order  which  contain 

the  minor  El    *'  *  p~£  \   and  taking  with  each  of  these  its 

proper  co-factor,  it  is  seen  that,  on  account  of  zero  columns, 
only  two  of  the  products  do  not  vanish.     One  of  the  two  is 

K(aV"hv~a)K(ah'"hn~n\  the  sign  being  +:   the  factors 
\a1  ....  ap/     \ah....  anr  =>  » 

of  the  other  are  transformable  into  &*_A  ...  bpK(    1"*  *~8 ) 

7  7  * 

and  -  K\a  A+2'  "  n~*  )  by  §  46,  the  sign  proper  to  the  product 
being  (-iy~h+~.     Thus  the  theorem  is  established. 
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An  important  particular  case  is  that  for  which  p  =  n  -  1 
and  h  =  2,  the  theorem  then  being 

/  fex —  &„_i  \  k(  b2...bn_2\  =  Ki  br..bn^\K(K'\-i  \ 
Vc^a.,  ....  aj     Va2 ...  an^f         \ax . . .  c^V     Va2 ....  a  J 

+  (-i)V.-6.-i- 

Example  :— 

^(B6C°DdE)  ^(CCD)  =  ^(bVd)  ^(c't/e)  +  6cd, 

;he  truth  of  which  may  be  tested  by  what  is  given  in  §  110. 

§  112.  When  each  element  of  the  variable  minor  diagonal 
is  unity,  the  continuant  may  be  called  simple, :  and  in 
ienoting  such  continuants  by  means  of  the  symbolism 
explained  in  §  106,  we  may  agree  to  omit  the  elements  of 
ihis  diagonal,  so  that,  for  example, 

K(a  bed)  =  KtfV&tf). 

§  113.  Two  simple  continuants,  the  elements  of  ivhose 
principal  diagonals  are  the  positive  integers  ax,  a2,  ...,  an.j 
and  a15  a2,  ...,  an  respectively,  are  prime  to  each  other. 

K(av  a2, ...,  an)  =  an K(av  a2,  ...,  an.1)  +  K(av  a2t...,  an_2) ; 
.  G.C.M.  of  K(av  a2, ...,  an)  and  K(av  a2,  ...,  an_^) 

=  G.C.M.  of  K(av  a2,  ...,  an-1)  and  K(av  a2,  ...,  an_2) 
=  G.C.M.  of  K(a1}  a2,  ...,  an_2)  and  K(av  a2,  ...,  an_3) 

=  G.C.M.  of  JT^og  and  K(a^ 
=  1. 

Example  1.  Prove  the  identity 

6,  7  Wt      «2     «3  •  •  •   •  ««/ 

ai  +         &2  = 7~—r — r ; — 

a3  +  '.#  AVa2  <%....  an) 

■     bn—\ 

+  ■ 

On 
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62  •  •  bn-l      \    ,    7,     rr(     h-  •&»-! 


O] 


^/    b.2..bn-l     X+frxf    b3..bn-i    \ 
\a»    do  ...  .  an)         1       \a3     ....     On/ 


The  right-hand  member  = Nttg   "»•••;""' ^    •••'    "*"  .       (§  109) 

■^•Vao  a3 . . . .  «>»/ 

b    K(     b3..bn-l     \ 

1      \a3    anl 

~  al  + i i T  * 

„/    b2..bn-i     \ 
\a2  a3. .. .  an/ 

61 . 

K(     h  ■ ■  bn-l     \ 
\a2  ct3  . . . .  aw/ 

jj./     63..6n-l     \ 
V«3     ....     On) 

Next,  treating  the  quotient  of  the  two  continuants  here  as  the  original  quotient 
was  treated,  we  find 


=  Oi  + 


■the  right-hand  member  =■  di  +  — 


a2  + 


where  Q, 


k(  h~bn-1  ) 

\a3   ....    anl 

k(  bi~bn~1  ) 

\a4    ....    a?i/ 
at  length  come 

k{    hn~x    ) 

\an - 1      anf 


■     b^.bn-l 

Continuing  this  process,  we  at  length  come  to  the  quotient 

bn-l 


K{On) 

Which  =  «"-!«" +Vl  , 

an 

±   bn-\ 

=  an-i  +  

an 

Hence  the  identity  is  established. 
Example  2.     Prove  that  the  periodic  continued  fraction 

.  /    6i    62     ....     b.z   6j    \ 

A  +  h   h  h  h    h    A  J I  U   »!   a2....«.2   %  ^ 

a1  +  a2  +  a3  +  ....  +a.2  +  a1  +  2A  +  ....     =|  ,    h  a      . 

*  *  I       Kl      *     ""      -    ) 

/sj  \ax   a2  ••••  ^2   ai/ 

where  the  asterisks  are  used  like  the  superposed  dots  in  the  notation  of  decimal 
fractions  to  indicate  the  recurring  portion  or  period. 

Denoting  the  left-hand  number  by  x,  the  portion  which  follows  the  second 
asterisk  will  be  x-A,  hence  we  have 

x  =  A+h  h  h.  h         hi 

%  +  a2  +  . . . .  +  a2  +  a1  +  2A+x-A 
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/     bx    b.2      ....     b.2    h  \ 

\A    ax   g3 ....  a2  ax   A  +  x' 

~^(       hT  b,    bx         \ 

\    ax   a.2 ....  «2   «i   -4+x/ 

/    ftx    &,     ....     62    6X    )+xJr( 
VJ.    ffj    a,,  ....  a2   ctx    Ar  \ 


(Example  1) 

bx     &J        ....       60 
J.      Oi     (To  ....  «2     <*1 


/     b.2      ....    &2  61   )+a.W  *    ■•••    ^  ) 

\    ax    a2     ....  a2   «i    A>  \ax    a.2 ....  a2    axf 


(§  109) 


Multiplying  both  sides  by  the  denominator,  and  rejecting  a  common  term,  there 

esults 

oK(   b.2     ...    62    \     K(    bx  b,     ...     b,    bx    \ 
\ax  a.2...a2  aj        \A   a^  a.2...a»   ax  A]  ' 

whence  the  identity  required. 


Exercises.     Set  XIV. 

1.  Write  out  the  theorems  regarding  simple  continuants  which  are  included 
1  those  established  in  §§  109,  111. 

Prove  the  following  theorems : — 

2.  K[       mhl    &2     )  =  mZ(    h>    hn-     ). 

\max      a.2    a3 /  \aT    a2    az / 

3.  A"(0,  a2,  a3,  ...,  an)  =  K{a3,  ...,  On). 

4.  K{...,  a,  b,  c,  0,  e,f,g,  ...)  =  2f(...,  a,  b,  c  +  e,/,  g,...). 

5.  K(...,  a,  b,  c,  0,  0,  0,  ej/,  ...)  =  £%..,  a,  b,  c  +  e,f,  ...). 

6.  A"(0,  0,  «3,  aif  ...,  an)  =  K{a3,  a4,  ...,  On). 

7.  K(...  a,b,0,  0,  e,  f,  ...)  =  K(...,  a,  b,  e,  f,  ...). 

8.  K(aXi  a2,  ...,  On,  an,  ...  cr2>  °i)  =  ^iau  a2>  •••  a«— 02  +  -fi^(ai>  02)  ■••»  a")1- 

9.  -#"(«!,  a2, ...,  a»-i,  a«,  0/1-1, ...,  a2,  ax)  =  -£"(«!,  a.2, ...,  an-\)  * 

{  iT^,  a2, ...,  an-2)  +A"(a1}  cto, ...,  a„)  [ . 

10  ^  &1   &2  bs      —\~k(         b-  &3      '"^ 

\1   ax   a2  a3,  .../         \a1  +  &i   a2   a3,  .../' 

11  if-/       &i      &2—       &«-i      \  =  /_-n  J?/    bl     —     6/!-1   "^ 

V-Ol,  -Ojj,     ... -On-l, -On/      V      '^Wi    a2  ...  fln-l  On/' 

12.  anAlfa!,  a2, ...  On-i,  ««,  a»-i,  ...  a2,  ax)  =  A(aa,  a2, ...  an)~-  E{ax,  a.2, ...  a-n-s)1. 

13.  K{ax,  a2,  ...,  a»-u  2a„,  a»-i, ...  a2,  a1)  =  2A(a1,  a2,  ...  a-n-i)  ^aj,  a2,  ...  a„). 

14.  ^(-^    (6i  +  ai^    V>*  +  <^\  -)  =  (bx  +  ax)(b.2  +  a.2)(b3  +  a3).... 

\l    ax  a2  a3  .../ 

IK        r-/     &1     ^2     b3...bn-l      \_j?(a      n1     nb*    ft      &2      «&1&3  a   .-.bn-ibn-Z\ 

\ax  02  a3    anJ        \  bx      b2      bxb3      o264  ...bn-sbn-i/ 

x  ...  67J-3671-I. 


160  THEORY   OF  DETERMINANTS.  chap,  n 

16.  K\(h$T  ,  a2x,  a3x~  ,  a4a?,  ...,  awx(_1)  )  =  K{ax,  a2,  a3,  ...,  an) 

or     =  K(ai,  a2,  as,  ...,  an)  *  x~l 
according  as  n  is  even  or  odd. 

17.  -fi^Oi,  «2>  a3>  •••>  «w-i,  a«)  is  prime  to  K{a2,  ...,  an-i,  an),  to 

K(a1-1,  a2,  ...,  a«),  and  to  -£"(%,  o^j  •••>  «w-l). 

18. 

^-/    6j    62      •••     &2    &i     \       W    h   h      •••     h   h      h   h      •••     h   &i     \ 
\A,  ax,  a2 ...  a2,  au  A)  _       \JL,  alt  a2,  ...  <x2,  %,  2A,  au  a2,  ...  q2>  %,  ^1/  _ 

^/    62      ...     b2    \  Kt    b2     ...     b2   hi      bx   b2      ...     b2    \ 

\ar   a2  ...  a2  0\)  \al5  a2...  a2,  a1}  2^4,  ai,  a2»  •••  a2>  %/ 

Wi  +  cc  a2  ,  ....,  an)  \at  a2  ,  ....  an  +  x)  ' 

20.   JT(03  +  r/V*?.Vt3>  ••••!""  V|') 

-*fo***     0  +  ^3    ^ l"    V^+r). 

\       r  r  r  r      ' 

21    E(  ~n'1     -(n~1)2     -(w-2)3...-l.w  \ 
\a  a  a  a) 

=  (a+'n)  {a  +  n-2) {a-n  +  2)  (a-n). 

22.    Prove  that 

d1d2ds...  _^  ^d1-e1 

eie.2es...  e  _(d2Ze^d1e1_ 

1     d  d  -e  e     ^i~ei)(rf3~e3)^2g2 

1212  j  j     „  »         (rtVe2)(a*4-e4Ke3 

«2  a3  ~  e2  eS ~T~3 

dsdi-ez€i-  . 


1  +  ei  ~  ^ 


,     (e2-d2)d1e1 

e1e2-dld2-  — i^-= d/   2  "         , . ,        , .  , 

23.  Show  that 

^U  -  a2ai\  -  a?2\  -  a5 ....)  =  a^    "  ^  ~  «2  +  %  -  «4  +  ....); 
and  thence,  with  the  help  of  Ex.  14,  prove  that 

a1-a2  +  q3-....+  (-l)w-1an  =  ^- 

«1»3 


ai  -  a2  + 

a2-q3+.> 

* .  On  -  2  (In 

+  

an  - 1  -  On 
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24.  Prove  that  the  number  of  terms  in  the  expansion  of  a  continuant  of  the 
nth  order 

_1  ,(n    iu  (n-2)(n-S)     (M-3)(ft-4)(tt-5)  A 
i  +  \n    i)+         li2  1.2.3 


~j(i+iVBr+1-ft-lvTJ)"+1J 


^5 
Establish  the  identities — 

25     4  +  *    *    -1    1    I    1-        -A  ■       6f  +  2         I   -i -^l2 

«  +  o  +  c+6  +  a  +  2^4  +  ...  ale  +  2a  +  c  +  b  +  abc  +  2a  +  c+    2 A    ■ 


A  ,.£(6c-c6)     J-l)'-1      .*(6c..;c6) 


11  111 

«  +  b  +  ...  +  6  +  a  +  2-4  + 


^{a6 . . .  c6)  +  JT(o6 . . .  cb)  +        2A 


27.  Prove  that  the  general  expression  for  every  integer  whose  square  root 
vhen  expressed  as  a  continued  fraction  with  unit- numerators  has  alf  a.2,  ...  a2,  ax 
or  the  symmetric  portion  of  its  cycle  of  partial  denominatois  is 

{pT(a1...a1)M-(-l)^iT(a1 ...  a2)  K{a2 ...  a^}2  +  Kfa  ...  «,)m  -  (-1)' K{a2 ...  <%)*, 

being  the  number  of  elements  in  the  cycle. 

28.  Prove  that  the  condition  that  any  periodic  continued  fraction 

A     «i     %  a»i  -  l     an 

bi  +  b.2+  ...  +  bn-l+  bn+  ... 
*  * 

nay  represent  a  quadratic  surd  is 

Kt     <h    ....      a»  i     \Rf    ch     ...        cm  \ 

yAi    b1....bn-2bn-i/         VOi   62  ....  on-\bn-Ar 


ALTERNANTS. 

§  114.  When  the  elements  of  the  first  row  of  a  deter- 
minant are  all  functions  of  one  variable,  the  elements  of  the 
econd  row  the  like  functions  of  another  variable,  and  so 
n,  the  determinant  is  called  an  alternant :  for  example, 

sin  x       cos  x       1 
sin  y       cos  y       1 


sm£ 


cos  3 


r  the  first  determinant  of  §  104. 

L 
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§  115.  Every  alternant  of  the  nth  order  is  evidently  a 
function  of  n  variables.  To  interchange  two  of  these  would 
be  the  same  as  to  interchange  two  of  the  rows  of  the  deter- 
minant, and  therefore  would  have  the  effect  of  merely 
changing  the  sign  of  the  function  ;  and  as  a  function  having  I 
this  property  is  known  as  an  alternating  function,  the 
origin  of  the  name  alternant  is  apparent. 

§  116.  Every  alternant  with  rational  integral  elemenU 
contains  as  a  factor  the  difference-product  of  its  variables.  I 

Let  the  variables  be  a,  b, ,  r,  p,  q,  k,  I. 

By  substituting  for  I  any  of  the  other  variables,  we  shoulc 
cause  the  determinant  to  vanish,  hence  it  follows  that 

l-k,  l-q,  l-p,  l-r,  ,  l-b,  I- a 

are  factors  of  the  determinant.     Similarly 

k-q,  k-p,  k-r,  ,  k  -  b,  k  -  a 

are  seen  to  be  factors,  and  in  like  manner 

q-p,  q-r,  ,  q-b,  q-a, 

p~r,  ,  p-b,  p-a, 

,  r  -b,  r-a, 


b  -  a. 

Hence  if  from  every  variable  there  be  subtracted  ever) 
variable  preceding  it,  and  the  differences  thus  got  be  mul- 
tiplied together,  the  result — known  as  the  difference-produce 
of  the  variables — is  a  factor  of  the  determinant. 

Sylvester,  who  uses  £{a,b,c,  ...)  or  £(abc.)  for  the  second  power  of  the 
difference-product  of  a,b,c,...,  denotes  the  difference-product  itself  bj 
th{a,b,c, ...)  or  f*(a6c...). 
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§  117.   A  difference-product  is  itself  expressible  as  an 
alternant,  viz.: 

12  n-1 

a2      ax    —  ax 


f  (ala2az....an)  = 


a„      a, 


a0 


«o 


a. 


w-l 


a, 


a» 


For  the  alternant  on  the  right  has  f  {axa^az ...  a„)  for  a 
factor  (§  116),  and  the  co-factor  is  readily  seen,  as  in  the 
particular  case  given  at  p.  41,  to  be  unity. 

§  118.  If  the  expanded  form  of  the  difference-product  of 
the  n  letters  a,  b,  c,  ....  1  be  multiplied  by  abc.l,  and  in 
the  result  every  index  to  a  letter  be  made  a  suffix  to  the 
same  letter,  the  expression  obtained  is  the  determinant 
[a1b,c,...lIl|. 

This  is  self-evident  on  writing  the  difference-product  in 
its  determinant  form. 

In  connection  herewith  see  §  101. 


§  119.  The  quotient  of  an  alternant  by  the  difference- 
product  of  its  variables  is  a  symmetric  function  of  the 
variables. 

On  the  interchange  of  any  pair  of  the  variables  both 
dividend  and  divisor  change  sign.  Consequently  when  such 
an  interchange  is  made  the  quotient  remains  unaltered,  and 
therefore  is  by  definition  a  symmetric  function  of  its 
variables. 


Example : 


1 

a 

a3 

1 

a 

a2 

1 

b 

b3 

- 

1 

b 

62 

1 

c 

c3 

1 

c 

c2 

(a  +  b  +  c)  =  X}{abc)  *  2a. 
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§  120.  An  alternant  of  the  nth  order  being  known  when 
we  know  in  order  its  n  functions  and  n  variables,  we  may 
suitably  use  for  it  a  notation  in  which  only  these  2n  things 
are  specified.  Such  a  notation  is  obtained  by  taking  the 
principal  diagonal  term,  enclosing  it  in  brackets,  and  pre- 
fixing an  A .     Thus 

represents  the   alternant  whose  variables  are  x,  y,  z  and 
functions  <j>v  02,  03,  that  is  to  say,  the  alternant 

&(®)      <t>lx)       </>&) 

tM    4>M    4>*(y) 
</>&)     44*)     44z) 

The  alternants  requiring  first  to  be  considered  are  those 
in  which  the  functions  are  powers,  such  as 


or 

an 

a'J 

bm 

bn 

If 

or 

A(ambncp) 

cm 

cn 

cp 

They  may  be  spoken  of  as  simple  alternants,  and  as  they 
are  of  common  occurrence,  a  shortening  of  the  notation  for 
them  may  be  made,  when  there  is  no  possibility  of  confusion, 
by  leaving  out  the  variables :  thus  we  may  use 

A(in,n,p)     for     A(ambncp), 
and      4(0,1,2)       for     4(a°6V)      i.e.,    for  f*(abe). 

The  form  of  alternant,  for  which  the  symmetric  quotient 
referred  to  in  §  119  is  most  readily  obtained,  and  which 
may  be  viewed  as  the  second  simplest  form,  is  that  in  which 
all  the  powers  except  the  last  are  in  order  the  same  as  those 
of  the  difference-product  alternant. 
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§  121.  The  quotient  of  the  alternant  of  the  second  simplest 
form  by  the  corresponding  difference-product  is  expressible 
as  the  sum  of  a  series  of  fractions,  viz. : 

.  /     0     1  n-2     r\  r 

A  (a  a   ...  a      a  )  a 

J.(aJ«2  •  •  •  °V  jX'"1)        (a"  _  an-\)  (a«  -  an_2)  •  •  •  (a»  -  ax) 


a 


+ 
+ 
+ 


(a„_!  -  a„)  (a„ _2  -  aw _2) . . .  (a„  _ x  -  aj 


(a1  -  a2)  (a2  -  a3)    .    (ax  -  aM) 


Expressing 


1 

1 
a 

i 

a" 

i 

>i  -  '2 

..  a 

i 

i 

1 

i 
a 

2 

tto 

M  -  'J 

r 

a 

2 

1 

1 

a 

a"' 

n  —  1 

..  a 

r 

n-l 

M-l 

?;-i 

B-l 

1 

a 

9 

a" 

78-2 

..  a 

r 

a 

K 

n 

n 

n 

in  terms  of  the  elements  of  the  last  column  and  their  com- 
plementaries  which  are  all  difference-products,  we  have 

arn£\a1a2...an-l)-ar)i_i£'(ala.r..a1)_.,an)  +  g£ _gf  (a1a2...aw_3an_1aw) 
- +  (-^T~1(\C  («2a3...  a«-i««)- 

Hence  dividing  by  the  difference-product  of  ax,  a2, ...,  <*„_!,  a„ 
and  legitimately  altering  the   signs  so  as   to  have  in  the 
second  denominator  an_1  in  every  case  the  minuend,  in  the 
third  denominator  an_2,  and  so  on,  there  results  the  identity 
as  stated. 


§  122.  The  quotient  of  an  alternant  of  the  second  simplest 
form  by  the  corresponding  difference-product  is  expressible 
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by  means  of  tivo  simpler  like  quotients,  viz. : 

J  /     0     1  n-2     r\  .  /     0     1  w-2     r-l\  .  /    0     1  „n-3  „r~l\ 

n  a  a  ...a      a  )  Ala  a  ...a      a      )      Ala  a  ...a      a      ) 

\     1      2 n-1      »/    -"■  V      1      2 "  - 1      n       /     ,    -ZJ-  \     1      2 w-2     n-1/^ 

fi(a1a2...aw_1a»)  £i(ala2...an_1an)        £*(<ha2---  a„_2a„_}) 

From  8  28  we  have  A(aQa1...aa-*ar)  -  anA(a()al...an-2ar-1) 

«J  \     1      2  n-1     n)  \     1     2  n-1     «      / 

1       a1 

i 

1       a1 


2  n-2  r  r-1 

a      ...  a  a      -  a  a 

1  1  1  n     1 


a 


n-2  r  r-1 

...a  a      —  a  a 

2  2  n      2 


1 
I 
n-1 

Ll 
n 


a 


a 


n-1 


r  r-1 

a      —a  a 

n-1  n     n—1 


a"     ...  a 


0 


and    (§  121)  the  right-hand  member   of  this   divided   by 

f-(«i«2  •••«») 

0  / 

0 


(O-a._0(*>-a^0— 0>-«J 


r  r-1 

a     -a  a 

n-1  n      ?!  -  1 


a 


r-1 


+ 


(a^.x-a,,)  (a^i-a^j)... (an_1-a1)  =  ^      (a«_i-an_2)...  (c^-i-aO 
+ + 


4- 


r  r-1 

a-  a  a 

1  n     1 


{a1  -  a2)  (ax  -  aj . . .  (a,  -  a  J 


a 


+ 


K     (a1-a2)(a1-a3)...(a1-aB 


,1/0     1  m-3     r-l\ 

Ala  a   ...  a      a      ) 
=  pV^ =^-=«      (§  121) ; 

whence  the  required  identity. 


Example  : 


a 

a4 

6 

64 

c 

c4 

1     a 

1     6 
1     c 


ft8 


1  a  a2 
1  6  &2 
1      c      c2 


1 

1     6 
1     c 


a     a 
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=  c(a+6  +  c)  +  l*-^-,  (§119,  Ex.) 

o  -a 
=  a2  +  IP-  +  c-  +  ab  +  be  +  ca  =  2a2  +  2a6 . 

Similarly  with  the  help  of  this  result  we  may  find  the  like  expansion  of 

A(aW) 

fiabc)' 
thence  that  of 

A(aW) 

i"*(a  be)' 
and  so  on. 

§  123.  The  quotient  of  an  alternant  of  the  second  simplest 
form  by  the  corresponding  difference-product  is  equal  to 
the  sum  of  all  the  terms  which  can  be  formed  by  multiplying 
together  such  positive  integral  powers  of  the  variables  that 
the  sum  of  their  indices  may  equal  the  excess  of  the  last 
index  of  the  one  alternant  over  the  last  index  of  the  other. 

Let  the  quotient  referred  to  be 

A  (  cl  a0  . . .  a    .  a  ) 
f*(aia2  ...  a,.^) 

Since   the   dividend   consists   of    terms   like   its   principal 
diagonal  term 

0      12  n-2      r 

a,  clgl  ...  a_,a, 


1      2      3  »-l      « 

and  the  divisor,  similarly,  of  terms  like 


0      12  n-2      n-1 

a,  ol  a,  ...  a    .a     , 

12      3  n—ln 


we  see  at  once  that  the  quotient  must  consist  of  terms  of 
the  kind  specified  in  the  statement  of  the  theorem,  and  of 
no  others.  It  thus  only  remains  to  be  shown  that  all  poss- 
ible terms  of  this  kind  occur,  and  that,  unlike  the  terms  of 
dividend  and  divisor,  all  are  positive. 
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As  an  instance  of  such  a  term,  viz.,  one  the  sum  of  whose 
indices  is  r  -  n  +  1,  let  us  take 

a2  a1     ...  cr  a,  a*  ■ 

n      n— ]  3       2       1 

By  repeated  use  of  the  theorem  of  §  122  we  have 

i(v-<::<)_^-c:c;)u  ^K-<CX::) 

+  «2— ^ !LiJL^  +  ....+a'-«      Vj ^  +  a 

£*(«i  •••  Q?»-i)  ?  C«i  •••  a»-J 

the  quotient  we  are  concerned  with  being  thus  separated 
into  r  -  n  +  2  groups  of  terms,  viz.,  those  independent  of  an, 
those  containing  a1,  those  containing  a2 ,  and  so  on.  Now 
the  third,  if  any.  of  these  groups  must  contain  the  term  in 
question.  Taking  it,  therefore,  and  developing  the  co-factor 
of  an  according  to  ascending  powers  of  an.1  in  the  same 
way,  we  see  that  the  co-factor  of  a2  a1      is 

A(a°...a"-ta-5\ 
f*(«i  •••  aw_3ow_2) 

Expanding  this  co-efficient  in  like  manner,  and  so  on,  we 
shall  at  length  come  to  the  coefficient  of  a2 a1     ...  a  ,  which, 

0  n     «—  1  3 

as  it  must  be  of  the  seventh  degree  and  must  contain  only 
o3  and  av  must  be 

A(«) 


This,  however 


f  4(«i  «2) 


a2  -  a2 


a, 


3   ,.4 


=  a2  +  . . .  +  a*  a*  +  . . .  +  a* 
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Thus  +  a^ct1  ...  ajjaijaj  is  a  term  of  the  expansion,  and 
evidently  the  same  may  be  proved  in  regard  to  any  other 
term  of  the  kind. 

The  quotient  specified  in  this  theorem  is  known  as  the  "  complete  symmetric 
function  of  ax,  a.2,  a3,  ....  a„  of  the  degree  r-n+1,"  and  is  denoted  by 
(alt   a.2,    a3,    ...,    aH)r    '     ,  or,  when  there  is  no  doubt  as  to  the  variables,  by 


(  )             or  Hy 

, ,.     The  theorem  thus  simply  is 

-  7!  +  1                                                                                                            X      .7 

A(aUl 
Aia'4 

n  -  2    r  \ 

■■  an-ian) 

■•  an-lan      ) 

A{ax  ...  all_la)t)                                         vr-n+l 
or                                  -  (aj,  a,,  a3,  ...,  a,,) 

i"Val  •■•  an-\an) 

Ex, 

LMPLES  :- 

1 

a      a5 

ll      a 

aN 

1 

b      b5 

-    1      b 

62    =  (a,&,o)5~'-\ 

1 

c      & 

1      c 

c2 1 

=  (as  +  b3  +  cs)  +  {a-b  +  a-c  +  b-a  +  6->  +  ra  +  c^)  +  a  6  e . 

ind 

A{a°blc- 

'/7)  -  r*.».«.rf\7-» 

^(a'^c^) 


=  2a4  +  Za36  +  2a-62  +  Za-bc  -  Saftcd . 
=  (a4  +  o4  +  c4+ri4)  +  .... 


§  124.  From  the  preceding  it  follows  that  every  known 
theorem  regarding  complete  symmetric  functions  becomes  a 
theorem  in  alternants.  Of  these  known  theorems  the 
simplest  flow  readily  from  the  law  of  development 

{axu.2  ....  a,,)*  =  Onia^  ....  a,,)8'1  +  (c^a,  —  a„-iY  0) 

established   in  §   122  in  regard  to  the  functions  in  their 
alternant  form. 

Thus,  developing  the  first  term  of  the  right-hand  member 
)f  (1)  by  means  of  (1)  itself,  we  have 

. . .a,)"  =  an  +  a~\av . .an^Y  +  a'~'2{av ..an.xf  +  . . .  +  (ar . .an_$,   (2) 

is  has  already  been  incidentally  seen  in  §  123.    By  develop- 
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ment  of  the  second  term  of  the  right-hand  member  in  the 
same  way,  there  results 

+  a„_2(a1...an_o)s-1  +  •••  +  aj .    (3) 

By  developing  both  terms,  and  making  a  third  use  of  (1)  to 
combine  two  of  the  terms  resulting,  we  have 

(ar .  .an)s  =  (ar .  .an.2)s  +  (an^an)l(av .  .an^)s'1  +  a*^. .  .an)8"2 , 

and  thence 

(av..any  =  (a1...an-3)s  +  (an_2an_lan)Xav..an_»y~l 

+  (an.1a„)2(a1...a„_1)s"2  +  a^(a1...aj*"3, 
and,  finally, 

(oj. .  .any  =  a/  +  (a2. .  .aj'^aj'"1 

+  (a,. . .an)2(aia2a3y-2  + +  an;\av . . aj-*1.  (4) 

Again,  returning  to  the  first  term  of  the  right-hand  member 
of  (1),  and  altering  it  by  means  of  (1)  in  another  way,  we 
have 

(av..any  =  an\  (av .  .a^''1  -  an+1(ar..a„+])s~2  j  +  (av . .an^)' 

Similarly 

(ax. ..an.ianfl)s  =  an+1  j  (av . .antl)8_1- an{av. .an+1)*~2  {  +  (ar . .a,,.!)' 

and  therefore  by  subtraction  and  division 

lai'"a>i-lCt'i)    ~  \&i'"&n-l(*n  +  l)  (  \s-l  /-\ 

-  —  \av .  .anan+i)      .         {o) 

§  125.  The  quotient  of  any  simple  alternant  by  the  cor- 
responding difference-product  is  expressible  as  a  deter- 
minant whose  elements  are  covvplete  symmetric  functions 
of  the  variables,  viz. : 
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(a1...aM)p        (^...a,,)'7     (ar..an)2 

(^...a^"1     (^...a,,)2-1 (ar..a?i)2_1 

/  \p-n+l  /  \q~n  +  l  /  Ns-h  +  I 

(ax . . .  a,/        (ax . . .  a  n)q        ....  (a, ...  a  J 


Subtracting  each  element  of  the  first  row  of  the  given 
ilternant  from  the  corresponding  element  of  all  the  following 

rows,  we  see  that  the  factors  a,  -  av  a3  -  av ,  an-  ax  may 

be  taken  out,  and  that  this  being  done  the  resulting  deter- 
minant is 


< 


a\        ....     a; 


(a1a/-1(a1a2)3-1....(a1a2)J-1 

Treating  this  in  the  same  way,  the  elements  of  the  second 
tow  being  now  the  subtrahends,  we  can  (§  124  (5))  remove 
the  factors  a3-a2,  ai-  a2,  ...,  (an-a2);  and  continuing  the 
process  we  find  finally 


at 


a;  ....        a: 


\z-l 


(a1a2a3);,~2     (o^a^)3-2      ....  (a^a,)*-2 


(a1...a,.r"+1(a1...aw)ff-"+1....  (ar..a„r"+1    . 


Multiplying  columnwise  the  right-hand  member  of  this  by 
unity  in  the  form 

1  0         0    ....    0 

(an_...any         1  0    ....    0 

(ar..anf  (ar..any    1    ....    0 


a 


»»-2  n-3 


n-3  1 

a      —   1 
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and  using  (4)  of  §  124  we  obtain  the  result  required. 

If  p  be  other  than  0  it  is  better  to  remove  the  factor  af  #.?...  a*  befori 
applying  the  theorem. 


=  n«M 


=  r{abc) 


Example  : — 

1     a3 

a4 

1     b3 

V 

1     c3 

c4 

(a,  b,  of 

(a,  6,  c)3     (a 

M)4 

0 

(a,  6,  c)2     (a,  6,  c)3 

0 

(a,  6,  c)1      (a,  b,  cf 

> 

Sa2  +  S 

<ib     2a3  +  2a26  +  2a6c 

2  a 

2a2  +  2a& 

» 

-Sa6 
2a 

-  2a26  -  22a6c 
2a2  +   2a& 

=  f*(«M 

n«M 


=  ^"(a6c)  x  (2a26  +  2a&c). 


2a&     2a6c 

2a      -  2a& 


§  126.  An  alternant  in  which  the  elements  are  polynomial 
may  often  be  expressed  in  terms  of  a  simple  alternant.  This 
is  evident  when  we  consider  that  the  converse  is  true,  viz.. 
that  the  mere  transformation  of  a  simple  alternant  or  the 
multiplication  of  it  by  a  non-alternant  expression  may  lead 
to  an  alternant  with  polynomial  elements.  For  example,  we 
obtain  an  alternant  with  polynomial  elements  if  we  multiply 
A{a*aq a)  row-wise  by  |aln|;  the  multiplication  column- 
wise gives  of  course  the  same  alternating  function,  but  the 
result  is  not  an  alternant  in  form. 


Example:— 


\xaz  +  iaxo?  +  v-l      X2a2  +  fio     1  \i«3      a2     1 

\bs  +  fab2  +  vx      \Jr  +  fa      1     =  X2  \b3       b-      1 
\c3  +  faC2  +  vl      X2c2  +  fa      1  \c3       C-      1 

|  (   )°      (   )2      (   )3  J 

I  0        (  )°     (  )1 1 
=  -X1X2^=(a&c)  x  2«&. 


(§  32) 


lab 
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§  127.  In  an  alternant  with  rational  integral  elements 
the ,  co-factor  of  the  difference-product  is  expressible  as  a 
determinant  tvhose  elements  are  (1)  the  co-efficients  in  the 
■dements  of  the  alternant,  (2)  those  symmetric  functions  of 
the  variables  which  are  linear  with  respect  to  each  variable, 
i'iz.: 


4  {/.(oj/.to  -/„(«„)} 


C0! 

cn 

c21     . 

•  •  c»l 

"n+1,1     • 

•  •  ^r -1,1  Cr\ 

%2 

CV2 

C->2         ■ 

•  •  ^ji2 

^»+l,2      • 

•  •  Cr-l,2^)-2 

Cq>i 

^lw 

oin    • 

•  •  ^«>i 

^n+l,«     • 

••"r-l.n  t'm 

cn 

C7.- 

1  W-2  * 

■A 

0 

..0     0 

0 

o. 

Un-1  • 

■A 

0.      ■ 

..    0     0 

0 

0 

■A 

c,      • 

..0     0 

0 

0 

0      . 

A- 

0 

nr^r-n  -1  * 

•  o,  c0 

vhere  f(x)  =  cos  +  cux  + c,sx2  +  . . .  +  crsxr , 

tnd      C0=l,    C1  =  - Hav    0,  =  Sc^a,,    G%  —  —  2ot1a2a3,  . . . 

Denoting  the  right-hand  member  by  A,  and  multiplying 
t  row-wise  by  f * (al... anco0co1  ...wr.„),  we  have 

/i(«i)     /to      •••  /«to      0(«i)      «i0(«i)         "■  <"X«i) 

/to  /,w  •••  /.W  «to  «^w    •••  <""#w 


/i(««)    /2(«J    •••  /"(«»)     0(«»)     «»0(«»)       •••  °cw0to 

/ito     /.to       ••'   /»to        ^K)        wo0to  •••    «o*"0to 

/ito  /sto    •••  /»to    0to    w10to      •••  <">to 


/l(Wr-n)/2(«r-n)-"    /i(«r-n)    <p(<*>r-n)    <*r  .  „^)(a)r_  „)  .  .  .     CO^_"0(w,._„)   , 
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where  for  shortness  we  put 
xn  +  C^71'1  +  • »  +  0n    or     (x  -  aj(x  -  a2)  . ..  (x  -  an)  =  0(a). 

In  this  result,  however,  0(aj  =  0  =  0(a2)  =  . . .  =  0(an),  henct 
(§  79)  it  may  be  retransformecl  into  a  product,  viz.  : 


0(«o)       wo0W       —OW 
0(a),)         w^W        ....w^XwJ 


/i(«i)     AM  —  -/"(aj 

/i(«2)     /2(a2)..../«(aJ 

/l(°0      /2(«n)  ..../»(«„)  0(«r-n)        Wr.n0(o)r.n). . .  .fo)^"0(a3r  .„) 

and  therefore  (§§  2G,  117)  into 

-^  j/i(«i)  /2(«2)  •••  /«(««)  j  x  0K)  0(a)!)  ...  0(ft)r-n) 

x  f*(o>0,  ft^  ...  ft)r_J. 

Putting  now  the  original  from  which  this  came,  viz. : 

A  f^  ...   CtnU)^  ...ft)r_„) 

into  the  form 

A^(ax  ...  a„)  f*(W0Wl  •••  <»r-n)  #W^W   •'•  <P(<*r-n)> 

and  removing  the  common  factors,  we  have 

^•{/i(«i)/2(«2)  •••/W}  =  ^ai'  a2'  *••'  a«)x  A, 
as  was  to  be  proved. 

Example  :—  Taking  fx{x)  =  u1  +  fi1x2  +  X^, 

/■W-l: 

^{/i(a)/2(6)/8(c)} 


then 


Ha,  6,  c) 


"l 

0 

Ml 

\ 

^2 

0 

x2 

0 

1 

0 

0 

0 

c3 

c2 

<h 

Co 

=  -  Xx  X2  C2  =  -  Xj  X2  2a6 , 


as  we  have  already  found  (§  126,  Ex. ). 
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§  128.  The  foregoing  theorem,  though  evidently  much 
more  general  than  that  of  §  125,  does  not  include  the  latter 
as  a  particular  case.  There  the  result  is  obtained  in  terms 
of  complete  symmetric  functions  of  the  variables,  here  in 
terms  of  single  symmetric  functions.  Applying  the  general 
theorem  to  the  case  considered  in  §  125,  viz.,  where 

f1(x)  =  xp,f2(x)  =  x«,....,fn(x)=x\ 

we  see  that  in  A  the  elements  of  the  first  n  rows  are  all  0 
except  the  element  in  the  first  row  and  (p  +  l)th  column, 
the  element  in  the  second  row  and  (q  +  l)th  column,  and  so 
on  up  to  and  including  the  element  in  the  0th  row  and 
m  +  l)th  column,  the  excepted  elements  being  1.  Consequently 
A  may  be  reduced  to  a  determinant  A'  of  the  (z  + 1  -  n)th 


order  with  the  sign-factor 


/_  I  \ptg  +  ...+z+i«(n-l) 

the  columns  thrown  out  from  A  being  the  (p  +  l)th,  (q  +  l)th, 
&c,  or,  what  is  the  same  thing,  the  columns  ending  with 
Cz-p>  Cz-q>  &c-  Hence  the  last  row  of  A'  will  contain  all  the 
C's  except  these,  and  as  in  any  of  the  other  rows  the  suffix 
of  any  G  is  less  by  unity  than  that  of  the  G  below  it,  A'  is 
thus  fully  determined. 

EXAMPLE: — Taking  the  alternant  -4(a°63c4),  used  in  exemplifying  §  125,  we  see 
that  the  omitted  indices  are  2,  1,  and  that  the  excesses  of  the  highest  index  over 
these  are  2,  3,  &c.     Thus  the  required  quotient 


,-.3  +  4  +  ^(3-1)31  < 
M 

^2      w 
^3     t72 

2a6         -  2a 

-  Zabc       2a6 

i 

=  2a2b°-  +  2arbc. 

The  final  result  is  thus  obtained  more  simply  than  before.     The  advantage, 
however,  is  not  always  on  the  same  side.     The  determinant  in  the  first  case  is  of 
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the  nth  order,  in  the  second  case  it  is  of  the  (z  +  l-n)th  order,  and  of  cours 
either  order  may  be  higher  than  the  other. 


§  129.  The  product  of  a  simple  alternant  and  a  singl 
symmetric  function  of  its  variables  is  expressible  as  a  sari 
of  simple  alternants,  ivhose  indices  are  got  by  arrangvnA 
the  variables  in  every  term  of  the  symmetric  function  h 
the  same  order  and  adding  the  indices  of  each  term  to  th< 
indices  of  the  original  alternant,  the  first  to  the  first,  tin 
second  to  the  second,  and  so  on. 

Let  A{apbqch....)  be  the  alternant  and  EaM&V ....  the 
symmetric  function,  the  number  of  the  variables  a,  6,  c,  ... 
being  n. 

From  the  definitions  of  an  alternating  and  a  symmetric 
function  it  is  at  once  clear  that  their  product  is  an  alter- 
nating function.     Consequently,   since   aftfe* is  here  a 

term  of  the  one  factor,  ctubvc<T a  term  of  the  other,  and 

therefore  ap*txbq+vch+<T ....  a  term  of  the  product,  there  must 
occur  in  the  product  all  the  other  terms  of  this  type ;  that 
is  to  say,  the  alternant  A(ap+flbq+vch+ *....)  is  part  of  the 
product.     Taking  thus   in   succession  all  the  n\  terms  oi 

HcfVc* we  have  part  of  the  product  proved  to  be  the 

sum  of  n\  alternants.  But  n\  alternants  of  the  nth  order 
have  (nlf  terms;  and  the  product  cannot  contain  more  than 
(nl)2  terms,  for  the  number  in  each  of  the  two  factors  is  n\ ; 
therefore  the  sum  of  the  nl  alternants  is  equal  to  the 
product. 


Example  :— 

A{a%l(r)  x  2a46  =  i(rtW){aW  +  aW  +  aW  +  aW  +  aW  +  aW} > 

=  .4(012) {(410)  +  (401)  +  (140)  +  (041)  +  (104)  +  (014)},  say: 
=  .4(422)  +  .4(413)  +  .4(152)  +  .4(053)  +  A{11Q)  +  .4(026), 
=  .4(134)  -.4(125)  +.4(035)  +  ^4(026).  §§  27,  34. 
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§  130.  From  this  law  of  multiplication  we  naturally 
proceed  to  the  corresponding  division,  viz.,  to  another  way 
of  rinding  the  quotient  of  a  simple  alternant  by  the  cor- 
responding difference-product. 

Example  :— 

-4(aW)  v  ^(a'W)  =  Za-b2  -  Za-bc        (as  before). 

Process  of  Division. 
,4(012)     ,     ,4(034)  (022H112). 

,1(034)  -.4(124) 
-4(124) 

Jere,  subtracting  the  indices  in  the  divisor  from  those  in  the  dividend,  -we  have 
»,  2,  2.  which  gives  the  first  term  of  the  quotient :  then  we  multiply,  and  proceed 
generally  in  the  usual  way  of  division. 

§  131.  A  determinant  may  evidently  be  an  alternant  with 
aspect  to  two  sets  of  variables,  the  interchange  of  any  two 
)f  the  one  set  being  equivalent  to  an  interchange  of  rows, 
ind  of  any  two  of  the  other  to  an  interchange  of  columns. 
Such  a  doable  alternant  is  of  the  form 


or 


F{aA),F(a^...F{a,fi,) 


ind  is  divisible  when  the  elements  are  integral  and  rational 
bv  f  Kaia2  •  •  •  °0  ?KAA  •  •  •  ft).  -^n  example  is  readily  obtained 
as  in  §  126  by  multiplying  row- wise  the  three  determinants 


Example  : — 

\  Coo  +  <*io°i +  ^oiA  +  0uaA     Got  -  ift  -  cna^.2 

i  c*>  +  c10cl2  +  c01J3i  -  CaOsA     c^  +  c10a-2  +  c01£a  +  cua.^o 


or 


Coo    Cm     1     o.1 

1 

' 

-\l        1        0-2 

|l 

-. 

\=0,1 

.  ftcwdrHAA). 

K  =  0,1 
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§  132.  If  in  a  double  alternant  the  function  be  rational 
and  integral  with  respect  to  both  variables,  the  co- factor  of 
the  two  difference-rproducts  is  expressible  as  a  determinant 
rohose  elements  are  the  coefficients  in  the  elements  of  the 
alternant,  those  symmetric  functions  of  the  first  set  oj 
variables  ivhich  are  linear  in  respect  to  each  of  them,  and 
the  same  symmetric  functions  of  the  second  set,  viz. : 

\F(aA)  -  F(aS,)\ 


_  /IXr+n  +  l 


Coo 

Cio     • 

•  Gn0 

^w  +  1,0     •  • 

•  CrO 

0 n 

0 

0  . 

..0 

Cox 

cll  • 

•  C>a 

^n+1,1     •  • 

•  Gr\ 

C'n-1 

^n 

0  . 

..0 

C0k 

G\n       • 

•  Gnn 

^n+-l,n    ' ' 

•  Grn 

C'o 

01 

a;. 

..0 

C0r 

clr    . 

•  Gnr 

Gn+\,r    " 

•  Grr 

0 

0 

0  . 

..a 

Gn 

C*-l' 

-o„ 

0     .. 

.  0 

0 

0 

0  . 

..  0 

0 

Gn    . 

..C1 

Co     •• 

.  0 

0 

0 

0  . 

..  0 

0 

0     . 

..c2 

Gl    .. 

.  0 

0 

0 

0  . 

..  0 

0    0     ...  0      Cr.n+l..C0     0        0    0  ...  0    , 

where  F(xy)  =  ^i{cK-KxKyk)     (k=o,i,  ....  n     \=o.i «) 

^o  =  l'    C1  =  -2a1,     C2  =  ^a1a2,    

and    Cl  =  l,    Ci  =  -2/31?    Ci-Sftft, 

The  proof  of  this  is  exactly  similar  to  that  in  §  127,  the  starting  point  being 
the  multiplication  of  the  right-hand  member  by  the  two  determinants 

^(aia2 ...  aww0wi ...  (ar-n),  {"*(&#$ ...  /3n7r0iri ...  7rr_„) 


in  succession. 


§  133.  When  the  elements  of  an  alternant  sure  fractions 
with  the  variables  occurring  in   the  denominators,  it  wil] 
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generally  be  found  suitable  to  clear  of  fractions  and  then 
apply  one  of  the  theorems  already  given.  The  same 
theorems  suffice  for  the  treatment  of  certain  classes  of 
alternants  with  transcendental  elements,  viz.  those  where 
the  transcendentals  are  sin,  cos,  ...,  sink,  cosh,  ...,  the  ex- 
pressions for  these  in  exponentials  being  substituted  instead. 
In  alternants  of  this  kind  the  product  of  the  sines  of  the 
halved  differences  of  the  variables  often  makes  its  appear- 
ance as  a  factor. 


Exercises.    Set  XV. 


1.  Prove  that 


J.  Xo  "^~  X$  X%  ^3 
.L  X$  *t"  X-y  X$  0&i 
x         X\  »  X%         X\  0C% 


S-yXiXoOCs)  \ 


md  give  the  corresponding  expression  for  { \xxx^xzx^. 

Perform  the  following  divisions,  giving  the  quotients  in  the  ordinary  algebraic 
notation : — 


a 

a? 

a« 

1 

a 

a2 

b 

b2 

66    -f 

1 

b 

b2 

c 

c2 

c6 

1 

c 

cr 

a 

a3     a5 

1      a 

b 

63        &5 

-!- 

1      6 

c 

c3      c5 

1     c 

5. 

;a°64V5|  -^  |a<W!. 

7. 

\a°b\(^ds\ 

■f  |e 

i%lc2d?\ 

62 

c2 

Find  the  like  expansions  for 

4.  \a°bz<?\  -v  la^VI 

6.  |a°62c6i  -Ma°61c2| 
where  |am6ncpi  is  written  for  ^4(a™6V). 
8.  Express  \a°bmcndp\'Za  as  a  sum  of  alternants. 

Prove  the  following  identities,  and  generalize  them  in  such  a  way  as  to  leave 
the  right-hand  members  unaltered  in  form  : — 
9.   .aWtf1!  -HaWd3 1  =Sa6. 

10.  |a06W3i  ^  i«°6Wj  =  Sa26  +  22a6c. 

11.  la°6W|  -r  jaWtf3!  =  Za?bc  +  32a6ctf. 

12.  |a°6W|  -^  laWc^3;  =  2a262  +  Sa26c  +  2Habcd. 

13.  I a°6  W|  -r  la^V^I  =  Sa36  +  Sa262  +  22a26c  +  Seabed. 

14.  Prove  that 

\a°bmcn\  -  \a°bmcn-1\^a  +  \a%mCl--\2ab  -  \a°bmcn-3'labc  =  0. 
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15.  Prove  that 


\aWffi\-r\aWcW\- 


2a  -2a2  2a3  -2a4 

1  2a  -2a2  2a3 

0  2  2a  -2a2 

0  0  3  2a 


■■  2  sin%[a  -  6)  sin^(b  -  c)  sin^{c  -  a). 


16.  -Express  {SjaWtf5!  -5ja°&1c3a'4,]--^|a'W2d3[  as  a  sum  of  second  powers. 

17.  Prove  that 
cos\{a-b)  cosh[b-c)  cosh{c-a) 
cosh[a  +  b)  cosh[b  +  c)  cosl{c  +  a) 
sin^[a  +  b)  sin^{b  +  c)  sin^{c+a) 

18.  Show  that    {iaWe^2|aWd5|+|aWo'4i}H-|aWd3i    is  expressible  as 
third  power. 

19.  Find  the  limit  of  |a0&2c3d4|-r|a(Wtf'3|  when  a  =  &  =  c  =  d  =  l. 

20.  Prove  that 

{ jaWi  +  |aWI }  laWI  =  jaW,2 , 

{ |aW|  +  iaW|  +  |aW| }  iaW|  =  |aW|2 ; 
and  find  a  general  identity  including  these. 

21.  Prove  that 

i  o  i 

\a-.a0  ...  a„  .     a„   .,,«„   ,,, 

1     12  n  -h         ?i  -  ft  + 1     n  -  h  + 


0    1  _n-h-l    n-h  +  1     n-h  +  2  n-.       i    0    1  „»-l  v~   „ 


22.  Prove  the  identities 

{ |aW|  +  |aWj }  |aW|  =  |aWj  I«W| , 

{ |aW|  +  JaW!  +  |aW| }  |aW|  =  |a°6V|  |aW| ; 
and  find  a  general  identity  including  them. 

23.  Prove  that  if/  (a)  =  ar  +  BrUr-i  +  . . .  +  Zr 
1      /i(«)       -      /n-i(a) 

1       /i(6)        -       /»-!(&) 

=  p(ao...Z). 


1      A(0 


/«-i(*) 


If  the  coefficient  of  ar  in  /r(a)  were  Ar,  what  would  the  right-hand  membe 
require  to  be  ? 

24.  Prove  the  identities 

{ jaWcWI  +  |a°&2cW| }  |aWdV|  =  |aWaV|  laWcW,  , 

{ la^cWI  +  |a°&We6j  +  laWaVI }  laWtfVj  =  |a°&VW| |aWdV! ; 

and  give  the  general  identity  including  them. 


sec.  133.      DETERMINANTS   OF   SPECIAL   FORM. 


181 


25.  Denoting  by  CV,«  the  coefficient  of  Xs  in  the  expansion  of  (1  +  x)r,  find  the 
co-factor  of  f*(ai . .  .1)  in 

1      Cal  ....  can_1 


J-  C ,    ,        ....       (/i  , 

0,1  0,71—  1 


1  C?1      ....     C/^-! 


26.  Prove  that 


/  rt\        'Tl       /7*        ^  \ 

(^-  +  xv  +  ^-  +  ^)\ambncPd^  =  w  a^-^cPd*!  +n|aw»6«-1cP*| 

+J3  amb"cP-ld'i  +qambncPd2-1\. 
For  what  values  of  w,  n,  p,  (?  does  this  vanish,  supposing  m< n <p<q1 

27.  Find  the  co-factor  of  '0{xx ...  xn)^{yx ...  yn)  in 

fe-2/ir-1    fe-y*)*-1  -  fe-i/,)"-1 


28.  Prove  that 


29.  Prove  that 
|cos»a0,  ^^(yi-lja!,  ...,  cos{0)an\-r\cosna0,  cag*-1*^,  ....  cos°an|  =2*n*n_1*. 

^-  +  7TT  +  7T-  +  -p—j )    I  ambncPdv  j  vanish  ? 

31.  Prove  that 

\sin{n+l)a0,  sinnau  ...,  sina-n\  -r  \cosna0,  cos"-1^,  ...,  cos°a,i\j 
=  2i-1l(n'1hin  aQsin  ax . . .  sin  an. 

32.  Prove  that 
|a«&W|        |a"&Wj        |a*&W|        jas&W5! 

|a0&TOc2^3|  ja06„c2^3|  |a0&Pc2^3|  l^g^ 

la^V*^        JaO&W3]        ia^^^l        la^tZ3! 
iaWc^l        |a°&W»|        lo^c^l        |a°&Vfr*| 

33.  Find  the  co-factor  of  ^-{Xi ....  Xn)^(i/i  ....  2fo»)  in 
(aJi-yi)"1       (-Ki-Z/s)"1  ••••  (^i-?/")"1 
(«2-2/i)-1       te-^)"1  ••••   (^-y»)_1 


=  !a0&W,  la«6»cprf?'. 


(aj»-#i)   1      [xn-y2)  1  ....  («»-yn) 
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34.  Find  the  co-factor  of  the  product  of  the  sines  of  the  halved  differences  of 
xu  x2,  ...,  Xn,  in 

1       sinxi         cosxx         sin  2xi         cos2xx 
1       sinx2         cosxo         sin2x2         cos2x2 


1       sinx2n+i   cosx2n+i   sin2x.,n+1   cos  2x2n+i 
35.  Prove  that 


(«i-2/i)'2    {xx-y2Y2 ...  fa-ynY2 

(%Z  -Vl)'2     fa  -  2/2)  "2  •  •  •  fc2  -  Vn)  "2 


(Vn-l'l)'2     {Xn-y2)'2  ...  (Xn-Vn)'2 


fe-2/i)"1 


(Xl-Z/n)-* 

(xi-yn)-1 


{xt-yxY1...  {x1~ynyl 
{x2-yi)'1  •••  (aJi-2/w)'1 


{Xn-yi)'1  ...  {Xn-yn)'1 


(Xn-yiY1  ...  {Xn-ynY1 

the  second  factor  denoting  an  expression  whose  terms  are  formed  from  the  ele 
ments  exactly  as  if  it  were  a  determinant  but  are  all  positive. 

36.  Find  the  co-factor  of  fifa  ...  Xn)  ^{yx  ...  xn+i)  in 

(%-2/i) -1       (xi-y2Yl    •••  {x1-yn+i)-1 

{Xi-yiY1     fe-2/2)"1  ••••  (x-i-yn+i)'1 


{xn-yi)'1     {xn-y^'1  ....  (xn-yn+1)-1 
1  1  ....        1 


37.  Find  the  co-factor  of  ^ixi  •••  Xn)  f%i  •••  2Wi)  *n  a  determinant  like  that 
of  Ex.  36,  but  having  the  indices  -  2  instead  of  - 1.  Show  that  from  the  result 
and  that  of  Ex.  36  by  putting  yn+i  =  00,  the  identity  of  Ex.  35  is  obtained. 


5  YM METRIC    BETERMINA  NTS. 

§  134.  In  any  determinant  two  elements  which  occupy 
corresponding  positions  on  opposite  sides  of  the  principal 
diagonal,  and  which  are  therefore  such  that  the  row  and 
column  numbers  of  the  one  are  respectively  the  column  and 
row  numbers  of  the  other,  are  called  conjugate  elements. 
In  a  perfectly  similar  way  we  speak  of  conjugate,  minors; 
and,  going  farther,  a  row  and  column  bearing  the  same 
number  we  call  conjugate  lines  of  the  determinant. 

A  minor  whose  principal  diagonal  is  coincident  with 
that  of  the  main  determinant  is  called  a  coaxial  minor. 
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§  135.  A  determinant  is  said  to  be  symmetric  with 
respect  to  a  line  or  point  in  it  when  every  two  elements 
symmetrically  situated  with  respect  to  the  line  or  point 
are  equal.  Of  the  lines  with  respect  to  which  a  determinant 
may  be  symmetric  two  are  worth  taking  into  account,  viz. 
the  diagonals :  the  only  point  is  the  centre,  that  is,  the 
intersection  of  the  diagonals.  We  have  thus  two  kinds  of 
symmetric  determinants  to  consider, — axi-symmetric  and 
centro-symmetric. 

§  136.  In  a  centro-symmetric  determinant  the  rth  row 
reversed  forms  in  every  case  the  rth  row  from  the  end,  that 
is  to  say,  the  determinant  is  the  same  when  read  backwards 
as  when  read  forwards. 

§  137.  Every  centro-symmetric  determinant  is  express- 
ible as  the  product  of  two  determinants,  of  the  orders  Jn, 
|n  if  n  be  even,  and  of  the  orders  J(n+  1),  J(n  -  1)  if  n  be 
odd. 

Consider,  first,  the  determinant 


c&, 


«, 


a% 

Ik 


Om+1 


a. 


a 


2m 


^2wi-l  ^2 


h 

k        ■ 

'm 

tm+l 

^2m-l 

7 

v2m 

t-2m 

^2m-l      • 

"m+1 

l-m 

•  •    \ 

h 

Olm-l     •  •  •        ^n+1        Or 


a, 


■2)71 


a 


2m  -1 


a, 


m+l 


a. 


..    b. 


a, 


of  the  2mth  order.  Increasing  each  element  of  the  first  row 
by  the  corresponding  element  of  the  last  row,  each  element 
of  the  2nd  row  by  the  corresponding  element  of  the  2nd  row 
from  the  end,  and  so  on,  we  have  the  determinant 
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Clx  +  Ct.2m      d2  +  G&2TO-1    •  •  •  •    ^ra  +  ^to  +  1      ^w  +  ^w+1  •  • 
h  +  ^2m         &a  +  hn-l    ....    ^  +  £>to  +  1        K  +  bm  +  1   .  . 


^  +  k 


h  +  k 


"m  +  1  "m 


u2m 
Cfe,„. 


^2m-l 


^m  +  1 

^to+1 


6, 


e&„ 


a. 


which,  if  each  element  of  the  last  column  be  diminished  by 
the  corresponding  element  of  the  first  column,  each  element 
of  the  second  column  from  the  end  by  the  corresponding 
element  of  the  second  column  from  the  beginning,  and  so 
on,  yields  a  determinant  seen  to  be  resolvable  (§  79)  into 


(Jj,  ~r"  It  2m 

a2  +  Cl2m  _  i   . . 

02  +  02m-\    •  • 

•  •    ^m  "r  ^ra  +  1 

•  •     ^»n    '    Um  +  1 

"l  "t"  ^Jto 

^2"^"^2m-l      •• 

■  •     ^m  "r"  ^m  +  1 

and 


^1         ^2m     ^2         ^2m-l   •  •  •  •  ^to        & 


^1         ^2m        'o        ^2m-l     tm  ~  iT 


ax  +  a2 

^1  +  &2, 


Similarly  it  may  be  shown  that  the  determinant  of  the 
(2m-  +  l)th  order  got  from  the  above  by  annexing  after  the 
mth  column  the  column  a0b0  ...  l0l0  ...  bQa0  and  after  the  mth 
row  the  row  kjca  ...  kmk0km  ...  W  is  equal  to 

a2  +  a 
ba  +  K 


Clm  +  Ctm+1     ZC0Q 
°m  +  Om+1      ^bQ 


\  +  l 


^1         tt2w       tt2        ^2w-l 


^  -  &*» 


b„-b. 


am  -  a, 
bm-bm 


'l         ^2m  ^2        "2w-l     •••     'to        "to  + 


§  138.  j4  centro-symmetric  determinant  of  the  2mth  order 
is  expressible  as  the  difference  of  the  squares  of  two  sums 
of  minors  of  the  mth  order  formed  from  the  first  m  rows. 
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The  product  of  the  two  factors,  D  and  b'  say,  in  the  first 
case  of  §  137  is  equal  to  { J(z>  +  d')  } 2  -  { J(D  -  d)  } 2,  and  when 
D  and  d'  are  expanded  (§  29)  in  terms  of  determinants  with 
monomial  elements,  the  determinants  in  the  one  expansion 
are  in  magnitude  the  same  as  those  in  the  other :  hence  the 
theorem. 

§  139.  A  determinant  in  which  every  two  conjugate  ele- 
ments are  equal  is  an  '  axi-symmetric '  determinant. 

'Symmetric,'  however,  is  in  common  use  for  'axi-symmetric,'  symmetry  with 
respect  to  the  principal  diagonal  being  the  form  which  most  commonly  occurs. 

§  140.  In  the  case  of  an  axi-symmetric  determinant 
(1)  conjugate  lines  are  alike,  (2)  coaxial  minors  are  them- 
selves axi-symmetric,  (3)  conjugate  minors  are  equal,  (J) 
the  adjugate  determinant  is  axi-symmetHc. 

§  141.  Of  the  general  theorems  whose  forms  are  modified 
by  the  existence  in  the  determinant  of  symmetry  with  re- 
spect to  the  principal  diagonal  the  only  one  worth  noting 
here  is  that  of  §  62.  If  the  selected  lines  there  referred  to 
be  conjugate  (v.  example  p.  84)  then  for  axi-symmetric 
determinants  they  are  alike,  and  the  development  takes 
the  form  already  partly  exemplified  on  p.  143.  In  symbols, 
the  change  is  from 

s=2,...,n 

D(al7)  =  anDl-  ^(-l)r+* a^a^D^ 
to 

s>r<«+l 

D(am)a-(,    =  anDl-^alD^-^(-iy+salraslD{'ry 


§  142.  The  product  of  an  axi-symmetric  determinant  by 
the  second  poiver  of  any  determinant  of  the  same  order  is 
ixpressible  as  an  axi-symmetric  determinant. 
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§67. 
8  67. 


Let  the  first  determinant  be  |aln|  with  ars  =  asr,  the  second 
\Pm\>  the  product  of  the  two  \Cln\,  and  \Cln\  \/3m\  =  |Dln|. 
Then 

=    (/3,1a11  +  f3s2a12  +  ...  +  fimaln)firly 

+  (Al«21+    A2^2    +     ...     +    Psna-2n)fir2 

+ 

~t~  {Psl^nl  +    Ps2^n2    T    ...    +    psn(lnn)prn  ) 

as  is  at  once  seen  on  changing  in  order  the  columns  of  terms 
into  rows  and  bearing  in  mind  that  ars  =  asr.  Hence  |DlB| 
is  axi-symmetric. 

§  143.  Any  poiver  of  an  axi-symmetric  determinant  is 
expressible  as  an  axi-symmetric  determinant. 

This  follows  at  once  from  §§  138,  69. 

§  144.  A  determinant  such  that  each  line  perpendicular 
to  the  principal  diagonal  has  all  its  elements  alike  is  called 
a  peesymmeteic  determinant.  In  the  persymmetric  de- 
terminant of  the  nth  order 


a. 


ft, 


ft., 


a. 


fto 


ft<, 


a. 


ft-, 


ft. 


.     ftn 

»  aiijf.^ 


a, 


ftw  +  l      ftrc+2  •  ■  •  •     ft2w-l 


there  are  evidently  at  most  2n-l  distinct  elements,  viz. 
those  of  the  principal  diagonal  and  one  adjacent  minor  di- 
agonal.    It  may  thus  be  shortly  denoted  by 

PU  a"  ft3  a*    ....  a2n.)  or  PK  a2  •  •  •  ^  -i)- 
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§  145.  The 23er symmetric  determinant  of  a1?  a2,  ...,  a.2TO_1} 
is  equal  to  the  persymmetric  determinant  of  a2,  maj  +  a^ 
m2a1  +  2ma2  +  a3,  m3a1  +  3m2a2  +  3ma3  +  a4,  etc. 

This  follows  from  multiplying  the  determinant  row-wise 

by 

1  0  0        0       0  ... 

1  0        0       0  ... 


m 


m 


m 


2m 
3m2 


1 

3m 


and  repeating  the  operation  upon  the  product. 

Indicating  row-multiplication  as  practised  in  the  multiplication  of  determin- 
ants by  J, — for  example,  writing  (a,  b,  c$a,  ft,  y)  for  act  +  fy3  +  cy, — the  elements 
of  the  new  persymmetric  determinant  here  found  are  very  conveniently  denoted 
by  Ox,  (alt  a&m,  1),  (aly  a2,  a£m,  l)2,  (oj,  a2,  a3,  ajfrn,  l)3,  etc. 

When  m  =  - 1 ,  these  elements  are  the  first  terms  of  the  successive  difference- 
series  of  a1?  a2,  ...,  ci.2n_1,  so  that  as  a  special  case  we  have  the  theorem — The 
mrsymmetric  determinant  of  a:  ...ao„_l5  is  not  altered  by  substituting  for  its 
elements  the  0th,  1st,  2nd,  ...,  (2n-2)^  differences  of  the  first  of  them. 

§  146.  A  determinant  such  that  any  row  is  got  from  the 
preceding  row  by  passing  the  last  element  over  the  others 
to  the  first  place  is  called  a  circulant.     The  circulant 


a. 


a, 


a. 


a„ 


a. 


a,. 


a3  ...  ar 
a2  ...  ar, 


ax  ...  an  _ , 


a. 


a* 


a. 


cl 


-3' 


,  an,   may  be  denoted  by 


whose  first  row  is   av  a2,  a3 
C(axa2 ...  an). 

The  determinant  got  by  changing  the  signs  of  every 
element  on  one  side  of  the  principal  diagonal  of  a  circulant 
is  called  a  skew  circulant.  For  it  the  functional  symbol 
C  may  be  used. 
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§  147.  A  circulant   is  evidently   (§  38)   a  per  symmetric 
determinant,  viz. 


i«(«-l) 


C(axa2 ...  an)  =  (-  1)"     "  P(axa2 ...  anaxa2 ...  an^). 
Also  evidently  (§  35) 

G(a1a2...an)  =  (-I)n~1C(a2d3...ana1), 
and  (§  24) 

0(0^  ...  aw)  =  G{a1anan.1  ...  a2). 

§  148.  J.  circulant  contains  as  a  factor  the  sum  of  the 
elements  of  one  of  its  rows,  the  co-factor  being  expressible 
as  a  persymmetric  determinant  of  the  next  lower  order,  viz. 

C(a1  ...an)  =  (-1  fn(n'1)(a1  +  a2  +  . . .  +  an) 

x  Jria^a^,  a2—a3,  ...,  an—ax,  a1—a2,  ...,  an_$—  an_<,). 

Adding  to  each  element  of  the  last  column  of  the  per- 
symmetric  determinant  in  §  147  the  corresponding  element 
of  all   the    other   columns,  and   then  removing  the  factor 

ax  +  a2  +  ...  +an  we  have 


a. 


a, 


a., 


a, 


a , 


a, 


a,  . 

•    On  -i 

1 

aA  . 

.  an 

1 

a.  . 

0 

.  ax 

1 

a2  . 

•   an_% 

1 

which  passes  into  the  required  persym metric  determinant  if 
each  element  of  the  first  •  n  -  1  rows  be  diminished  by  the 
element  immediately  below  it. 

§  149.  The  circulant  of  ax,  a2,  ...,  an  is  equal  to  the  pro- 
duct of  all  expressions  of  the  form  ax  +  o)ra2  +  ...  +  c^'1^, 
where  wr  is  one  of  the  nth  roots  of  1. 

Increasing  each  element  of  the  1st  column  of  the  circulant 
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by  o)r  multiplied  by  the  corresponding  element  of  the  2nd 
column,  col  multiplied  by  the  corresponding  element  of  the 
3rd  column,  oj3r  multiplied  by  the  corresponding  element  of 
the  4th  column,  etc.,  we  have  an  equivalent  determinant  in 
which  the  first  column  is 

C&,     +  cora2  +  cola3  +  ...  +  co"~  cin 

2  71-  \ 

Cln      +   (jdrClx    +   Wr<^2   +    •••    +   0)r      Ojn-i 
Ctn-l  +    O0rOjn    +    ft),.^    +     ...     +    O)""    Gtw_2 


n-\ 


a2     +  wra3  +  w"ra±  +  ...  +  wr    ax. 

But  the  second  expression  here  equals  the  first  multiplied 
by  o)r,  the  third  equals  the  first  multiplied  by  w2r,  and  so  on; 
hence  the  first  expression  is  a  factor  of  the  determinant. 
And  as  the  product  of  the  n  factors  of  which  it  is  the  type 
contains  the  term  +  a"  which  is  evidently  a  term  of  the 
determinant,  no  additional  factor  is  required ;  that  is  to  say 

C(axa2 . . .  an)  =  \\_(a1  +  wra2  +  a>la3  +  . . .  +  ft£_1a„)  . 

A  suggestive  proof  of  this  identity  is  obtained  by  viewing  the  two  members  of 
it  as  different  forms  of  the  resultant  of  the  equations  a^  +  a2x  +  a-Ax2  + . . .  +  anxn  ~ 1  =  0 
and  1  -  xn  =  0. 

§  150.  The  product  of  two  circulants  of  the  same  order 
is  expressible  as  a  circulant. 

This  is  a  direct  result  of  §  67.     Example  : — 

C(abc)  C{aj3y)  =  C(aa  +  6/3  +  cy,  ca  +  a/3  +  by,  ba  +  cfi  +  ay), 
=  C(aa  +  c/3  +  67,  ba  +  a(3  +  cy,  ca  +  bj3  +  ay). 

§  151.  A  circulant  of  the  2ntt  order  is  expressible  as  the 
product  of  two  determinants  of  the  ntk  order ,  a  circulant 
and  a  skew  circulant,  viz. 

C(ax  ....  a-2n)  =  C(a2  +  an+1,  a,  +  an+2,  . . . ,  an  +  a,,) 

x  o  [ci1  —  an+i,  a2  —  an+2, ...,  an  —  aon). 
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Reversing  the  order  of  the  last  n  rows  and  then  reversing 
the  order  of  the  last  n  columns,  the  given  circulant  becomes 
centro-symmetric  ;  and  thus  (§137)  the  theorem  follows. 

§  152.  A  circulant  of  the  2n<7i  order  is  expressihle  as  a 
circulant  of  the  nth  order,  viz.  C^...^)  =  C(xl...xn) 
where  xr  =  (ax,  —  a2,  a3,  . ..,  —  a2nQa2r_1,  a2r_2,  ...,  a2r+1,  a^). 

From  C(a1...a2n)  a  determinant  equal  to  (-l)w*+1,Cr(a1...aJ 
is  got  by  placing  first  the  odd-numbered  rows  in  order  and 
then  the  even-numbered  rows  in  order  and  altering  all  the 
signs  of  the  even-numbered  columns :  another  equal  to 
(-l)iAn~1)nC(a1  ...  a.2n)  is  got  from  this  by  deleting  the  nega- 
tive signs,  reversing  the  order  of  the  rows  and  then  revers- 
ing the  order  of  the  elements  in  each  row.  Multiplying 
these  determinants  together  and  expressing  the  result  as  the 
product  of  two  of  its  minors  (§  79),  we  have 

{-\yC\ar ...  a,„)  =  (-irC'(x1 ...  xn), 

and  thence  the  theorem  required. 

This  and  the  other  theorems  following  §  149  may  be  proved  by  using  the  fun- 
damental property  there  established. 

§  153.  To  almost  every  one  of  the  theorems  regarding 
circulants  there  is  a  corresponding  theorem  regarding  skew 
circulants.  Thus,  following  the  order  of  §§  147-149,  we 
have 

=  (~lfn(n-x)P(av  ...,  an,  -  alt  -  a2,  ...,  -  an_^)  ; 
=  (rl)nC'(a2}...>an,-a1); 

=  C  (av  -  an,  -  an_1}  . . . ,  -  a2) ; 

(-l)Wn'^(a1+a2,a2+a3,...,a^1+an,an-a1,-a1-a2,  ...,-a^-a^) 

x  (ttj  -  a2  +  a3  -  . . .  +  a„) ,  n  being  odd  ; 

17  («!  4-  cora2  +  co;a3  4-  . . .  +  ft>"_1an),  cor  being  an  nth  root  of  -  1 ; 
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and  "  skew  circulant "  may  be  substituted  for  "  circulant " 
in  §  150. 

§  154.  A  skeiv  circulant  of  odd  order  is  expressible  as  a 
circulant,  viz.  (7(0^  ...  cun+1)  =  C(ctlt  -a2,  a3,  -aiS ...,  a2n+1). 

This  is  at  once  obtained  by  changing  the  signs  of  all  the  elements  in  the  even- 
numbered  rows  and  then  in  the  even-numbered  columns. 


Exercises.     Set  XVI. 


1.  If  a  determinant  be  symmetric  with  respect  to  both  diagonals,  to  which  of 
the  above-mentioned  special  classes  does  it  belong? 

2.  Show  that  any  even  power  of  any  determinant  is  expressible  as  an  axi-sym- 
metric  determinant. 

3.  Establish  the  identity 
4bc 


4.  Show  that  the  product  of  any  two  determinants  of  the  71th  order  is  express- 
ible as  a  centro-symmetric  determinant  of  the  2nih  order. 

5.  Find  the  linear  factors  of 


a2  +  b2+c2 

2ab 

2ac 

=  (62  +  c2-a2) 

b2  +  c2 

ab 

ac 

2ab 

a2+b2 

be 

ab 

c2  +  a2 

be 

2ac 

be 

c?  +  a2 

ac 

be 

a2  +  b2 

a 

b 

c 

d 

e 

f 

9 

h 

b 

a 

d 

c 

f 

e 

h 

9 

e 

d 

a 

b 

9 

h 

e 

f 

d 

c 

b 

a 

h 

9 

f 

e 

e 

f 

9 

h 

a 

6 

c 

d 

f 

e 

h 

9 

b 

a 

d 

c 

9 

h 

e 

f 

c 

d 

a 

b 

h 

g 

f 

e 

d 

c 

b 

a 

6.  Prove  that  if  the  sum  of  the  elements  of  each  row  of  an  axi-symmetric 
determinant  vanishes,  the  primary  minors  are  equal  in  magnitude  :  and  state 
the  law  regarding  the  difference  in  sign. 


7.  Prove  that 

aa'  -  bb'  -  cc'        a'b  +  ab'  a'c  +  ad 

a'b  +  ab'       bb'  -  cc'  -  aa'  b'c  +  be' 

a'c  +  ad            b'c  +  be'  cd-  aa!  -  W 


=  (a2  +  62  +  c2)(a'2  +  V2  +  c'2){aa  +  bb'  +  cc1) . 
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8.  Prove  that  if  an  axi-symmetric  determinant  vanishes  the  co-factor  of  any 
element  is  a  mean  proportional  between  the  co-factors  of  the  principal  diagonal 
elements  belonging  to  the  row  and  column  of  the  said  element.  What  is  the 
alternative  hypothesis  for  the  same  result  ? 

9.  Express  as  a  continuant 


+  b 

a 

a 

a 

b 

a  +  b 

a 

a 

b 

b 

a  +  b 

a 

b 

b 

b 

a  +  b 

10.  An  axi-symmetric  determinant  having  been  multiplied  by  itself,  prove  that 
if  the  principal  diagonal  elements  of  the  first  factor  be  diminished  by  x,  those  of 
the  second  increased  by  x,  and  those  of  the  product  diminished  by  sc2,  an  identity 
will  still  subsist. 

11.  Prove  that  the  altered  product  in  the  preceding  exercise  when  expanded 
according  to  descending  powers  of  x  has  its  terms  alternately  positive  and 
negative. 

12.  Prove  that  the  determinant  whose  principal  diagonal  is  cl9  c2,  e3,  ...,  cn, 
elements  on  the  one  side  of  this  diagonal  each  equal  to  a,  and  on  the  other  each 
equal  to  6,  is  equal  to  {af(b)-bf{a)}  -f-  (a-6)  where  f(x)  =  {c1-x)(c2-x)...{cn-x). 

13.  Prove  that,  if  the  complementary  minor  of  the  first  element  of  an  axi-sym- 
metric determinant  be  zero,  the  determinant  is  expressible  as  a  second  power. 

14.  Indicate  in  symbols  the  condition  for  |aln|  being  persymmetric,  and  show 
that  it  includes  the  condition  a™  =  asr . 


15.  Express  in  non-determinant  notation 
x      a      a      b 


16.  If  x\  +  x\  +  x\ 
0,  prove  that 


v\- 


Pi 

Vl2 


X 

d 
c 

y 

b 

zi  +  . 


Vl2 


=  1  a,ndx1y1  +  x.2y2  +  x3y3  =  x1Zi  +  ...  =yi%+< 
/ 


where    Pr  =  ax\  +  by\  +  cz*r  +  2dy^r  +  2exrzr  +  2fxryr , 

and        Qrs  -  axrxs  +  byry*  +  czrzs  +  d{yrzs  +  zrys)  +  e{xrZ*  +  zrxs)  +  f{xry  +  yrxs). 
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17.  Show  that  if  sr  =  a\  +  a2  + ...  +  a£  and  m<n,  P(s0,  s1} ...,  S2m_a)  is  express- 
ible as  a  sum  of  squares  of  alternants. 

Establish  the  identities 

18.  CiSa-Ou  2a-a2,  ...,  2a-a»)     =  (-l)»-i(n-l)  C(al5  ...,  a»). 

19.  tf(|2  -  at,  |Za  -«2 £2a  -  o»)  =  (-1 )«-*  (£»  - 1)  C{av  . . . ,  a„). 

20.  C(a,  a  +  d,  ...,  a  +  n^ld)  =  (-l)»-i|(?M2)»-i{2a  +  (»- l)d}. 

21.  C(a,  ar,  ...,  a?-"-1)  =  (-lj^-itf^r"-])"-1. 

22.  Prove  that  the  differential  coefficient  of  an  axi-symmetric  determinant 
with  respect  to  one  of  the  elements  whose  row  and  column  numbers  are  r  and  s 
is  equal  to  {-l)r+s  multiplied  by  twice  the  complementary  minor  of  that 
element. 

23.  Prove  that  P[ax-a2,  a2-a3,  ...,  a» -ax,  a^-a*,  ...,  cin-a-an-z) 

=  P(a3-a4,  a±-ah,  ...,  ctn-di,  ax-a2,  ...,  an-\  -a,,). 

24.  Find  the  differential  coefficient  of   C(ax  ...  an)  with  respect  to  ax. 

25.  Find  a  general  identity  including  that  in  Ex.  7,  and  thence  obtain  a 
determinant  equivalent  to   {af  +  a?2  + ...  +  a2n)'\ 

26.  Show  that 
1      ax      axa2      ....  (% ...  On-i) 
1      a2      a2a3      ....   (a2 ...  On) 


anCln+X  ....    («»...  «2»— 2) 


is  expressible  as  the  quotient  of  a  persymmetric  determinant  by 

n    n-l    n-2 
dQO^      a2      •••  an-v 

27.  Express  in  non-determinant  notation  the  circulant  whose  first  row  consists 
of  p  negative  units  followed  by  n-p  positive  units,  p  being  less  than  \n. 

28.  Prove  that  if  D{aln)a    _a    =0,   then   (^-)  =4^—^—. 

ars     asr  N  Cars'  (Jttss   C^rr 

29.  Find  the  value  of  P(a,  ar,  ar2,  ...,  ar2n~2) . 

30.  Show  that  the  product  of  a  circulant  and  a  skew  circulant  can  be  expressed 
as  a  circulant. 

31.  If  Un  be  the  number  of  distinct  terms  in  an  axi-symmetric  determinant  of 
order  n,  prove  that 

Un  =  n  Un-1  -£(TO-1)(»-  2)Un-3  , 

and  thence  calculate    U2,  Us,  ...,  U6. 

32.  Prove    that    the    persymmetric    determinant    of    cos  a,   cos{a  +  d),  ..... 
:os  {a  +  2n -Id)  vanishes  for  all  values  of  n  greater  than  2. 

N 
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33.  Show  that  a  circulant  of  the   (in  +  2)th  order  is  expressible  in  two  ways  as 
a  circulant  of  the  (2n  +  l)th  order. 

34.  Prove  that 


i  a    b 

I  c    e 


a 

b 

c 

a, 

a 

6 

c 

<h 

a 

6 

c      a4 

b 

d 

e 

0-2 

6 

d 

e 

a2 

b 

d 

e      a2 

c 

e 

f 

ay 

c 

e 

f 

a3 

c 

e 

f      a* 

«i 

a.. 

a3 

0 

ft 

ft 

ft 

0 

7i 

72 

73    0 

a 

b 

c 

ft 

|  a 

6 

c 

ft 

a 

6 

c      ft 

b 

d 

e 

ft 

b 

d 

e 

ft 

6 

d 

e     ft 

c 

e 

f 

ft 

c 

e 

f 

ft 

c 

e 

/      ft 

ax 

a2 

«3 

0 

ft 

ft 

ft 

0 

7i 

72 

73    0 

a 

b 

c 

Vi 

a 

b 

c 

7i 

a 

6 

c      7i 

b 

d 

e 

72 

b 

d 

e 

72 

6 

d 

e      72 

c 

e 

f 

73 

c 

e 

/ 

7s 

c 

e 

/     7s 

«i 

a2 

a3 

0 

ft 

ft 

ft 

0 

7i 

72 

73    0 

35.  Denoting  xm  +  c^™-1  +  ...  +Cm  by  ax,  prove  that  P(oj ...  «2n-i)   is  equal 
to  (-l)»n(w_1>|(n-l)!ln  when  m  =  w-l,  and  vanishes  when  m<w-l. 

36.  Express  in  non-determinant  notation  the  circulant  whose  first  row  consists 
of  p  positive  units  followed  by  n-p  zeros. 

37.  If  nlVn  be  the  number  of  distinct  terms  in  an  axi-symmetric  determinant 
of  the  nth  order  with  zero  elements  in  the  principal  diagonal,  prove  that 

nVn-(n-l)  Vn-l-  Vn-2  +  hVn-Z  =  0  . 

38.  Prove  that 

C(a,  br,  cr2,  dr%  er4)  =  {-l)*n{n-1]  P{br5,  a-6,  di*5,  er\  a,  b,  c,  d,  e), 
and  writing  h  for  r5  show  that  P(bh,  ch,  dh,  eh,  a,  b,c,d,e)  is  resolvable  into 
linear  factors,— a  result  including  §  149  and  §  153  (5). 

39.  Prove  that  all  the  mth-ary  minors  of  an  axi-symmetric  determinant  of  the 
nth  or(jer  wjil  vanish  if  |(w  -  m  + 1)  (n  -  m  +  2)  of  them  vanish. 

40.  Prove  that  the  co-factor  of  a1  +  a2...  +a-2n-i  in   C(al5  a2i  ...,  <hn-i)  is  ex- 
pressible as  a  determinant  of  the  nth  order. 

41.  Prove  that,  if   to   denote  one  of  the  imaginary  fifth  roots  of  unity,  the 
double  circulant 

ax  +  bx  a2  +  b2  a3  +  &3 

a5  +  b2  at  +  b3  a2  +  64 

aA  +  bs  a5  +  bi  ax  +  b6 

as  +  64  a4  +  b5  a5  +  6X 

a2  +  b5  a3  +  bi  a4  +  b2 


a4  +  b4  a5  +  b5 

az  +  b6  a4  +  bi 

a2  +  &x  a3  +  b2 

ax  +  b2  a2  +  b3 

a5  +  63  ax  +  64 
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has  for  a  factor  the  quadratic  expression 

(a1  +  iua.2+  w2rt3  +  w3a4+  w4«5)  (ai  +  o)-la.2  +  oj--a2  +  co~3ai  +  w_4a5) 
-  (&!  +  o}b2  +  orb3  +  usbi  +  w465)  (6X  +  «-1&2  +  aj_263  + w_3^4  +  a>"465) , 


SJT.E  IF  DETERMINANTS. 

§  155.  A  determinant  in  which  every  element  on  one  side 
of  the  principal  diagonal  is  equal  in  magnitude  to  its  con- 
jugate element  but  opposite  in  sign  is  said  to  be  skew  with 
respect  to  that  diagonal.  Diagonal  elements  being  self-con- 
jugate,  determinants  such  as 

0  a  b  c 

-a  0  d  e 

-b  -d  0  / 

-c  -e  -f  0 

which  are  skew  with  respect  to  a  zero  diagonal,  may  be 
looked  upon  as  having  the  elements  of  the  principal  diagonal 
conditioned  in  the  same  way  as  the  other  elements. 

The  word  skew  as  here  used  is  meant  to  be  contrasted  with  symmetric,  every 
kind  of  symmetric  determinant  being  matched  by  its  corresponding  skew  deter- 
minant. But  just  as  the  term  '  symmetric '  is  often  used  in  the  narrower  sense 
of  '  axi-symmetric,'  so  '  skew  '  is  almost  universally  taken  to  mean  '  skew  with 
respect  to  the  principal  diagonal.'  The  slightly  different  sense  in  which  '  skew' 
has  been  employed  already  in  connection  with  circulants  should  also  be  noted. 

§  156.  In  the  case  of  a  zero-axial  shew  determinant,  (1) 
conjugate  lines  differ  in  the  signs  of  their  elements  and 
thus  only,  (2)  coaxial  minors  are  themselves  zero-axial  skew, 
(3)  conjugate  minors  are  equal  or  differ  only  in  sign, 
according  as  they  are  of  even  or  odd  order,  (Jj)  the  adjugate 
determinant  is  skeiv  if  of  even  order  and  axi-symmetric  if 
of  odd  order. 

Here,  (1)  follows  from,  or  is,  the  definition ;  (2)  follows  from  the  definition  ; 
(3)  is  deduced  from  (1) ;  and  (4)  from  (3).  The  first  part  of  (4)  is  made  more 
definite  below  (§  158). 
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§  157.  A  zero-axial  skew  determinant  of  odd  order 
vanishes. 

If  the  signs  of  all  the  elements  be  changed,  the  deter- 
minant (§  26)  is  changed  in  sign,  and  yet  (§  24)  is  unaltered: 
therefore  it  is  zero. 

Consequently  its  adjugate,  above  referred  to  as  being  axi-symmetric,  is  (§  95) 
also  zero. 

§  158.  The  adjugate  of  a  zero-axial  shew  determinant  of 
even  order  is  zero-axial. 

This  follows  at  once  from  §152  (2)  and  §  157. 

§  159.  A  zero-axial  skew  determinant  of  even  order  is  the 
second  power  of  a  rational  function  of  the  elements. 
Let  the  determinant  be 


0 

ai2 

^12 

0 

an 

-^23 

13 


a. 


a„ 


■a 


14 


-c&„ 


-a, 


34 


34 


^l,2w-l 
^2,2m— 1 
^3,2m  - 1 
^4,2m  - 1 


-a 


l,2n-l 


a, 


2,2m- 


-a 


3,2m -1       ^4,2«-l 


i        ^1,2m 


■a, 


2,2m 


-a 


3,2n 


-a.. 


4,2« 


2m— l,2n 


Then  (§  91  or  §  96  II.) 


But  (§  157) 
and  (§  156,  3) 


B(lnD  =  D(1  D{n  -  D{1  D{n 

(l.«  (1        (n  (n        (1 

D*  =  0  =  Df, 

(i  (n » 

(n  (1    » 


,(i,« 


^1,2m 
^2.2w 
^3,  2m 

a±  2m 


^2m-1,2m 

0 


orD,  say. 


Hence,  if  the  theorem  holds  for  Dfl-'\  which  is  a  zero-axial 
skew  determinant  of  even  order  n  -  2,  it  will  hold  for  the 
next  higher  case,  viz.  of  D.     But  it  is  evident  that  it  holds 
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for  a  determinant  of  the  second  order 
generally. 


therefore  it  holds 


Example  : — 


-a  0 
-b  -d 
-c    -e 


a 

b 

c 

2 

1     0 

d 

= 

0 

d 

e 

-d 

0 

-d 

0 

f 

|            w 

=  (adf  -  bed  +  cd2)"  -f  d2, 
=  {af-be  +  cd) . 

§  160.  A  determinant  having  the  complementary  minor  of 
one  of  its  corner  elements  a  zero-axial  skew  determinant, 
like  D["  or  the  second  determinant  in  the  foregoing  example, 
is  called  a  bordered  zero-axial  skew  determinant.  The 
word  is  similarly  applied  in  connection  with  other  special 
determinant  forms. 


§161.  Looking  at  the  coaxial  minors 


0 


0 


0 


-a, 


31 


0 


0 


0 


of  D  above,  we  see  that  their  product 


auau 


a: 


2n-l,2n 


is  a  term  of  the  determinant,  and  that  therefore  one  square 
root  of  D  contains  the  term  +a12a34  ...  a2n_h2n  and  the  other 
-a12au  •••  ^2w-i,2n«  That  square  root  of  a  zero-axial  skew 
determinant  of  order  2n  which  contains  as  a  positive  term 
the  product  of  the  elements  in  the  places  (1,  2),  (3,  4),  . . . , 
(2n  -  1, 2n)  is  called  the  Pfaffian  (function)  of  the  whole 
of  the  elements  lying  on  the  same  side  of  the  zero  diagonal 
as  the  elements  mentioned.  Thus  af  -  be  +  cd  is  the 
Pfaffian  of 

a       b       c 

d      e 

f. 
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Assimilating  the  notation  for  Pfaffians  to  that  of  deter- 
minants  which  in  their  properties  they  closely  resemble,  we 
may  denote  the  Pfaffian  just  given  by 

\a       b       c 
d      e 

f 

and  more  shortly 


a2       a3      a4 


by  Ma2hsc4)  or  'K^vU; 


and  more  shortly  still 

\\a12a23....a2n_1M\  by  jf{ax,n)  or  ^mI- 
Thus  the  fundamental  identity  of  §  159  may  be  written 

I  arr=0 

'J\,2n 


On 


=  M 

Clrs=—Ct-sr 


=    "^0     I" 
l,2n 


The   earliest   notation   and   that   still   in   common    use    is 
umbral ;  for  example, 

[1,2,3,4]    for     i|oJ. 

A  Pfaffian  which  is  of  the  nth  degree  in  its  elements  is 
said  to  be  of  the  7ith  order:  thus,  l|«14|  is  of  the  2nd  order. 

§  162.  The  first  row  of  a  Pfaffian  of  the  nih  order  contains 
2n  -  1  elements :  the  line  through  the  1st  column  and  2nd 
row  contains  the  same  number:  so  also  do  the  lines  through 
the  2nd  column  and  3rd  row,  through  the  3rd  column  and  4th 
row,  and  so  on  to  the  last  column.  These  2n  lines  each 
containing  2^-1  elements  may  be  called  the  frame-lines 
of  the  Pfaffian  and  numbered  1st,  2nd,  3rd,  etc.  in  order. 
Evidently  every  element  of  the  Pfaffian  belongs  to  two 
frame-lines,  and  is  fully  specified  as  to  position  when  the 
numbers  of  these  are  given.    In  the  Pfaffian  l|  a12<x23  —  c^zn-iM  I 
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or  '|&i,2w|»  written  more  fully  in  §163,  the  suffixes  of  each 
element  indicate  the  numbers  of  the  frame-lines  to  which  it 
belongs,  the  smaller  number  being  always  written  first. 

The  terms  minor  and  ad  jugate  and  the  subsidiary  terms 
connected  with  them  are  used  in  regard  to  Pfaffians  just  as 
in  regard  to  determinants.  Thus,  if  the  frame-lines  of  any 
element  be  deleted,  the  Pfaffian  whose  elements  are  in  order 
the  elements  left  is  called  &  first  or  primary  minor  of  the 
original  Pfaffian  and  the  complementary  (minor)  of  the  said 
element.  The  notation,  also,  which  corresponds  to  this 
nomenclature  may  be  made  quite  analogous  for  the  two 
functions :  for  example,  the  complementary  of  the  element 
in  the  place  (r,  s)  of  the  Pfaffian  ff  may  be  denoted  by  fff*, 
and  the  adjugate  of/(ali2n)  or  i|a12,J  by  ff(A1<2n)  or  '|^lj2n|. 

§  163.  A  bordered  zero-axial  skew  determinant  is  ex- 
pressible as  the  product  of  two  Pfaffians. 

Returning  to  §  159  we  find  it  shown  that 

\D(nY  =  DDiln, 

so  that  on  extracting  the  square  root  we  have  (§161) 


r 

■2i 


a 

a2 

0 

■a, 


13 


a 


14 


a., 


«., 


Ch,-2n 


34 


2,2«-l 


-a 


3,2«-l 


■a,. 


i,2n-l  • 


a., 


2m  — 1,2m 


^23  '  '  "  ^'---» 
•  -  '  **3,2w 


a2w-if. 


^23     ^24  "  *  "       -,2»  - 1 

a.3i . . .  a32n-i 


(^2n-'2,-2n-l 


That  the  signs  of  the  roots  of  D  and  Da'n  have  been  taken 
correctly  is  evident  on  noting  that  +a12a.23au  ...  a.2n_1.2n  is  a 
term  on  the  one  side,  and (+ar2a.ua56.  ..a.2n_h,)l)(+a.,./j^.. .  .a2re_2>2„-i) 
a  term  on  the  other. 

In  the  preceding  the  determinant  is  of  odd  order;  but  if 
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/.,, 


23 


we  put  a2n_1>2n  =  1  and  all  the  other  elements  of  its  column 
equal  to  0,  the  theorem  is  seen  to  hold  also  for  even-ordered 
determinants,  the  result  being 


a 

0 

■a, 


13 


a 


14 


a 


21 


•  '  •    ^l,2n-l 

•  •  •    ^2,2m-1 


('■: 


34 


a 


3,2/1-1 


34 


0 


...a 


4,2n -1 


*2,2»-2      ^3,2m-2      ^'4,2M-2•••    ^2m-2,2«-1 


12     ^13  '  "  "  ^1,271-2 

(X23  .  ..  C&o2w_2 


a, 


2m-3,2m-2 


^23    ^24  '  **  ^2,2n-l 

aM  . . .  ct3j2n_1 


a 


2n-2,2 


If  the  last  column  in  the  second  identity  here  given  be  passed  over  the  others 
to  become  the  first  column,  the  form  will  be  still  more  elegant ;  for  the  line  of 
zeros  in  both  identities  will  then  divide  the  determinant  into  the  two  Pfaffians 
on  the  right. 


§  164.  The  complementary  minor  of  any  element  (ahk) 
outside  the  principal  diagonal  of  a  zero-axial  skew  deter- 
minant is  readily  seen  to  be  expressible  as  a  bordered  zero- 
axial  skew  determinant.  Hence  every  such  minor  is  equal 
to  the  product  of  two  Pfaffians. 

Instead  however  of  viewing  this  as  a  deduction  from  the 
foregoing  theorem  it  would  be  more  appropriate  perhaps  to 
view  the  said  theorem  as  a  particular  case  of  this.  For  the 
substitution  of  h  and  k  for  n  and  1  at  the  commencement  in 
no   way  increases   the   difficulty  of  the   proof.     The   two 


general  results  are 


(1)  If  D 


a 


1,2m 


^T.t Ct'e 


and/=  K2„  ,  then  D*  =ffxff»    (h>k) 


(2)  IfD  = 


a 


arr  =  Q 


1,2m -l 


and/=  K^l,  then  D*  =ff">xff<*- 


If  the  mih  row  and  mth  column  of  the  first  D  be  deleted  there  results  a  deter- 
minant like  the  second  D  ;  hence  in  regard  to  the  first  D  we  have 


\(m,h  _   Mm 


(m 


-^(m./fc  ~  #  (7»    *  JJ  (k 
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§  165.  Any  determinant  of  the  2nth  order  is  expressible 
as  a  Pfaffian  of  the  j±th  order,   viz.]  laj^l  =  I|P1>2n|,    where 

-trs  =   (a<ri,   9r2»    ....,   ar,2ii5as2>    ~~asl>   as4>   ~~ as3> >  a8,2ii>  —  aS(2n-lA 

Writing  |a1;2w|  in  the  form 


a. 


(L 


-a, 


a 


14 


a 


13 


■a, 


21 


a 


24 


a. 


■23 


&2,2n 


~^l,2w-l 
—  ^2,2n-l 


a.2n  o  (^2n,l  ^2n,4  ^2n,3     •••■     ^2w,2»; 


'Cvo 


2ra,2w-l     > 


and  multiplying  the  two  forms  together  row- wise  we  have 

K*l,2n|      =     |-*   i,2w|« 

But  it  is  evident  that  Prs  =  -PSr  and  that  Pw  =  0 ;  hence, 
on  extracting  the  square  root,  the  theorem  follows. 

Treating  the  rows  of  \ax  2J  in  the  same  way  as  the  columns  have  been  treated, 
and  multiplying  the  result  column-wise  by  \ax  2J,  we  obtain  a  different  but  equi- 
valent Pfaffian. 


§  166.  Any  determinant  is  expressible  as  a  Pfaffian  of 
the  same  order. 

Turning  to  the  identity  established  in  the  first  part  of 
§  137,  and  putting  the  element  in  the  place  (rs)  of  the  one 
factor  equal  to  ars,  and  the  element  in  the  place  (sr)  of  the 
other  factor  equal  to  -asr,  we  have  the  two  factors  equal  in 
magnitude,  and  the  identity  becomes 

K«ll-«il)     K«12_«2l)     ••••     K«i2+«2l)     K«ll  +  «ll) 

i(a2l-a12)  Ha^-a^)   ....  i(a22  +  a^   Kaa  +  ai2) 


(-i)* 


Gtl  m\      


J(«21  +  «12)     2(«22+a22)     ••••     2(«22_0t22)     K«21  ~  «ia) 
l(«U  +  «ll)     i(«12  +  «2l)     ••••     Kai2_a2l)     K«ll-«ll) 


But  this  centro-symmetric  determinant  is  zero-axial   and 
becomes  skew  with  respect  to  its  zero-diagonal  if  the  signs 
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of  all  the  elements  in  the  last  m  rows  be  altered :  hence,  on 
extracting  the  square  root,  the  theorem  is  established. 

It  should  be  noted  that  the  Pfaffian  obtained  is  axi-symmetric. 

§  167.  A  Pfaffian  of  the  nth  order  may  be  expressed  as  the 
aggregate  of  2n-l  products,  obtained  by  multiplying  each 
element  of  the  first  row  by  its  complementary  and  taking 
the  signs  of  the  products  alternately  positive  and  negative  ; 
in  symbols, 

ff(%>2a)  =  a13ff£  -  a13ff l  +  a14ff;  -  . . .  +  a]aff£. 

The  second  power  of  the  left-hand  member  is  D,  the  first 
determinant  written  in  §  163.  Raising  the  right-hand 
member  to  the  second  power,  and  remembering  (§§  159, 
164)  that 

iff!1  \ 2  =  nnl     and   i  iff  }  \ff*  I  =  D{lr . 

we  have 

ay)"  -  2a AD™  +  iajtjy*  -....  +  2a^nD™ 

+  <*%  ~  &WK  +  "  2o>,«J3£ 

+ 

+  a2  D(1-w, 

which  (§  62;  cf.  §  141)  is  also  equal  to  D.  Hence  the  two 
expressions  a12ff£  -  anff{^  +  ...  and  ff(a1M)  differ  at  most 
only  in  sign.  But  the  first  will  give  the  term  a12a34 . . .  a.2n_1>2n 
positiva,  and  in  the  second  this  term  is  positive  by  defin- 
ition :  hence  the  identity  is  established. 

The  theorem  may  also  be  written  in  the  forms 

1 1  ai,2n I  "  «i2^i2  +  Ois-^is  +  «i4^H  +  •  •  •  +  alnA  ln  ; 

/K,)-<-+<+< *.£. 

§  168.  In  the  preceding  we  have  a  first  instance  of  a 
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property  of  Pfaffians  perfectly  analogous  to  a  property  of 
determinants.  The  analogy  thus  exemplified  extends  with 
varying  degrees  of  closeness  almost  throughout  the  range  ot 
both  subjects.  Thus,  in  the  theorems  corresponding  to 
§§  23,  34  there  is  a  slight  difference  of  statement,  viz.  we 
have 

(1)  Of  the  full  number  of  terms  of  a  Pfaffian  there  is 

one  more  positive  than  negative, 

and 

(2)  If  favo  adjacent  frame-lines  of  a,  Pfaffian  be  trans- 
posed and  their  common  element  be  changed  in 
sign,  the  neiv  Pfaffian  differs  only  in  sign  from 
the  original; 

in  the  theorems  corresponding  to  those  of  §§  35,  36  the 
divergence  increases ;  but  on  the  other  hand  the  important 
theorems  of  §§  95,  96,  98  may  be  transferred  into  the  theory 
of  Pfaffians  without  the  slightest  alteration. 

The  student  will  find  it  most  instructive  and  interesting 
to  return  to  §  16,  and,  framing  a  definition  of  a  Pfaffian 
similar  to  that  there  given  of  a  determinant,  to  take  §§  17, 
18,  ...  in  succession  and  try  to  discover  the  Pfaffian  ana- 
logue of  every  statement  that  is  made. 


§  169.  A  skew  determinant  which  is  not  zero-axial  may 
be  expressed  (§  63)  in  terms  of  the  diagonal  elements  and 
skew  determinants  which  are  zero-axial.     Thus 


xl 

ai2 

an 

au 

~~     I   ^12 

a!3 

au 

J  + 

JU-  jL'-.  a     -p 

1      2      34 

jl  ju„  a 

1     3      04 

-aM 

2 

ax 

a24 

a23 

a,4 

+ 

xxx^l  + 

lC  'Ju.y  a 

1      6       14 

~a,3 

~a23 

x3 

au 

«34 

+ 

x2x4a*3  + 

2 

x3x4aj2 

~au 

-au 

~au 

x4 

+ 

/y»   /y    /->»     /» 

€A/,    tAym-y  lAjty  *X/    .       , 

those  terms  vanishing  (§  157)  which  have  an  odd  number 
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of  diagonal  elements ;  and 


ax 


-a, 


a 


12 


a 


13 


X, 


(I, 


23 


a. 


a. 


a 


15 


a, 


ai2    ~a23 


xa 


a, 


34 


25 


as5 


-a, 


-a, 


a„ 


■a 


34 


33, 


a 


45 


■am  -am  -aa 


x. 


II  12  II  12 

+  a^a^ajg  a~5  +  a;1a52a34a35  +  — 


+  /y>    /y    /y>    /y>    /yi 
12      3      4      5' 


those  terms  now  vanishing  (§  157)  which  have  an  even 
number  of  diagonal  elements. 

When  xx  =  x2=  ...  =x  these  become  expansions  according 
to  ascending  even  or  odd  powers  of  x  with  all  the  coefficients 
sums  of  squares  of  Pfaffians. 

Example  : — From  any  three  quantities  I,  m,  n,  form  nine  others  the  elements 
of  \ax(32y&\,  so  that  making 

x  =  axX  +  a2  Y  +  a3Z, 
Z-faX  +  PzY+PsZ, 

z  =y1X+y2Y+y3Z, 

we  may  have  x2  +  y2  +  z2  =  X2  +  Y2  +  Z2. 

Whatever  £,  tj,  $  may  be,  if  we  put 

x=      £  +  l-q  +  m£\ 

y=  -l£+    y+  wf  V    (I.) 

z  =  -ra£  -  nr)+     £  ) 
and 

X=      %-  ly-  m£  \ 

F=    £■+    ,-»£■  I    (II.) 

Z=  m£+  nr)+     f  / 

we  ensure  that  #2  +  2/2  +  z2  shall  be  equal  to  X2+  F2+  ^2:  and  it  therefore  only 
remains  to  determine  as,  y,  2  in  terms  of  X,  Y,  Z.  This  may  of  course  be  done 
by  solving  for  £,  77,  fin  (II.)  and  substituting  in  (I.):  but  the  following  method 
is  neater.     Denoting,  for  shortness'  sake,  the  skew  determinant 


by  A, 


1 

I 

m 

-I 

1 

n 

-m 

-n 

1 

we  have  (p.  73)  from  (II.) 
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£A  =  xa£-fa£+#a{^ 

,A=-ZAg+FAg-^Ag. («.) 

fA  =    XAj-FAS  +  ^AjJ 

But  from  (I.)  and  (II.)  by  addition  there  results 

x  +  X  =  2£,       y+Y=2v,       z  +  Z  =  2t, 
so  that  on  substituting  these  values  of  2£,  2tj,  2f  in  (a)  we  have 
x  =  {2A a  _  A}X  -  2Ag  F  +       2Ag  Z  , 

y  =        -2AgZ+{2Ag-A}F-        2A%Z  i  . 
2A§X-  2AgF+{2A|_A}z) 

Hence  the  required  values  of  al5  a2,  a3,  ....  are 


2a!!-a, 


-2A 


a> 


2*8, 


Exercises.    Set  XVII. 

1.  Show  that  a  continuant  is  expressible  as  a  skew  determinant. 

2.  Verify  the  identity 


I 


c    e 

\b    d 

e 

9    i 

h 

i 

I 

n 

\c    d 

e 

k 

I 

n 

=  e  \i 


3.  Find  the  number  of  terms  in  a  Pfafhan  of  the  nth  order. 

4.  Find  the  product  of 


and 


a 

b 

c 

d 

b 

a 

-d 

c 

c 

d 

a 

-b 

d 

-c 

b 

a 

a 

fi 

7 

8 

-P 

a 

-o 

7 

-y 

0 

a 

-js 

-8 

-7 

P 

-a 

and  thence  show  how  the  product  of  two  sums  of  four  squares  may  be  itself 
expressed  as  a  sum  of  four  squares  (cf .  Ex.  11,  Set  XII. ). 

5.  Prove  that 


a  b  c 

(/*i +  fa  +  fh  +  Pi)  = 

\afl.2    bfls    CyU.4 

+  a/J-i     b      c 

+   a  bfa     c 

+  I  a   l  c/j^ 

d  e 

d     e' 

dm  em 

dfu    e 

d  em 

f 

f 

f 

//*4 

fa 
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6.  Show  that  the  diagonal  or  axial  term  of  a  Pfaffian  is  always  positive. 

7.  Show  that  the  sign  of  a^a^a®  ....  Ogn -2,2n-i%,a«  ^  ff(ai<zr)  ^s  +> 

8.  Find  the  differential  coefficient  of  a  zero-axial  skew  determinant   with 
respect  to  one  of  its  non-zero  elements. 

9.  Express  as  the  sum  of  four  Pfaffians  with  monomial  elements  the  Pfaffian 
%  +  a7        as  +  a6        a±  +  as 

h  +  b6         h+  +  b5 
Ci  +c5 

10.  Prove  that  the  last  frame-line  of  a  Pfaffian  may  be  passed  over  the  others 
to  occupy  the  first  place  without  altering  the  value  of  the  Pfaffian. 


1L  Show  that 


\<hh 


\axbz\ 
l«2&sl 


\oibil 
l'a264| 
|a364| 


=  0 


12.  Show  that  the  co- factor  of  ars  injf^jj  is  (-l)r+'-^(r. 

13.-  Prove  that  if  D  be  an  even-ordered  zero-axial  skew  determinant  whose 
corresponding  Pfaffian  is  ff,  then 

T){r    .   J)(h    .  .    Mr    .    ff(h 
(s  (k    "  •*'(«     '  M(k  • 


.  Show  that 

1  a 

b 

c 

d 

e 

•=    O) 

(Off 

b 

c 

d 

e 

f 

9 

h 

i 

f 

g 

h 

i 

nj 

com 

Oil 

3 

k 

m 

I 
n 
P 

What  if  the  elements  of  the  second  row  of  the  first  Pfaffian  were  also  multiplied 
by  co? 


15.  Prove  that 


and  give  the  general  theorem. 


\X        Xy)  y^'i      ^2/  \^4      *^l) 

(x3~X^)Z         {Xs-Xt)5 


16.  Express  a  Pfaffian  with  a  frame-line  of  binomial  elements  as  the  sum  of  two 
Pfaffians  with  monomial  elements,  and  squaring  both  sides  deduce  the  theorem 
of  §  163. 

17.  Show  that  an  axi-symmetric  Pfaffian  is  expressible  as  a  determinant. 
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IS.  Show  that 


[a 


e 

-aa 

ao 

at 

f 

bo. 

bo 

be 

-ca 

c8 

Ce 

■P 

7 

19.  Show  that  a  zero-axial  skew  Pfaffian  of  the  (2»-l)th  order  vanishes,  and 
that  one  of  the  2nth  order  is  expressible  as  the  difference  of  two  squares  of  sums 
of  Pfaffians  of  the  nth  order. 

20.  Express  the  skew  determinant 


X 

a 

b 

c 

-a 

-nin.2x 

nxc 

n.2b 

-b 

-UxC 

nxn~x 

n3a 

-c 

-ibvb 

-nza 

-n2nsc 

ae  the  second  power  of  a  rational  function  of  the  elements. 

Establish  the  identities — 
21. 


0     a^ite 

bfh 

cm 

0    a/*2 

b  Mi 

^3 

Cfli 

0 

afh 

6^3 

C/J-iP-i 

-a         0 

d 

e 

-a      0         dfc 

e 

-a      0 

d 

em 

-b    -dm 

0 

f 

+ 

-b    -d          0 

f 

-6    -d 

0 

ffJ-2 

-c     -em 

-/ 

0 

-e    -e        -/fa 

0 

-c    -e 

-/ 

0 

am     bfH 

C/*4 

a/j^       b         c 

+ 

a 

bfa        C 

+    a 

b 

d 

e 

1               dm     e^ 

d[u       e 

d 

efh. 

f 

I 

f 

ffii 

ffH   , 

22.  i    0       a       OyUj  c 

\-afJLi    0  tZ/Xo/tg  ep-i 

\  -b    -d       0  f 

~c    -e  -fy>i  0 


0      a      b  Cfii 

-am    0  dm  emi^i 

-b    -d  0  fm 

-c     -e  -f  0 


am     b       c 

dlH  e^i 
f 


a    bfii     c 
dm,     e 
ft* 


+  \  a  b    cfii 

d   em 

ffh 


0      a      b       cfii 
-a      0       d      em 

-biii  -dii.2   0  fm/ii 
-e    -f       0 

a   b   Cfii 
d  e/i-y 


23.  Prove  that  a  centre-skew  determinant  of  odd  order  is  equal  to  the  centre 
element  multiplied  by  its  co-factor  in  the  determinant,  and  that  the  said  co- 
factor  is  a  centro-symmetric  determinant  of  even  order. 

24.  Prove  that  a  symmetric  Pfaffian  of  the  2/*th  order  is  expressible  as  a 
Pfaffian  of  the  ?tth  order. 
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Establish  the  identities- 


25. 


e2a 


a  b  c 
-b  f  9 
-c  -g  j 
-d  -h  -k 
-e   -i  -I 


d 

e 

h 

i 

k 

I 

m. 

n 

n 

0 

ea 
-ia 

-la 


xa 

ef 


-\b 

c 

e 

g 

i 
I 

-\b 

d 

e 

h 

i 
n 

la 

bee 

9   i 
I 


<V 


\c  d  e 
k  I 
n 


na 

\b  d    e 

h  i 

n 

\c  d  e 

k  I 

n 

em 


SBC 

C 
k. 

ir, 


26. 


a     b     c  d  e 

-b     f     9  h  i 

-c  -g    j  k  I 

-d  -h  -  k  0  n 

-e   -i  -I  -n  0 


\b   d  e 

h  i 

n 

\c    d  e 

k  I 

n 


\b   d  e 

h  i 

n 

nf 


\g  h  i 

k  I 

n 


\c  d  e 
k  I 
n 

\g  h  i 
k  I 


nj 


27.  Prove  that  the  product  of  two  symmetric  Pfaffians  is  expressible  as  a 
symmetric  Pfaman. 

28.  If  1.3.5...(2?i-l)JV  be  tbe  number  of  distinct  terms  in  a  zero-axial  skew 
determinant  of  the  2nth  order,  prove  that 

^  =  (2»-l)^-i-fa-l)^-2> 

and  calculate  V2,  Vs,  ...,  V6.     Show  also  that 

2^  =  l  +  l.n  +  1.5CW)2  +  1.5.9CM3  +  ... 

29.  Prove  that  any  zero-axial  skew  Pfaffian  of  the  2wth  order  is  expressible  as 
the  product  of  two  Pfaffians  of  the  nih  order  :  and,  conversely,  that  the  product 
of  any  two  Pfaffians  of  the  nih  order  is  expressible  as  a  zero-axial  skew  Pfaffian 
of  the  2wth  order. 


COMPOUND  DETERMINANTS. 


§  170.  A  determinant  with   elements   which   are   them- 
selves determinants  is  called  a  compound  determinant. 
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Several  important  theorems  on  compound  determinants 
have  already  been  given,  viz.  the  theorem  (§  95)  regard- 
ing the  determinant  of  the  primary  minors  (or  adjugate) 
of  a  determinant,  the  theorem  (§  96)  regarding  a  minor 
of  the  said  adjugate,  and  the  theorems  of  §§  93,  99.  The 
first  two  of  these  at  once  suggest  a  more  general  subject 
for  consideration,  viz.  the  determinant  of  the  mth-ary 
minors. 

§  171.  In  the  case  of  a  determinant  of  the  nth  order  it 
is  possible  to  delete  m  rows  in  Gnm  different  ways,  and 
to  delete  m  columns  in  Cn>m  different  ways ;  and  thus  the 
number  of  minors  of  the  (n-m)th  order  belonging  to  a  de- 
terminant of  the  nth  order  is  (C'„,m)2.  Arranging  these 
minors  as  the  elements  of  a  new  determinant,  and  giving 
precedence  in  any  row  to  that  minor  of  two  which  first  has 
a  column  number  less  than  the  corresponding  column 
number  of  the  other,  and  precedence  in  any  column  to 
that  minor  of  two  which  first  has  a  row  number  less  than 
the  corresponding  row  number  of  the  other,  we  obtain 
what  is  known  as  the  determinant  of  the  mth-ary  minors 
of  the  original  determinant,  or,  more  conveniently  and 
shortly,  the  {n-m)ih-  Compound  of  the  original  determinant. 
Just  as  the  (n-l)tli  or  highest  compound  of  a  determin- 
ant is  called  the  adjugate  of  the  determinant,  so,  gener- 
ally, the  (n-m)th  compound  is  called  the  adjugate  of  the 
mth  compound. 

Example  : — The  determinant  of  the  secondary  minors — the  third  compound 
-of 


ax 

a2 

a3 

«4 

a5 

h 

h 

h 

h 

h 

Ci 

Co 

Co 

Ci 

c5 

dx 

d, 

d3 

d, 

do 

€i 

e-i 

Ca 

^ 

Cr 
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laical       \aih2Ci\       \(hb2c5\     ....     \a3b4c5\ 
!«!  &2  e?3]       la^dil       |ai&2^5l     ••••     l«3&4^sl 

l«l&2^3  I  1  «a  &2  ^4 1  |ai&2«5  I       "••        KM5I 


\cid2e3\'    \cxd2ei\       \<h.<he*\    •  •••     ks^^s 
\axb2cz\      {a^dil      \axb2e5\     ....     I^^Csll. 


In  the  umbral  notation  (§  102),   which  makes  more   evident  the  mode  of 
arranging  the  minors,  it  is 


|12  3|       1X23|       IX23J             |1  2  3| 

|123|       )124|       JX  2  51     •-'     |3  4  5| 

|12  4|  IX24|  1X24|  |1  2  4| 
1X23|       I  X  2  4  j       1X25[     ""     |3  4  5[ 

1 1  2  5 1  |12  5|  |125|  1X25| 
(  X  2  3  |       |  X  2  4  1       J  X  2  5  |     ""     |3  4  5| 

13  4  5|  |3  4  5|  |3  4  5|  |3  4  51 
J  X  2  3  |       |124|       |  X  2  5  |     ""     |  3  4  5  | 

11  2  3|  1 1  2  4|  |1  2  5|  13  4  5| 
|123|,     |124|,     |125  |,   ...,     |  3  4  5  1 

where  in  any  row  or  column  the  order  of  precedence  is  decided  by  the  order 
of  magnitude  of  the  numbers  12  3,  12  4,  12  5,  13  4,  13  5,  14  5,  2  34,  2  3  5, 
2  4  5,  3  4  5,  whose  digits  are  the  column  or  row  numbers  of  the  minors. 

§  172.  The  mth  compound  of  |aln|  is  of  the  same  order  as 
the  (n-m)*A  coynpound,  (8)  conjugate  elements  in  it  are 
conjugate  minors  of  |aln|,  (3)  if  each  element  of  it  be 
replaced  by  the  complementary  minor  in  |a]u|  the  result 
is  equal  to  the  (n-m)'fc  compound. 

Here  (1)  depends  on  the  fact  that  Cn<m  =  Cnn_m,  and  (3)  upon  §39. 

§  173.  The  m'7i  compound  of  a  minor  of  |aln|  is  a  mi- 
nor of  the  mth  compound  of  |aln|. 


§174.  The  mth  compound  of  |aln|  is  equal  to  |  aXri  |  c^-i.« 
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Let  Am  denote  the  mth  compound  of  A,  so  that  Ax  and 
A  are  the  same.  If  in  Aw  we  prefix  to  each  element  the 
sign  +  or  -  according  as  the  sum  of  its  row  and  column 
numbers  is  even  or  odd,  the  signs  in  any  row  will  be 
in  order  all  the  same  as  those  in  any  other  row,  or  all 
opposite,  and  the  signs  of  conjugate  elements  will  (§  172,  2) 
be  alike;  the  change  made  is  thus  equivalent  to  altering 
the  signs  of  all  the  elements  in  certain  rows  and  after- 
wards all  the  elements  in  the  corresponding  columns, 
hence,  the  value  of  the  determinant  itself  will  remain 
unaltered.  Multiplying  Am  as  thus  changed  by  AK_m  in 
the  form  of  §  172,  3  we  have  a  determinant  whose  prin- 
cipal diagonal  elements  are  (§  77)  all  A,  and  other  ele- 
ments (§  78)  all  0  :   hence 

A„A„„.  =  (A)0"'*" 

But  A  has  in  general  no  factors,  therefore  A,n  and  A,,.,,, 
must  both  be  powers  of  A.  Now  Am  is  of  the  order  C„ itn 
and  each  element  of  it  is  of  the  mth  degree  in  the  ele- 
ments of  A :  consequently  the  power  which  Am  is  of  A 
has  for  its  index  mCnm  +  n,  that  is,  Gn_Jtm_1. 

§  175.  If  the  mth  compound  of  |aln|  be  formed,  any 
minor  of  it  of  the  kth  order  is  equal  to  the  j^odtict  ob- 
tained by  multiplying  the  complementary  of  the  cor  re- 
sponding  minor  in  the  ad  jugate  compound  by  |aln|  *  n~1,m. 

This  is  related  to  the  theorem  which  precedes  it  exactly  as  the  theorem  of 
§  96  is  related  to  that  of  §  95.  The  proof  of  §  96  with  evident  modifications 
need  not  therefore  be  repeated. 

§  176.  For  certain  of  the  minors  (see  §  173)  of  the  rn{h 
compound  an  expression  of  quite  different  form  from  the 
foregoing  may  be  obtained  by  means  of  §  174  :  new 
identities  thus  arise. 
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Another  special  minor  is  that  dealt  with  in  §  93,  viz. 


l,2,..,m-l,m 

l,2,..,m-l,m 


|l,2,..,m-l,m+l 

,2,3,..,  m,  m+1 


|l,2,..,m~l,m+2 

,  |3,4,..,m+l,m+2 


which  is  there  shown  to  be  equal  to 

!l,2,...,m-l 


1  2  ...n 
1,2,...  ,w 


2,3,...,  m 


l,2,...,m-l 

3, 4,..., m+1 


l,2,....,m-l,« 
w-m+1, ,w 


1,2, ,m-l 

^-771+  l,...,n-l 


Still  another  is  that  with  which  the  Complementary  of 
this  theorem  is  concerned  (§  99) ;  and  there  are  many 
more  having  the  like  property,  viz.  expressibility  as  a 
product  of  powers  of  the  original  determinant  and  a  num- 
ber of  its  minors. 

§  177.  The  compound  determinants  considered  up  to 
this  point  all  belong  to  one  class,  viz.  that  in  which  the 
group  of  row  numbers  in  the  first  element  of  any  row 
is  repeated  throughout  the  row,  and  the  group  of  column 
numbers  in  the  first  element  of  any  column  is  repeated 
throughout  the  column ;  and  in  which,  consequently,  the 
determinant  is  specified  when  a  diagonal  is  given.  Evi- 
dently there  are  three  other  classes  which  might  be  pro- 
posed for  consideration,  viz.  (2)  that  in  which  the  groups 
of  row  numbers  vary  neither  in  rows  nor  columns  and 
the  groups  of  column  numbers  vary  in  both,  (3)  that  in 
which  the  groups  of  row  numbers  vary  both  in  rows  and 
columns  and  the  groups  of  column  numbers  vary  only  in 
rows,  (4)  that  in  which  the  groups  of  row  numbers  vary 
both  in  rows  and  columns  and  the  groups  of  column 
numbers  do  so  likewise. 

Compound  determinants  of  the  third  and  fourth  classes 
have  not  as  yet  been  investigated.  The  following  is  an 
important  theorem  regarding  a  special  determinant  of  the 
second  class. 
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§  178.  If  deleting  the  first  set  of  r  columns  of  |an+li«u| 
and  replacing  the  set  in  succession  by  the  Gnr  sets  of  r 
columns  of  |aln|  we  take  the  determinants  thus  obtained 
as  the  elements  of  the  first  column  of  a  new  determinant 
D,  and  deleting  the  second,  third,  ....,  (GntT)th  sets  of  r 
columns  of  |an+12n|  we  obtain  in  like  manner  the  re- 
maining columns  of  D;  then  D  =  la^l0"-1'1-1  x  |an+12n|Cn"1,r. 

Expressing  each  element  of  D  as  a  sum  of  products  of 
complementary  minors,  one  factor  of  the  product  being 
formed  from  the  n-r  columns  which  belong  to  |ct„+li2„| 
and  the  other  from  the  r  columns  which  belong  to  |<%i,n|» 
we  see  that  D  may  be  obtained  by  taking  the  (n  -  r)th 
compound  of  |aw+liSn|  with  its  rows  in  reversed  order  and 
the  rth  compound  of  |aliW|  with  its  columns  in  reversed 
order,  and  multiplying  the  two  compounds  together  col- 
umn-wise.    Hence  (§  174) 

Di  \fi  i         i  c 

—     \n  ^n— l,n-r-l  v    \n        ^n-l.r-l 

~     1^  +  1,2/?  I  A    l^lnl 

—     1/7  l^n-l.r  v    1/7      |^«-l,r-l 

|ct,w+l,2n|  *    l^lwl 

If  each  of  the  principal  diagonal  elements  of   |an+1  0J   be  made  unity  and 
all  the  other  elements  zero,  this  theorem  degenerates  into  that  of  §  174. 

§  179.  //  any  identical  relation  be  established  between 
a  number  of  the  minors  of  a  determinant  or  between  the 
determinant  itself  and  a  number  of  its  minors,  the  ele- 
ments of  the  determinant  being  letters  with  single  suffixes 
and  the  determinants  denoted  by  means  of  their  principal 
diagonals,  then  a  new  theorem  is  ahvays  obtainable  by 
merely  taking  a  line  of  new  letters  ivith  new  suffixes  and 
annexing  it  to  the  end  of  the  diagonal  of  every  deter- 
minant, including  those  of  order  0,  occurring  in  the 
identity. 

Let  (A)  be  the  established  identity,  and  \af>.2cz ...  ln\ 
the  determinant  whose  minors  are  involved  in  it.     Taking 
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of     Icfcj&gCg 

\aAcs 


the  Complementary  (§  98)  of  (A)  with  respect  to  \aj)2cr..ln\ 
we  obtain  an  identity,  (B)  say,  likewise  involving  minors 
..  ln\.  But  these  minors  are  also  minors  of 
ts0  ...  0,J,  and  therefore  it  is  allowable  to  take 

CL      p  CO  ]  ' 

the  Complementary  of  (B)  with  respect  to  this  extended 
determinant.  Doing  this  we  pass,  not  back  to  (A),  but 
to  a  new  theorem  (A')  which  is  seen  to  be  derivable  from 
(A)  by  annexing  to  the  end  of  the  diagonal  of  every  de- 
terminant in  it  the  line  of  letters  r  So...0,,.  The  clause 
"  including  those  of  order  0 "  is  necessitated  by  the  last 
clause  in  the  enunciation  of  the  Law  of  Complementaries . 

This  theorem  is  the  Law  of  Extensible  Minors  incidentally  exemplified  by 
{B)  p.  143.  It  might  indeed  have  been  enunciated  there,  as  its  application  is 
not  limited  to  theorems  regarding  the  present  portion  of  our  subject. 

§  180.  By  means  of  the  Law  of  Extensible  Minors 
every  identity  which  we  have  given  in  Compound  Deter- 
minants may  be  made  more  general.  Thus,  taking  the 
identity  (§  176) 


k  cj 

\aA\ 


\aA\ 

\a9dJ 


\a3b4\ 
|a3c4| 
\a0d,\ 


=  {a^c^a^, 


(«) 


=  |  a2  b&d&fc  | .  |  a2ej6\ .  f  a3e5f6\ ; 


and  adopting  the  extension  e5/6,  we  have 

\aAeJe\       AAeM       KVs/e 

\aicAtt    KwM    \^c4eJ, 

\aAeJe\       \aA%fe\       Ad,eJe 

or,  if  we  view  the  elements  of  k&^cEJ  in  (a)  as  them- 
selves determinants  of  order  1,  we  have 

\aAeM    \aAeJ*\    \a2h4eJ* 

%fe\S-     K^eJJ       \a-2CseM       kCA/6 

\aAeM    \aAeJ*\    \aA%U 
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k^/el  laA/«l  \aseM  K^/el 

We*f*\  \heM  \\ej*\  W%fs\ 

\cie*f*\  KeJ,\  \c3e5f6\  |c4eg/6| 

K^/el  \d2eJe\  \d,eM  KeJ6\ 


l^/el'h^/J- 


In  corroboration  of  these  new  identities  we  deduce  from 
them 


=  |aA^A/6|-k/J* 


which  is  the  Extensional  of  the  manifest  identity 


\ale*fe\ 

\a-Afe\ 

\a3eJe\ 

\a4%fe 

\bieM 

\b2eJe\ 

\heJe\ 

\h%f« 

\GieM 

\C2e5fe\ 

h%fe\ 

\C,e5fe 

\dieM 

fe/J 

\dzeM 

\d*e*f* 

tL 


<'f. 


CL 


a. 


h    \    h    b* 


=  \axb2czdi\t 


dx     d2      d3      d4 
and  has  been  already  proved  (§  96). 


Exercises.     Set  XVIII. 

1.  In  what  row  of  the  second  compound  of  |ax b2csdi\  does  the  element  j62Csl 
occur? 

2.  Find   to  what  row  and   column  the  element  |cie5|  belongs  in  the  deter- 
minant of  the  tertiary  minors  of  [«!  &2c3c?4e5|. 


of 


3.  Find  the  element  in  the  1st  row  and  83rd  column  of  the  third  compound 

12345678  91 
12345678  91- 

4.  Establish  the  identities 
[1  21      II  31      II  4||     A     ||2  3 


=  0 


2  41      13  4 
1  31,    II  4 


1  21,    II  31,    12  311""  "     11  2 
5.  Show  that  the  second  compound  of  a  determinant  is  equal  to  the  ad- 
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jugate  of  the  latter.     Give  the  general  theorem  of  which  this  is  a  case. 

6.  Show  that  to  every  minor  of  a  certain  order  in  the  mih  compound  of  a 
determinant  there  is  an  equivalent  minor  in  the  adjugate  compound. 

7.  Resolve  into  factors 


123 
145 

123 
245 

123 
345 


123 
146 

1  2  3 ! 

246 

123 
346 


123 
156 

123 

256 

123 
356 


8.  Show  that  any  minor  of  |alM|  of  the  mth  order  is  expressible  as  the 
(Cm-i,«)th  ro°*  °f  a  minor  of  the  {m-t)th  compound  of  lalM|. 

9.  If  the  last  column  of  each  element  of  the  compound  determinant  in  Ex. 
34,  p.  194,  instead  of  being  taken  from  Ic^^^l  were  similarly  taken  from 
\x\y-2zz\i  what  should  the  left-hand  member  become? 

10.  If  Mh  be  a  minor  of  |alw|  of  the  hth  order,  M'n_h  being  its  comple- 
mentary, and  there  be  formed  all  the  minors  of  |alnf  of  the  (/i  +  £)th  order 
which  contain  neither  all  the  rows  nor  all  the  columns  of  Mh,  show  that  the 
determinant  whose  elements  are  these  minors  is  equal  to 

(M1       )Cn-h-l,k  x    \a      \°n-l,h+k-\~cn-h,k 


11.  Resolve  into  factors 


1234 
1457 

1234 

2457 

1234 
3457 


1234 
1467 

1234 

2467 

1234 
3467 


1234 
1567 

1234 

2567 

1234 
3567 


12.  If  Mh  be  a  minor  of  \aln\  of  the  hth  order,  M'n_h  being  its  com  pie- 
mentary,  and  there  be  formed  all  the  minors  of  |aln|  of  the  (n-h-k)ih  order 
such  that  neither  all  their  rows  nor  all  their  columns  belong  to  Mnh,  show 
that  the  determinant  whose  elements  are  those  minors  is  equal  to 

(Mh)Cn'h-l'k   x   la,     fn-l,h+k~Cn-h-l,k0 


13.  Establish  the  identity 

I  11231      11241      11341      1234 
!  1  7  8  I      12781      13781      I  4  5  6 


=  0. 


14.  Show  that  if  D'  be  the  determinant  so  related  to  D  (§  178)  that  any 
element  of  it  contains  those  columns  of  |aln|  and  |an+1.,J  which  are  not  con- 
tained in  the  corresponding  element  of  D,  then 
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DD'={KJ.|a?l+1/Jj}V 


15. 


16. 


Establish  the  identities 

141    1151    1241    125!    j  3  4  i    1351    1451  112345I2     I45I2 

121, Il3l, Il4i, 1151, l23l, l24l, l25l    "~  1123451    '  Il2l  . 


34561    124561    123561    114561    113561    11256 
1234  1 , 1 1356  1 ,  1 1456  I ,  I  2346  I ,  I  2356  I ,  I  2456 


123456  1 3  I  56  I    I  56  I    I  56 


123456  I  '  I  26  I  '  I  34 


56 


17.  If  Dh  be  a  minor  of  D  (Ex.  14)  of  the  hth  order,  show  that  the  comple- 
mentary of  the  corresponding  minor  in  D'  is  equal  to 


Dt  x  la,  I 

h       I    In' 


*'M  +  l,2n! 


;n-l,r-l 


-S 


DETERMINANTS    WHOSE  ELEMENTS  ARE  DIFFERENTIAL 
COEFFICIENTS   OF  A   SET  OF  FUNCTIONS. 

§  181.  If  there  be  n  functions  all  of  the  same  n  vari- 
ables, the  determinant  which  in  every  case  has  the  element 
in  its  rth  row  and  sth  column  equal  to  the  differential  co- 
efficient of  the  rth  function  with  respect  to  the  sth  vari- 
able is  called  the  Jacobian  of  the  set  of  functions  with 
respect  to  the  said  variables.  Thus  the  Jacobian  of  ylf 
2/«,  ..-,  2/n  with  respect  to  xv  x2,  ...,  xn  is 


dVi     s2/2 


dx^ 


dx2' 


dx„ 


or 


Mi 

dx„ 


It  is  usually  denoted  by 

where   there  is  no  possibility  of  ambiguity  in   regard   to 
the  independent  variables. 

§  182.  If  x1?  x0,  ...,  xn  simultaneously  receive  the  incre- 
ments Arx1?  Arx2,  ...,  Arxn  respectively,  and  in  consequence 
of  this  simultaneous  change  the  functions  ylf  y2,  ...,  yn 
receive   the   increments   Ary2,  Ary2,  ...,  Aryn   respectively, 
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then  the  limiting  value  of 

\\y^  A2y2>  ■••>  A*ynl  -f  |  a^,  a2x2,  ...,  Anxn| 

when  the  elements  of  the  latter  determinant   are  indefin- 
itely diminished  is  equal  to 

8x1'    3x2'  '"'  3xn 
From  §  67  we  have 


3ic, '    9a5„ '  " " '  dxt 


'    1^1*^1'    ^2^2>    •*•'    AnXn\    —  ]Vlw| 


where 


^•s      3^  *  +  dx*sX>  +'"+  dxna$Xn' 


But  in  the  limiting  case  referred  to,  we  know  that  this 
sum  of  products  is  equal  to  Asyr,  and  therefore  that  |Qln| 
is  then  equal  to  \A1y1>  A2y2,  ...,  Anyn\.  The  theorem  is 
thus  established. 

Either  of  the  two  things  here  shown  to  be  equal,  viz. 


r6]h     %2  Qtn 

'dxi    'ox-i  "■■'  2xn 


and   f  \Axyx,  A2y2,  ...,  Anyn\ 

/^     \A1Xli  A2X2,  ...,  AnXn\ 


might  have  been  taken  as  the  definition  of  the  Jacobian  of  the  set  of  functions. 
If  the  latter  instead  of  the  former  be  adopted,  the  definition  resembles  that 
of  the  Differential  Coefficient  of  a  function,  the  fact  at  the  basis  of  the  resem- 
blance being  that  the  Differential  Coefficient  is  the  case  of  the  Jacobian  for 
n  =  1.     The  notation 

d(Pl,  #2>   ...,  yn) 
d(x1}  X2,   ...,  Xn) 

for  the  Jacobian  of  yu  y2,  ...,  yn  with  respect  to  Xi,  x2,  ...,  xn  is  valuable  as 
exhibiting  this  connection. 

§  183.  If  ym+J,  ...,  yn  be  constant  with  respect  to  xx... 
xm  or  ylt  ...,  ym  be  constant  with  respect  to  xm+1,  ...,  xn 
then 

d(y1?  ...,ym,ym+i,  •  •  • ,  yu)  _  d  (yx,  . . . ,  ym)     d(ym+1,  ...,  yn) 


cl^Xj^,  ...,  xm,  xm+1,  ...,  xn)     cl(x1,  ...,  xm)     d(xm+  ,  ...,  xn) 
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and  in  'particular 

dfa*  -••>  ym,  xm+1>  ...,xn)_d(y1,  ...,  ym) 

Cl^Xj,    ...,  Xm,  Xm  +  1,    ...,  Xu)       G(Xl>    ■••*  Xm) 
This  follows  at  once  from  either  of  the  data  and  §  79. 

§  184.   If  jv  y2,  ...,yn   be  functions   of  vlt  v2,  ...,  vn, 

and  vx,  v2,  ...,  v„  be  functions  of  xlf  x2,  ...,  xn,  then 

d(yi>y2>  —»yn)  =  dfr^y,,  ...,yn)  x  dfv,,  v2,  ...,  vn) 
d(xx,  x2,  ...,  xn)     d(Vj,  v2,  ...,  vn)     d(x1?  x2,  ...,  xn)' 

Multiplying  together  the  two  Jacobians  on  the  right 
after  changing  the  columns  of  the  second  into  rows,  we 
have  (§  67)  a  determinant   |XlB|   where 

-g    =dyr  dVj        dyr  dv2  dyr  dvn 

rs     dvx '  dxs        dv2 '  dxs       '"       dvn '  dx, ' 

civ 
But  this  sum  of  products  we  know  equals  .— , 

\JJba 


as  was  to  be  proved. 


dy^  d%  dx, 

dx^  dx2'  '"'  dxn 


§  185.  If  yl}  y2,  ...  yn  be  independent  functions  of  xa, 
x2,  ...,xn,  the  Jacobian  of  ylt  y2,  ...,  yn  with  respect  to  xv 
x2,  ...,  xu  is  the  reciprocal  of  the  Jacobian  ofxx,  x2,  ...,  xn 
with  respect  to  ylt  y2,  ...,  yn. 

Since  ylt  y2,  ...,yn  are  independent  functions  of  x^,x2, 
...,%H  it  follows  that  x^,x2,  ...,  xn  are  independent  functions 
of  ylf  y2  ...,  yn:  therefore  from  the  preceding  theorem  the 
product  of  the  two  Jacobians  in  question 

CtyX^f  X2)   •'•)  Xn) 

a  \xx ,  x2 ,  . . . ,  xn) 
=  1. 
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§  186.  If  yv  y2,  ...,  yn  be  given  implicitly  in  terms  of 
xx,  x2, ....,  xn,  in  the  form 

F^,  ...,'xu,  yx,  ...,yn)  =  0,    F2(x1}  ...,xn,  jv  ...,yn)  =  0, 

,    Fn(xx,  ...,  xn,  ylf  ...,  yn)  =  (), 

then 

dfri,y„-,y,)_ (     d(F1?F2?...}Fn) ,  d(F1?F2,...,Fn) 

d(xl5x2,  ...,xn)  d(x1,x2,...,xn)       d(yx,  y2,  ...,yn)  ' 

This,  like  the  identities  of  §§  182,  184,  is  a  direct  result  of  the  multiplication 
theorem  (§  67)  and  a  theorem  regarding  differentiation ;  the  differentiation 
theorem  now  being 

rdyi   rdxs      'dyt    ^xs     '"      rcyn' rcxs        "dxs' 

§  187.  The  Jacobian  of  a  set  of  n  functions  is  always 
expressible  as  a  product  of  n  differential  coefficients ;  viz. 

d(x13  ...  xn)     dxx'dx2        dxn 
where  <f>r  is  a  function  of  ylf  ...,  yr-1,  xr,  ,..,  xn. 

Since  we  have  y1  given  as  a  function  x1}x2,  ...,xn,  it 
follows  that  xx  is  a  function  of  yv  x2,  ...,xn)  and  therefore 
also  that  y2  is  a  function  of  the  latter  set  of  variables. 
Again,  from  this  we  have  x2  a  function  of  ylt  y2,x3,  ...,#„; 
therefore  also  yz  is  a  function  of  yv  y2,  x%,  ...,  xn.  Simil- 
arly, it  is  evident  that  y4  is  a  function  of  ylt  y2,  y%>  xv 
...,xn,  and  so  on;   so  that  we  have 

y,-<f>2(Vi>X2>  •  ••>#»)  =  ° 


Hence  from  §  186  there  results 

d(y1,y2f  ■  -.,  y.) 

a-  (&J ,  #"2 ,  . . . ,  £Cn) 
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(-!)• 


9a;1      d.£2      3#3 

^0; 


0 


a^3 


a^ 

9a5„ 

dxn 


dxr 


0 


0        0 


.Ml 


1 

0 

0     . 

.  0 

1 

0     . 

.  0 

90, 

^3 

1 

o 

^ 

fy2 

.  \j 

_S0n 

d(j>n 

_90n 

92/3  ' 

..  1 

dx^  '  dxa '  dx. 


dxn  ' 


§  188.  If  y15  ...,  yn  6e  independent  functions  of  x13 
xn  ^e?i 

d(yi>  ■•-»yn)xd(x1,  ...,  xm)  =  d(ym+1,  ...,yn) 
d(xlf  ...,  xn)     d(ylf  ...,  ym)     d(xm+1,  ...,  xn)* 


For  the  left-hand  member 


_d(y1. 


d{y1} 

d(ym+ 


^rm+i 


.  ,  £Cn)         tt  (2/x  j    •  •  •  5  2/w>  ^wi  +  D    •  ;  •  I   %n) 


•  J   2/wi  J   ^jji+I  >   •  •  •  3  ^'»J 

■  ••.?/„) 


•  •  5    *•£»/ 


(§  183) 
(§  184) 
(§  183) 


§  189.  Ify1,...Jyn  be  functions   of  n  +  1   variables  xv 
...,  xn+1,  ^ew 

3_ djy, yj  _  9_ d(ya, ,yD)  +       +     1       3     d(y1>...,yD)  =  Q 

x~1d(x2,...,xn)     3x2d(x1,x3,...,xn+1)     ""  3xn+1  d(xlV..,  xu) 

For  each  term  on  the  left  is  expressible  as  the  sum  of 
n  determinants  (Ex.  30,  p.  68),  and  the  n(n  + 1)  determin- 
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ants  so  obtained  vanish  in  pairs,  in  virtue  of  the  identity 

dxrdxs     dxsdxr ' 

§  190.  If  n  functions  of  xlf  x2,  ...,  xn  be  not  indepen- 
dent, their  Jacobian  with  respect  to  x1?  x2,  ...,  xn  vanishes- 

Let  the  functions  be  yv  y2>  ...,  yn,  and  the  relation  be- 
tween them 

•&(yv  y2, ...,  y„)  «  o. 

Differentiating  with  respect  to  xlf  x2>  ...,xn  in  succession 
we  have 

dy^'dxx       dy2'dxx       '"       dyn'dxl 

<ty  tyi  +  d^k  dJh  +    .  +  &±&y»  =  0 

dy1'dx2       dy2'dx2       '"       dyn'dx2 


dyx '  dxn       dy2 '  dxn  dyn '  dxn 

whence  by  elimination  (pp.  75,  76)  of  ~-y  ^- ,  ...,  -^~ 
the  desired  result  is  obtained. 

§  191.  //  the  Jacobian  of  a  set  of  functions  vanishes  the 
functions  are  not  independent 

Denoting  the  functions  by  yv  ...,yn  and  the  variables 
by  xlt  ...,xn  we  have  already  seen  that  y1}...,yn  are  ex- 
pressible in  the  forms  ^(^i*  •••>  xn)y  02(2/i»  X2*  •••>  a?»)» 
&(&»  y8»«3»  •.•,#»)>  ••>  #«(&»  —i  Vn-i,  O  respectively,  and 
that 

d(ylt  ...,  yw)  =  9019</>3        d£» 
cZ^,  ...,  a?„)     dx1'dxi  ""  dxn  ' 
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In  the  present  case  therefore  one  of  the  factors  on  the 
left,  the  mth  say,  vanishes.  Consequently  <j>m  does  not 
involve  xm,  that  is,  ym  is  a  function  of  yv  ...,  ym_lt  xm+1> 
...,#„.  But  from  this  it  follows  that  xm+l  is  a  func- 
tion of  yxi  ...,ym,xm+2,  ...,xn,  hence  ym+1J  which  equals 
(pm^iiy^  •••,ym,xm+lf  ...,xn),  is  a  function  of  ylf  ...,ym, 
xm+2,  ...,xn.  Similarly  we  may  show  that  ym+2  is  a  func- 
tion of  yis  ...,  ym+l,  xm+3,  ...,  xn,  and  finally  that  yn  is  a 
function  of  ylf  ...,yn.lf  which  is  what  was  to  be  proved. 

§  192.  Closely  connected  with   Jacobians   is   the   deter- 
minant 

dy.2  dv*  tyn 


or  %i.  %» -~>y») 


^dx^dx^  "•'  dxn_, 

whose  first  column  consists  of  n  functions  of  n-l  vari- 
ables and  which  in  every  possible  case  has  the  element 
in  its  rth  row  and  sth  column  equal  to  the  differential 
coefficient  of  the  rth  function  with  respect  to  the  (s-l)th 
variable.  Its  most  important  property  is  that  it  is  ex- 
pressible by  means  of  a  Jacobian,  viz.  we  have 

This  is  an  immediate  consequence  of  Ex.  20,  p.  77,  and 
the  fact  that 

dx\yj     V1dx     Jrdx/  '  ^* 

§  193.  The  Jacobian  of  the  first  differential  coefficients 
of  a  function  of  n  variables  is  called  the  Hessian  of  the 
function ;  in  symbols, 

d2w       d2u  d2u 


dx.dx'dx.dx'      *  dxndxn 
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It  is  axi-symmetric  in  virtue  of  the  identity 

d2u         d2u 
dxrdxs     oxsdxr 

§  194.  If  there  be  n  functions  of  one  and  the  same 
variable  x,  the  determinant  which  has  in  every  case  the 
element  in  its  rtb  row  and  .s*th  column  the  (r-l)th  differ- 
ential coefficient  of  the  sth  function  may  be  called  the 
Wronskian  of  the  functions  with  respect  to  x.  Thus 
the  Wronskian  of  ylt  y2,  y3  with  respect  to  x  is 


Vi 

y. 

y* 

dx 

dy2 

dx 

dy, 

dx 

or 

V1'  dx'  dx'2 

d\ 

d%. 

d2y^ 

dx2 

dx2 

dx2 

It  may  be  more  shortly  denoted  by 

^(2/i>  y*>  2/3)     or  \ym  ym  ym\, 
the  enclosed  suffixes  referring  to  differentiations. 

§  195.  The  differential  coefficient  of  a  Wronskian  is  got 
by  differentiating  each  element  of  the  last  row. 

For,  of  the  determinants,  whose  sum  is  in  general  the 
differential   coefficient,  all  vanish  (§  27)  except  the  last. 

§  196.  If  y1?  ...,  yn  be  functions  of  x,  and  x  be  a  func- 
tion of  t,  then 

WI(y1)...,yn)  =  ©       Wt(y„  ...,y„). 

Changing  the  independent  variable  in  each  element  of 
the  left-hand  member  we  readily  obtain  the  result  on  the 
right  by  the  application  of  §§  26,  32. 
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§  197.  If  having  n  functions  ive  form  three  Wronskians, 
firstly  that  of  all  the  functions  except  the  last,  secondly 
that  of  all  except  the  second  last,  and  thirdly  that  of  all 
except  the  last  two,  then  the  quotient  of  the  Wronshian  of 
the  first  and  second  of  these  by  the  third  is  equal  to  the 
Wronshian  of  the  n  functions. 

Taking,  for  shortness,  the  case  of  four  functions  we  have 
(§91  or  pp.  140,  141) 

u     v     w      y 

ya}        \uv{1)wi2}\        |u%,2/(o) 

'  wva)w<3)\        I^^(d2/(3) 


Un\        V 


(1.) 


uv 


11) 


%)       %)        W&       2/(2) 

%)    %    wm    y& 

=  W(  |  uva)wl2)  j ,  |  u v(1)2/(-2,  | )  ■*■  I  uvw  |  (§  195) 
=  W(W(u,v,iv), W(u, v, y))  -  W(u, v). 

This  is  the  most  important  case  of  the  following  widely  general  theorem  in 
Compound  Wronskians. 

§  198.  If  yv  ...,  yu  be  functions  of  one  and  the  same 

variable,  then 

W(ylf  ...,ym,  ...,y») 

=  W  j  W(y1} ...,  ym,  ym+1),  W(jv ...,  ym, ym+2), ...,  W(yi,...,ym,yn)  | 

Transforming  W(ylt  ...,yn)  by  means  of  Ex.  20,  p.  77 , 
and  multiplying  columnwise  the  resulting  compound  de- 
terminant by  the  determinant  of  the  (n-l)th  order 

Vi  0  -2/K2)  -22/K3)  -32/K4,  • 

0  2/i      2/kd  0  -2ym. 

0  0       yx  2ym  2yim  . 

0  0       0  y1  Sy1(l)  . 


226  THEORY   OF  DETERMINANTS.  chap.  m. 

in  which  the  coefficient  of  any  element  added  to  that  of 
the  element  below  equals  that  of  the  element  to  the  right 
of  the  latter,  and  then,  to  neutralize  this  multiplication, 
dividing  each  element  of  the  product  by  y  t  we  obtain 

W(Vl,  ....  2/,,)=  W{  T%l2/2),  W(yiy}, ...,  W(Vlyu)}  +<$*. 

The  case  for  wliich  m  =  2  being  thus  established,  we  estab- 
lish by  means  of  it  the  case  for  m  =  3,  and  so  on,  exactly 
as  in  §  93. 

§  199.  If  a  set  of  functions  of  the  same  variable  be 
connected  by  a  linear  relation  with  coefficients  which  are 
constant  with  respect  to  the  variable,  the  WronsJdan 
of  the  functions  vanishes. 

Let  the  linear  relation  be 

Differentiating  n—1  times  we  have  in  all  n  equations  from 
which  by  elimination  of  c  ,  ...,  cn  the  required  result  is 
obtained. 

§  200.  If  the  WronsJcian  of  a  set  of  functions  vanishes, 
the  functions  are  connected  by  a  linear  relation  with  co- 
efficients which  are  constant  with  respect  to  the  indepen- 
dent variable. 

Let  the  functions  be  yv  ...,  yn.     Then  from  §  19S 

W{  W(yiyj,  W(ij1?Ja),  ...,  Wfay.)}  =  0; 

so  that,  if  the  theorem  holds  for  the  case  of  n-1  func- 
tions, we  have 

«i  WfayJ  +  a2  W{yxy^  +  ...  +  «„_T  F(&y0  =  0, 
or 

^{4®+4(S)+--»4(|)}=0' 
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and  therefore  by  division  and  integration 

«X|)+<|)+--+M|)+a.=° 

or  a^y1  +  axy%  +  ajjt  + ...  +  an.xyn  =  0  ; 

that  is  to  say,  the  theorem  holds  for  the  case  of  n  func- 
tions. But  it  evidently  holds  for  the  case  of  2  functions, 
therefore  it  holds  generally. 

Exercises.     Set  XIX. 

Establish  the  identities 

1.  lilllti,  UU.2,  ...,  UU,i)  =  M" J(ttj,  Uo,  ...,  uu) ; 

2.  J{uulf  uu2,  ...,  uun)        =  2unJ(ui3  ...,  M*)-!**-1/^,  Wj,  ...,  t(,<)  ; 

3.  J(lli,  U-z,   ...,  Un)  =\u~nJ{uU1,   ...,  UUn)  +  lunJilC1  Ui,   ...,  If1  Itn)  ', 

4.  JilXi,   ...,  ^XiX,  ...  Xh)    =  j({Xi,   ...,  JCn)1,   ...,  {Xu   ...,  »»)") 

5.  Show  that  if  2/x  =  (px{y.2y  ...,  y«,  xl5  ...,  y,t),  y2  =  <p2{y3,  ■■■,Vn,  «H.,  ■•■<  «»)» 
,y>i  =  (pn{xl,  ...,xn)  then 

rf(yi.  •••>  y»)  =  cZ(0!, ...,  0h) 

dfo,  ...,  xn)    d{x1}  ...,  xn)  ' 

6.  If  u  be  a  function  of  xu  ...,  #«,  £1}  ....  £«  show  that 

rf(|",...,|?L)       cz(^,...,^) 

7.  If  u  be  a  function  of  a?i,  ...,  #«  and  a?1}  ...,  ic«  be  independent  functions 
°f  £i>  •••>  s"5  show  that 

./?«  'cwX       ,/'?m  ?w\         -,/?«  ?w\       7/?:t  ^m\ 

Vdsi         ^^n/        V'gfr         ?£,/  _       Vc-^i         ?xi/        V rpti  frfr/ 

<*(&»   ---J  £»)  dfo)  •••>  *»)  C?(iBi,   .-.,  Xn)  &(%!,   ...,  £») 

Establish  the  identities 

8.  W{yyu  yy2,  yy3,  ...,yyn)  =  ynW{ylt  y2,  ...,  yn); 

9.  TF(1,  2y,  3y\  ...,  t^'1)  =  »!(*-!)!  ...  l(g) 


CHAPTER  IV. 

HISTORICAL  AND   BIBLIOGRAPHICAL   SUMMARY. 

.v  201.  In  dealing  with  the  solution  of  a  set  of  simul- 
t    .eous     linear    equations     with    literal    coefficients    any 
inquiring  student  might  experience  a  desire   to   find   the 
law  of  formation  of  the  functions  which  appear  as  numera- 
tor  and   denominator  in  the   resulting  values.     The   first 
mathematician  who  when  thus  occupied  had  genius  enough 
obtain   a   glimpse   of  the    possibility   of  a    Theory  of 
mutants  was  Leibnitz.     His  idea,  published  in  1693, 
does  not  however  appear  to  have  been  developed  by  him, 
and  it  soon  sank  into  oblivion.     In   17-50   Cramer,   inde- 
pendently  of  Leibnitz,    came    somewhat    nearer    the    full 
conception     He  gave  a  rule  (§  19),  long  afterwards  known 
his  name,  for  the  formation  of  the  said  functions ;  but 
like   his  pre  r   he   failed  to  make  the  most  of  the 

disc  '.      A    simpler    rule    (§  15)    than    Cramer's    was 

:t  in  1764,  when  studying  the  allied  subject 
of  Elimination :  in  other  respects  no  advance  was  then 
made.  In  1771,  however,  new  ground  was  broken  by 
Vaitdermondk,  who  made  the  first  step  towards  a  notation. 

a     a     a 
a'   6'    c5  •" 

for  the  coefficients  of  the  first  equation 

3    3 
a'    b'    c'  '•• 
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for  those   of  the  second  and  so  on,  he  then  denoted  the 
functions  by 

a\P  «  I  P  1  V 

a\b  '        a\b\c  '       

and  wrote  the  law  of  development  in  the  form 

a  |  /3       a  J3  _  a  mfi 
a  \b   "cl   b      b   a' 

-  _  .  .  _ _ 


a|6|c      a     b  \  c       b     c  \  a      c     a  \b  ' 
kc.     Vandermonde  also  gave  the  theorem  (§  36) 

a\P\y=       a\P\y  _ 

a  |  b  |  c  b\  a  \c       ' 

noted   the   result    of   making   'two    letters    of  the    same 
alphabet  equal '  (§  27) ;  and  gave  the  development  equation 

«  I  P  1  v  1  °     «li8    v  I  o  .  « I P    v 

r~i — i i — t  = r~7 —  * i — i — +  1 — t~  " 


a  |  b  |  c  |  d  "  a  \  b       c  \  d     '"  c  \  d      a  \  b  ' 

and  other  instances  of  the  theorem  stated  in  modern  form 
in  §  77.  Nearly  simultaneously  with  Vandermonde, 
Laplace  made  the  very  same  important  advances.  He 
gave  the  same  theorems,  and  indeed  it  is  his  name  which 
one  of  them  (§  77)  still  bears :  he  introduced  a  make-shift 
notation,  writing 

(abc)  for  ab'c'  +  anbd  +  a'b'c  -  ab'c  -     "     -  ab'c', 

and  he  made  a  beginning  of  a  nomenclature,  calling  such 
functions  as  the  said  (abc)  resultants.  In  1773  some 
service  to  the  subject  was  rendered  by  Lagraxge,  who 
incidentally  gave  in  the  ordinary  non-determinant  notation 
certain  identities  which  are  now  easily  recognizable  as  the 
special  case  of  §  69  and  of  §  96  where  n  =  3.  In  the  same 
indirect  way  the  subject  occurs  in  1779  in  a  second  work 
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by  Bezout,  where  there  are  given  many  simple  special 
instances  of  theorems,  such  as  that  of  §  85.  Passing  over 
Rothe  and  other  writers  of  the  Hindenburg  school  we 
next  come  to  Gauss  (1801),  whose  connection  with  the 
subject  was  also  quite  similar  to  that  of  Lagrange.  The 
terms  'Determinant'  and  '  adjugate*  have  their  origin  in 
Gauss's  work.     He  denned 

b2  -  etc, 
atf  +  a'b'2  +  ab"2  -  aa'a"  -  2bb'b", 

as  the  determinants  of 

ax2  +  2bxy  +  cy2, 
ax2  +  ax2  +  ax"2  +  2bxx"  +  2b'xx"  +  2b" xx, 

respectively,  and  the  name  thus  given  to  a  special  form 
of  the  functions  was  afterwards  adopted  for  the  functions 
in  general.  Under  the  name  of  the  "fonctions  Schin" 
(u)  the  subject  was  apparently  familiar  to  Wronski 
in  1811 :  he  did  not  however  treat  of  it  directly  till  1815, 
and  by  that  time  he  had  been  forestalled  by  the  first 
great  master  of  it,  Cauchy. 

§  202.  Cauchy's  standpoint  was  entirely  different  from 
that  of  any  of  his  predecessors.  His  memoir  (1812)  deals 
professedly  with  Alternating  Functions,  and  at  the  end  of 
the  First  Part,  the  subject  of  which  is  alternating  functions 
in  general,  he  intimates  that  he  will  now  examine  an 
important  special  class  of  these  functions,  instances  of 
which  have  appeared  in  the  solution  of  simultaneous 
linear  equations,  in  the  theory  of  elimination,  and  in  the 
investigation  of  the  properties  of  binary  forms.  He  refers 
to  Laplace,  Vandermonde,  Bezout  and  Gauss,  and  says  he 
will  adopt  from  the  latter  the  name  'determinant'  for 
functions  of  the  special  kind  referred  to.  The  Second 
Part  upon  which  he  then   enters   is    nothing   short   of  a 
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methodically  arranged  treatise  on  determinants,  extending 
to  about  60  quarto  pages.  His  definition  is  of  course  that 
which  is  founded  on  the  theorem  of  §  118  :   his  notation  is 

S(  ±  (h'i  «2-2  a3-s  •  •  •  a«-«)     aRd     («!•«)  . 

He  arranges  a^,  Omj  ...  in  a  square;  speaks  of  'lignes 
horizontals '  and  'colonnes  verticales';  calls  avz  and  a3.2 
'conjugues';  applies  the  word  'principal'  to  ax.x,  «2.„,  ..., 
an.n  and  to  their  product ;  denotes  the  co-factor  of  au  v  by 
bv  ,  and  forming  the  determinant  (bln)  calls  it  '  le  systeme 
adjoint  au  systeme  (aln)\  The  theorems  of  §§  24,  3G,  46, 
52,  62  are  established  by  him  in  order,  and  the  example 
of  pp.  73,  74  is  given  as  an  instance  of  the  application 
of  the  theory.  Further  on  we  find  the  theorem  of  §  95, 
followed  by  a  special  case  of  the  theorem  of  §  96,  and 
towards  the  end  a  more  important  result  still,  the 
multiplication  theorem  (§67).  He  even  enters  on  the 
subject  of  the  compounds  (syst&mes  derives)  of  (aln)  and 
obtains  the  identity 

A   A      =A°n'm 

which  appears  on  page  211. 

In  the  light  of  all  this  and  bearing  in  mind  the  isolated 
character  of  the  results  obtained  before  his  time,  it  is  not 
to  be  wondered  that  Cauchy  has  been  claimed  as  the 
real  founder  of  the  theory  of  determinants.  His  predecessors 
had  left  scattered  here  and  there  stones  of  varied  mass 
and  usefulness;  Cauchy  brought  them  together,  laid  the 
foundation,  and  made  progress  with  the   superstructure. 

§  203.  Simultaneously  with  Cauchy,  Binet  obtained 
some  of  the  results  just  mentioned,  the  most  notable  being 
the  multiplication  theorem.  He  calls  the  functions 
'resultants',  following  Laplace  instead  of  Gauss.  In  1815 
Wronski  discussed  the  Schin  functions  at  considerable 
length,    as    has    been    already    stated.     In    1821    Cauchy, 
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returning  to  the  subject  (which  indeed  he  did  more  than 
once,  even  as  late  as  1847)  gave  a  short  exposition  of  it  in 
his  Course  of  Analysis  for  the  Polytechnic  School;  and 
from  about  this  time  forward  determinants  were  never 
long  lost  sight  of.  Advantage  was  taken  of  them  in 
analytical  and  geometrical  investigations  by  Jacobi,  Reiss 
(1829,  1838),  Lebesgue  (1837)  and  Catalan  (1839). 
For  twenty  years  Jacobi's  writings  alone  would  have 
sufficed  to  keep  the  subject  before  the  world.  In  memoirs 
on  various  matters  (1827,  1833,  1835  &c.)  we  find  him 
repeatedly  using  determinants,  and  at  length  in  1841  he 
made  them  the  subject  of  a  masterly  monograph.  After 
Cauchy's  his  is  the  next  great  name. 

§  204.  Interest  in  determinants  would  now,  doubtless, 
never  have  declined:  but  a  sudden  powerful  impulse  was 
given  to  the  study  of  them  by  the  researches  which  the 
English  mathematicians  began  about  1840  into  the  theory 
of  the  linear  transformation  of  quantics.  In  this  theory 
the  great  instrument  is  determinants;  and  men  who,  like 
Cayley  and  Sylvester,  worked  with  the  instrument  from 
day  to  day  were  sure  to  have  new  properties  of  it  and  new 
special  forms  of  it  brought  before  their  notice.  With 
Cayley,  there  came  into  use  what  we  may  call  '  determinant 
brackets',  viz.  the  now  familiar  pair  of  upright  lines,  and 
the  determinant  of  a  system  of  quantities  was  denoted  by 
the  said  system  itself.  This  facilitated  the  study  of  special 
forms:  and,  speaking  generally,  the  work  of  the  forty 
years  from  then  till  now  has  been  work  of  this  kind. 

§  205.  The  originator  of  the  theory  and  application  of 
Continuants  was  Sylvester.  A  number  of  the  identities  in 
Simple  Continuants  were  however  first  given  in  non- 
determinant  form  by  Euler. 

§  206.   The  first  start  in  the  theory  of  Alternants,  as 
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may  be  inferred  from  §202  was  made  by  Cauchy.  Since 
his  time  Jacobi,  Trudi,  Nagelsbach  and  Garbieri  have 
made  the  most  important  advances.  The  name  'Alternant' 
is  adopted  from  Sylvester. 

§  207.  Perhaps  the  first  theorem  regarding  Axi-sym- 
metric  determinants  occurs  in  a  paper  of  Jacobi's:  almost 
all  that  is  known  of  them  is  due  to  Lebesgue,  Sylvester 
and  Hesse. 

Persymmetric  determinants  were  so  called  by  Sylvester. 
They  were  afterwards  studied  by  Hankel  who  gave  the 
expression  in  non-determinant  notation  for  a  large  number 
of  special  instances. 

The  first  theorem  regarding  Circulants  was  given  by 
Catalan :  the  fundamental  theorem  (§  149)  however  is  due 
to  Spottiswoode.  Additions  to  the  theory  have  recently 
been  made  by  Glaisher  and  Scott. 

For  the  conception  of  Centro-symmetric  determinants 
we  are  indebted  to  Zehfuss,  who  also  gave  the  funda- 
mental theorem  regarding  them. 

§208.  The  author  of  the  important  theory  of  Skew 
Determinants  and  Pfaffians  is  Cayley.  The  latter  functions 
first  occur  with  their  law  of  development  in  a  paper  by 
Jacobi  dealing  with  the  subject  of  Pfaff's  problem ;  hence 
the  name  which  Cayley  gave  to  them. 

§  209.  Compound  Determinants  occur  in  Cauchy,  as  has 
been  already  noted ;  the  name  however  and  the  origination 
of  the  theory  are  due  to  Sylvester.  Of  subsequent 
investigators  the  most  eminent  are  Reiss  and  Picquet: 
the  admirable  but  neglected  work  of  the  former  probably 
contains  all  that  is  as  yet  known  on  the  subject. 

§  210.  Jacobians  were  so  called  by  Sylvester  in  well- 
deserved  honour  of  Jacobi,  who  was  the  first  to  intro- 
duce them  and  who  investigated  their  properties  so 
thoroughly    that   little    has    been    added    to    the    theory 
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since  his  time.  The  second  definition  of  a  Jacobian 
(§  182)  is  due  to  Bertrand :  the  notation  following  upon 
this  to  Donkin. 

Wronskians  were  first  used  by  Wronski  and  appear 
in  his  well-known  expansion-theorem.  After  being  almost 
unheard  of  for  about  sixty  years  they  have  recently  come 
into  marked  prominence  through  the  researches  of  Chris- 
toftel  and  Frobenius,  to  whom  in  the  main  we  are  in- 
debted for  the  discovery  of  their  properties.  Wronski's 
early  connection  with  determinants  has  been  so  long 
unrecognised,  and  it  is  so  convenient  to  have  a  short 
name  for  functions  of  which  we  repeatedly  require  to 
speak,  that  I  think  mathematicians  will  be  glad  to  adopt 
the  designation  which  I  have  ventured  to  propose. 

§  211.  The  first  separately  published  treatise  on  Deter- 
minants was  written  by  Spottiswoode,  and  appeared  in 
1851.  After  this  came  Brioschi's  in  1854,  Baltzer's  (still 
a  standard  work)  in  1857,  Salmon's  in  1859,  Trudi's  in 
1862,  Garbieri's  in  1874,  Gunther's  in  1875,  Dostor's  in 
1877,  Baraniecki's  (the  most  extensive  of  all)  in  1879,  and 
Scott's  in  1880.  During  the  same  time  a  large  number 
of  smaller  works  suited  for  schools  have  also  appeared : 
good  specimens  are  Mansion's  in  French,  Bartl's  in  Ger- 
man, Mollame's  in  Italian,  and  Thomson's  in  English. 

§  212.  The  student  who  desires  detailed  information  re- 
garding the  History  of  the  subject  should  consult  the 
memoirs  of  Mellberg  and  Studnicka  and  the  above-men- 
tioned text-book  of  Giinther. 

§  213.  Perhaps  the  fullest  possible  materials  for  both  a 
complete  Theory  and  a  complete  History  are  to  be  found 
in  the  chronologically  arranged  "List  of  Writings  on 
Determinants"  (1693-1880)  published  by  me  in  the 
Quarterly  Journal  of  Mathematics  for  October,  1881. 


RESULTS   OF   THE   EXERCISES. 


Set  I. 

i.  cgm  +  efl  +  dhk-egk-dfm-chl.  2.  swx  +  rvz  +  tuy  -  twz  -  svy  -  rux. 

3.  tfi&oCa  +  a^Co  +  a.ibzcx  -  a3&2?i  -  o^ffg  -  a^c^. 

4.  ack  -  cdh  +  bfg  -  ceg  +  bdk  -  afh. 

5.  4abc  +  9b2d  -  16acd  +  26c2  -  2iab2  -  12ad2.  6.  aeh-bfg  +  ceg. 

7.  x2y  +  xy2.        8.  2  (x*  +  y*  +  z*  +  x2yz  +  xy2z  +  xyz2).        9.  a3  +  b3  +  c3  -  3a&c. 
10.  0.  11.  ^  12. 

16.     6     c     gH  17. 


11. 
6     c     d 

e     f     9 
h     i     j 


-89. 

*3-    ' 

L2. 

14. 

66.             15.  47. 

«ii      wi2 

???3 

18. 

3.               19.  a,  b. 

Wi       w2 

% 

20. 

2{a2  +  ab  +  b2)  +  3{a  +  b). 

?'i       r.2 

r3 

. 

21. 

8abc. 

1.  Their  sum  is  zero, 
differs  in  sign. 


14. 


#2    2/2 
*3    2/3 


a 

b 

c 

X 

y 

z 

m 

n 

P 

X 

a 

b 

a 

X 

c 

h 

c 

X 

^3       2/3 

IS 


J9- 


Set  II. 

2.  They  are  equal  in  magnitude,  hut  the  second 

3.  See  §  34.  6.  See  §  27. 


%   %i    2/i 
x2   y-2 

X\     Xo     x$ 

2/1  2/2  2/3 
111 


«1 

0.0 

at 

h 

h 

h 

Ci 

Co 

Ci 

x.2\Px 

16. 


zl 

+  V-2 

xx    zi 

H 

#3      ?3 

a    b    c 

1; 

b    c    a 

cab 

. 

a    b    c 

d    e    f 

x    y 

z 

*l      2/1 

£3    2/s 


a 

6 

d 

6 

c 

e 

d 

e 

f 

1.  3,4. 

6.  1,  2. 

10.  h  h 


Set  III. 


2.  4,  1.  3.  3,  3. 

8, 
11.  6,  2,  -3. 


4.  5,  1. 


5-  - 


a2  +  06  +  62 


a  +  b 


a  +  b 
7.  1,  2,  3.       8.  2,  3,  4.       9.  5,  1,  3.    (For  '-3x'  read  '-32.') 
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12. 
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2.  (-glm  +  elo  -  Mo  +  gip  -  ekp)b. 
4.  (- bio  +  tin  -  akn  +  ajo  -  cjm)h. 


Set  IV. 

I.  {-dfk  +  dgj  +  chj  +  cfl-bgl)m. 
3.  {-dfm  +  afp  -  hep  +  den  -  ahn)k. 

5.  (dek  *  dig  +  agl  -  ahk  +  chi  -  cel)n. 

6.  (bel  -  bid  +  dif  -  dej  +  ahj  -  afl)o.        7.  (afk  -  agj  +  bgi  -  bek  +  cej  -  cfi)p. 
8-  {ViZ3v2  -  2/iS-2V3  +  z±y2v3  -  Ziysv2  +  v±y3z2  -  viy2z3)x5w1. 

9.  faz^  -  x&Vi  +  x&Vi  -  XiZxv5  +  x&Vi  -  x5z^Vx)y2w3. 
10.  {y2z3w5  -  2/2^^3  +  2/3^5 w2  -  ysz2w5  +  ybz2w3  -  ysz8w2)xivl. 

Set  V. 

1.  9,  15,  8, 14, 16,  17.  2.  -,  -,  +,  -. 

3.  afkp  -  aflo  +  agin  -  agjp  +  ahjo  -  ahkn  +  bhkm  -  bglm  +  belo  -  bJdo  +  bgip  -  bekp 
+  cejp  -  cfip  +  chin  -  celn  +  cflm  -  chjm  +  dgjm  -  dfkin  +  dekn  -  dign  +  difo  -  dejo. 

Set  VI. 

r.  a^ddx.  2.  0.  3.  b^d^.  4.  x5  +  y\ 

6.  {-XqZx  +  XxZ0)y.2w3.  7.  -62^3^4^1/0.      8-  hn{n-l). 

10.  +,  if  w  be  of  the  forms  4» ,  4w  + 1 ;  -,  if  not.     Or,  (-l)*"^-1*. 

II.  (axc6ds -a3c6dx  +  a3Cxd6~ a6Cxd3  +  a6c3dx~axC3d6)b5. 
12.  Number  unknown :  it  is  however  an  odd  number.  13.  (n  -1)!. 


5-  x. 

9.  ab  c  d  e 


Set  VII. 

1.  -398.  2.  911.  3.  30.  4.  6904.  5.  2106.  6.  2660. 

7.  The  determinant  is  multiplied  by  (-l)n.  8.  0.  10.  0,  0. 

10.  The  last  element  was  meant  to  be  0;  and  this  change  being  made  the 
result  is 


al 

a2 

«3 

1 

h 

b2 

h 

1 

Ci 

c2 

c3 

1 

1 

1 

1 

0 

15.  -\dxC2d3\  v  \bxC2d3 


17.  0,  0. 


18.  laob^ilx2  +  \axb3Ci\x  +  \a0b3Ci\. 


21.  (a  +  b  +  c)(a-b+c){a-b-c)[a  +  b-c). 

24.  (a  +  b  +  c  +  d){a  +  b-c-d)(a-  b  +  c- d){a-b-c  +  d).  25.  (x  +  3)(#-l)3. 

26.  -a[a-b)(b-c)[c-d).        27.  (dz-cw){dy-bw)(dx-a,w)(cy-bz){cx-az){bx-ay). 

29. 


ax  +  a2-a3 

ai 

a5 

3°- 

a0  +  ax 

a2-a3 

«s 

bx  +  b.2~  b3 

h 

h 

b0  +  bx 

b2-b3 

h 

Cx  +  c2  —  c3 

Ci 

c5 

. 

C0  +Ci 

c2  —  c3 

c5 
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Set  VIII. 


6'     I^VJiA^!' 


13.    " 


a 

d 

c 

b 

b 

a 

d 

c 

c 

b 

a 

d 

d 

c 

b 

a 

j 

7.  ki/26sC4efo|. 
bade 
c  b  a  d 
d  c  b  a 
a    d    c     b 


8.   Kea/s&^o 
c    b    a    d 
d   c    b    a 
a    d   c     b 
bade 


9.  [eJsbiCodi]. 
d    c    a    b 
a    d   c    b 
bade 
c     bad 


Set  IX. 


1.  -101.  2.  -336.  3.  377.  4-  -240. 

6.  -118424.  7.  172.  8.  22692.  9.  14040. 

ir.  as5.  12.  a1&oC3a'.ie5.     13-  a&ce£  +  a&  +  aeZ  +  cd  + 1. 

15.  a2a2  +  62j32  +  c272-2a6a/3-26c/37-2ca7a.  16.  (£-«)3. 

18.  a2  +  &2  +  c2-2a&-26c-2ca.       19.  8abcd.  20.  a&ce7(l  +  «~1  +  Zr1  +  c~1  +  a"~1). 

21.  of cZe  +  &crfe  +  bed2  +  b-de  +  bc-e.  22.  a,l  +  «rt_1x  +  a„_2:z:+...+a.0a;w. 

23.  (-l)"6263...&,lK&i  +  «2&2  +  .-.+«n+i^n+i)-  28-  («-ai)(^-a2)(«-«3)(«-fi4). 


5.  -2660. 
10.  12228. 
14.  -oahed. 
17.  (J3-2/)(«2  +  2/2). 


30- 


rcO-i  a2  a3  ai 

1bx  b2  63  64 

?Cl  c2  c3  CA 

?cZx  c?2  d3  di 


+  ax  ?«2  «s  o4 

&1  ?&2  &3  &4 

<h  rC?3  C3  C4 

di  1}d.2  d3  di 


+  at  a2  'cag  a4  h 

\  &2  fb3  b4 

Ci  Co  ?c3  c4 

a*!  do  ^d3  di 


«1  «2  «3  ?«4 

&!  52  &3  ^&4 

<h.  c,  e3  ?c4 

a\  d.2  d3  Idi 


Set  X. 


1.  -202.  2.  -238. 

5.  se  =  l,  y  =  3,  s  =  -l,  w  =  3 


3.  10173.  4.  -626. 

6.  jb  =  2,  ?/  =  4,  s  =  -1,  w  =  -3. 
7.x  =  a  +  d-e,  y  =  b  +  e-a,  z  =  c  +  a-b,  v  =  d  +  b-c,  io  =  e  +  c-d. 
8.  x  =  {5hS-16e  +  8a-4b  +  2c-d)+33,  y  =  (5%S-16a+8b-4e  +  2d-e)+33,... 

ifS  =  a  +  b  +  c  +  d  +  e. 


(d-e)(c-e)(b-e)  (d  -  e)(c  -  e)(a  -  e) 

9-  x    (d-a)(c-a)(b-a)>  y     (d-b)(c-b)(a-by  - 


10.  x  = 


abc 


y  = 


be 


z  = 


ca 


(c-l)(o-l)(a-l)'   u     (c-a){b-a)(l-a)>  *    (c-6)(a-6)(l-&)' 
11.  sc  =  a  +  b-2c  +  3d-2e,        y  =  b  +  c-2d  +  3e-2a,    


w= 


a& 


{l-c){a-c){b-cy 


a 

b 

c 

d 

b 

a 

d 

c 

a 

c 

b 

d 

e 

a 

d 

b 

13- 


=  0. 


0 

<h 

h 

Ci 

<h 

h 

Ci 

*1 

0 

0 

b. 

C2 

0 

b. 

C-2 

<1-1 

b, 

C-2 

d. 

0 

Ci 

di 

14. 

*1 

0 

c» 

d. 

=  0. 

d-i 

0 

0 

0 

0  «i  bx  c: 

«i  61  e?i  0 

0  o2  Jo  Co 

«2  &2  <?2  ° 


=  0. 
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15. 


0 

«i 

h 

Cx 

^ 

<h 

«1 

61 

Ci 

dx 

Cl 

0 

0 

0 

0 

c2 

d. 

c2 

0 

0 

Co 

d2 

e2 

0 

0 

Co 

d2 

e-i 

0 

0 

c2 

d2 

e2 

0 

0 

0 

19- 


0  ax  0  bx  cx 

ax  0  &!  cx  0 

0  0  dj  ^  /x 

0  dx  ex  fx  0 

dx  ex  A  0  0 


=  0. 


Set  XI. 


1.  |a0Ci^ei/5|.  2.  KMs/sl. 

5.  |a0&iC5|.     6.   \a0e2f5\.     7.  i«iC3c?sl 

IO.     IaU«32a44«66l,     -!«01«24%s!' 


3.  loiSa^s^l.  4.  icti^^sAU 

8-   \<hhfs\-     9-  Ki^^asc!*  I«oi«2.j«4i! 

II.    -|«3i%t#6olj  Ha01a14a35rt56!> 


...««. 


..a, 


-  a11«oo...a 


™  ?nr  bb1 

15.  cc1G  +  x12  +  a;10  +  2xs  +  x6  +  xi  +  1. 


13-  2. 


12.   |aua22--.«m)m...« 
14.  (bg-cf+de)2. 

16.  {f2-bc)x2  +  (rr-fle)i/2  +  {Jr-ab)z2  +  2{hc-gf)xy  +  2(af-gh)yz  +  2{bg-hf)zx. 

17.  4(x2  +  ?/2  +  22  + 1«2  -  2#,*/  -  2a;2  -  2xto  -  2yz  -  2yw  -  2zw). 


20.   \ln{n-l)\ 


12 


19.  -{ax-  +  by-  +  cz2  +  2hxy  +  2fyz  +  2gzx). 

1111  »»-*     1 

22.  [n-h)\  j_  +  ^+_-...+(-l)       -_^ 

23.  Ti-1,  the  number  of  positive  terms  being  greater  or  less  according  as  // 

is  odd  or  even. 


Set  XII. 


a,xX  +  a.2y  +  az      bxx  +  b2y  +  \      cxx  +  c2y  +  cz 
axxx  +  cuyx  +  as    bxxx  +  b2yx  +  bs    cxxx  +  c2yx  +  c3 
ai^  +  aoT/o  +  rts    &1.x2  +  b2y2  +  b3    cxx2  +  c2y2  +  cz 

a&  «c       ae  +  lf\  3 

ce 
e/      I,  etc. 

62 
(c  +  a)2  ,  etc 


bd       c2  +  d2 
ae  +  bf  .   c// 
(a  +  bf       a" 
c2        (6  +  c)2 
c2  a2 

1-211 

11-21 

111-2 
-2111 
\4  +  \*(a2  +  b2  +  c"  +  2/2  +  2#2  +  2/t2) 


1     a 

a2 

1     j8 

/32 

1     7 

72 

,  etc. 

a2  a?-ab  +  b2     ar-ac  +  e2 

a2  -  ab  +  b2  b2  b2-bc  +  c2 

a?-ac  +  c2     b2-ab  +  c2  c2 

5.  (xyz-yz2-xy2-x2z)2  +  {xz2+x2y+y2; 

6.  a{&  -  a)  (c -&)(<*-<?). 


x  y  1 
2/  1  a 
1     #     2/ 


,  etc. 
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1 6. 


-»{\ 


h    b    f 

a 

a    h    (j  2 

+ 

+ 

9   f    c 

9  f    c\ 

a    h    g  J2 

} 

y  + 

h    b    f\ 

) 

a  b  0 
c  0  d 
0    e    f 


18.   l^b.czl  \xxy.2\. 


Set  XIII. 


a  h    g  2 

h  b    f 

0  f    c 

a    b     c 

0    d    0 

/    0    flf 


*!    0    ex 
0     y3    % 


2-    ^ll^l  I^l^sl-  3-    -%l*1^2^l  l2/lZ2l.  4-     !«l^l  l«2&o!  |«3&6 

8.      [p-z-pi)  (a,-a1)x,x1  +  (p8-l>i)(as-ai)«s«i  +  (P4-P1)  («4-ai)«8«2 
+  (P8-P2)  («8-a2)*4«i  +  (P4~A>)  («4-a2)a;4^2  +  (i>4-p8)  («4  -  «;j)  #4*3- 


10.  C       x  C0      0. 
n,a       /3+7,/3 


26. 


a     b 

c     d 


Set  XV. 


X  Xo  ~^~  ^3  ~^"  *^4 

1  jc3  +  xi  +  xx 

1  cc4  +  xx  +  scj 

1  x1  +  x.2  +  x3 


iC4iC:  +  SC^  +  X0X4 


%C^pC^jCo 


2.  ^a'bc  +  Z^b-c  +  ^a'b-c'. 

3.  Zasb'2c  +  2?a-b2c\ 

4.  2«36c  +  22a262c  +  Zo36'-. 


5.   Za363  +  2a362c  +  2a262r.  6.  Zo46  +  Z«362  + 2Z«36c  +  2Za262c. 

7.  2a%3  +  2«362c  +  Za%cd  +  2a2&2r  +  Za%-cd. 

8.  !ai6"lc'!c^i  +  |a06w+1c'tc^|  +  |a06wcu+1^|  +  |a°6mcrat?i'+1|.  16.  Z(a-&)2. 
18.  {a  +  b  +  c  +  d)\  19.4.  24.  i-|(a6..7)x^1^2...^w_1.  25.  {2!3!...(?i-l)!}'3  ■ 
26.  m  =  0,  ?i=l,  i>  =  2,  g  =  3.               27.  Cn_ux  C„_12x  ...  x  Cn_J>n_r 

29.  m+ra+.p+<2'-5.     33.  (-l)-n("+1,{w1?<2..M„j"\  where  t<r=(xr-?/1)(a;r-?/2)---(^-2/?<)- 
34.  22"2.        36.  (-l)4"(,,+1,{r1r2...rii}"1>  where  vr  =  {xr-y1)(xr-yi)...(xr-yn+1), 

Set  XVI. 

1.  Centro-symmetric.  5.  (a  +  h  +  d  +  e  +  b+g+c+f){a+h+d+e-b-g-c^f 

(a+k-d-e  +  b+g-c-f){a  +  h-d-e-b-g+c+f){a-h+d-e  +  b-g  +  c-f) 

(a-h  +  d-e-b+g-c+f){a-h-d  +  e  +  b-g-c+f)[a-h-d  +  e-b+g+c-f). 


-ab 


9.  K(a  +  b,a  +  b- ao,a  +  b- ao,a  +  b) 


*4-    Vv.-VuttfiXV 


(a-b){x-p  +  c-d)s{d-c){x-y-a  +  b)3  Ja  +  b)(x  +  y-c-d)s-(c+d)(x  +  y-a-b)a 
x>  ~  a-b+'c-d  a+b-c-d 

24.  n  x  complementary  minor  of  Oj. 
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25.  The  next  case  is 
2(iia.2-S      €1^2  + cubx      cixCv  +  a-tCi      axd2  +  a2dx 
dibz  +  dob!       2b1bi-S       bxC-z  +  boCi       bxd.2  +  b2dx 
ax  c2  +  a2  Ci      61  c2  +  b.2  ct       2cx  c2-  S       Cxd-2  +  c2  d^ 
(ixd2  +  a.2dx       bx  d2  +  b2  dx      cx  d2  +  c2dj       2dx  d2  -  S 
where  S  =  axa2  +  bxb2  +  cxc2  +  dxd2. 

27.  (n-2p)(-2)w_1.  29.  0. 

36.  p  or  0,  according  as  n  is  or  is  not  prime  to  p. 


=  -^2(a2+62+c2+^)(fl^+6jKfH^) 


Set  XVII. 

3.  l;3.5„.(2n-l). 

8.  If  the  determinant  be  D{aln)Clrr~        ,  we  have  £      =  2D{*  or  0  according 

()Clrs  ,!> 


*r«       ***»• 


as  n  is  even  or  odd. 


a2 

az 

«4 

+  1  a2 

a3 

a* 

h 

h 

c5 

+  I  a7     a6     «5 
c5 


+  I  «7        «6        «5 

14.  The  w  inside  the  second  Pfaffian  would  require  to  be  deleted,  the  w  out- 
side changed  to  o>2. 
is.  The  next  case  is 


{x6-x5)5       (ocg  -  fl54)S     ...     (xG-Xx)5 
\x5-XiY    ...    (X5  —  X1)' 


(X2-Xx)5 


=  -Cs,ix  C5,2x  £*{xx...  x6). 


20.  {>isa2  -  n2b2  +  %c2  -  rixn2n3x'y. 


Set  XVIII. 


1.  4th.        2.  4th  row  and  9th  column. 


3.    1123! 
6  8  9'. 


1231  |123|2 
1  2  3 1  14561. 


9-  -laiAsTsllaa&Zsl 


\* 


a 

b 

c 

2 

b 

d 

e 

c 

e 

A 

11.    |1234|  112341 
12371  |4567i 


yV» 
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